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PREFACE 


V 

• - - The  theory  of  electrical  fluctuations  baaed  on  the  application  of 

statistic*  to  macroscopic  alectrodynssolcs  is  presented. in  >KU  suuunsyt. 
~W>ore^.  _fhe  numerous  problems  of  the  rlcrotheory  of  electrical  fluctuations 
in  which  the  nain  role  is  played  by  parameters  which  characterize  the  behav¬ 
ior  of  nlcrocharges  are  not  discussed  in  this  work,  nevertheless,  the 

broad  circle  of  questions  —  from  the  theory  pf  thermal  radlstlon  In  the 

x  f 

optical  region  to  the  theory  of  electrical  '’noise"  in  quesl -stationary 
circuits  — »  questions  concerning  the  existence  of  natter  not  requiring  In- 
eight  Into  statistical  electronics,  la  grasped  fnm  a  single  kvolnt  of 
view.  The  general  electrodynamic  approach  thu#  permits  the  atu^y^jf  prob¬ 
lems  in  which-ne4th*s  the  condition  of  being  quest -stationary  *»•  the  con- 

r-  't  e 

dltlon  of  applicability  of  geometrical  optics  ara^ required  (foi  instance, 
heat  radiation  in  wave  guides,  cavity  resonators) 

Basic  attention  la  given  to  the  indicated  formulation  of  tha  problem 
and  to  the  developemnt  of  the  theory  derived  from  it.  This  work  therefore 
doee  not  contain  a  systematic  review  of  the  existing  literature  on  elec¬ 
trical  fluctuations  and  does  not  pretend  on  a  complete  coverage  of  thle 
literature 

The  monograph  is  directed  to  research  workers  and  graduate  students, 
interested  in  questions  of  electrlcsl  fluctuations  and  thermal  reflation. 
With  the  exception  of  Chapter  IV,  the  contents  of  this  work,  particularly 
Chapters  III  and  V,  can  be  of  interest  also  to  radio  engineers  dealing 
with  thermal  electrical  "noise". 

Derivations/  necessary  for  a  complete  presentation  but  not  of  direct 
physical  interest/ are  given  in  appendices, ah  she  end  ><  she  work. 

It  is  my  pleasant  obligation  to  express  my  deep  gratitude  to 
academician  M.  A.  Leontovich  for  his  constant  attention  and  interest  in 
rslation  to  this  work  and  Cor  a  number  of  >—  -atied  advices  and  lnstruc- 

1.  A  detailed  presentation  of  tha  theory  and  of  experimental  results 
in  the  field  of  electrical  fluctuations  and  tha  literature  up  to 
is  given  in  the  monograph  of  V.  L.  Crenovekii  "Electrical 
Fluctuations"  (M.*’,.,  1936). 


we^Oygp* 


Cions  given  by  hi*  during  many  itr  ons  In  the  course  of  reel lest  Ion  of 
this  work.  I  aljo  want  to  thank  Prof.  S.  S.  Gorelik,  who  attracted  ay 
attention  to  research  work  related  to  the  work  of  thlr  book,  and  to 
Prof.  V.  L.  Gins  burg  and  H.  L.  Levin,  who  made  a  number  of  valuabla 
consents  upon  reading  the  manuscript. 
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INTRODUCTION 


In  the  study  of  thermo -electrical  fluctuation!  there  are  two  classes 
of  questions.  The  connection  between  these  classes  was  clarified  quite 
long  ago.  But  up  to  the  present  ties  this  connection  was  not  formulated 
In  the  font  of  a  unified  theory. 

Onu  of  the  regions  about  which  we  are  talking,  and  which  Is  the  con¬ 
siderably  earlier  one,  deals  with  questions  of  thermal  (or  temperature) 
radiation.  The  attribution  of  thermal  radiation  to  fluctuation  phenomena 
has  a  well  determined  baala  and  reason.  As  waa  noted  by  M.  A.  Leontovich,* 
the  division  of  physical  phenomena  Into  fluctuation  and  non -flue tuatlovi 
phenomena  acquires  definite  sense  only  upon  Indication  of  those  magnitudes 
which  characterize  the  phenomenon  under  atudy.  If  for  such  a  magnitude 
we  take  the  equilibrium  energy  of  radiation  Bw,  whose  mean  value  la 
given  by  Planck's  equation,  then  the  deviations  »  UUJ  -  Utl, _ 

constitute  the  fluctuations,  and  the  well-known  expression  for  (AU^} 

2 

obtained  by  Einstein  serves  as  a  measure  of  the  intensity  of  ths  fluctuations. 
If  however  emphasis  Is  placed  on  the  alcctrodynamlc  aids  of  the  phenomenon 
and  the  potentials  K  and  H  —  "linear"  variations  (linear  relation  between 
currents  and  charges)  --  are  used  to  describe  the  radiation  field,  chen 
the  mean  density  of  equilibrium  radiation  energy  itself 

-  g (k2  ♦  " 

la  a  measure  of  the  Intensity  of  fluctuation,  and  particularly  of  the 
fluctuation.)  I  and  H.  whose  mean  value  in  this  cast  quale  zero.  It  Is 
In  this  last  sense  that  w*  attribute  thermal  radiation  to  electrical 
fluctuations. 

In  ths  theoretical  treatment  of  questions  arising  her*  the  methods  of 
thermodynamics  and  statistical  phyaics  ara  applied  to  ths  slsctroaaagnetlc 

1.  N.  A.  Leontovlch,  Introduction  to  Thermodynamics,  M.,  1951,  Section  3*. 
ilso,  C.  8.  Corsilk,  urS  kh,  33,  19J1 . 

2.  A.  Blasters,  Phys.  1st.  iO,  l8j,  817,  19&9. 


field,  end  eh*  letter  is  Mulled  by  eutti  of  the  approximations  of  geo¬ 
metrical  optics.  It  is  through  this  approximation  that  the  laws  of 
Klrchhoff  for  radiation. ab*  df rived  and  the  lew  of  spectral  distribution 
of  equilibria  repletion  hs>  ^the  seme  asymptotic  nature  established  for 
radiation,  which  la  lncluttad  in  a* shell  of  sufficiently  large  slsea. 

The  other  region  is  made  up  of  thermo -electrical  fluctuations  in 

conductors,  i.e.,  fluctuations  of  current  strength,  voltage,  condenser 

charge,  ate'.  The  theory  of  these  fluctuetlons,  or.  In  the  language  of 

radio  technology,  of  electrical  "noises",  either  relies  on  the  application 

of  thermodynamics  apd  statistics  to  quasl-ststlonary  currents  in  circuits, 

•  .  • 

consisting  of  linear  (sufficiently  thin)  conductors,  or  is  based  on  the 
statistical  study  of  the  behavior  of  mlcrocbargee  in  bodies. 

t  e 

The  close  connection  between  electrical  "noises"  and  thti'c;  1  radiation 
consists  of  the  fact  that  th^a  radiation  conatltutes  an  electromagnetic 
wave  field  caused  by  thenap-glectrlcal  fluctuations  in  bodies  and  in  Its 
turn  acting  upon  the  charges . in  Chase  bodies. 

The  reason  for  the  abseriepof  a  tingle  and  sufficiently  general 
theoretical  approach  to  aujhvcloaely  connected  phenomena  lies  in  the  t reman- 
dously  large  difference  in  the  frequencies  of  electromagnetic  oscillations 
which  constitute  the  iatjltbit  in  sacb  of  the  indicated  regions.  The 
questions  concerning  thermal  radiation  originated  end  were  studied  ea  op  - 
.cal  questions.  Specifically  the  fact  that  oscillations  of  light  frequen¬ 
cies  were  here  the  center  of  interest  made  it  in  many  cases  possible  and 
sufficient  to  use  the  approximations  of  geometrical  optics.  On  the  other 
hand,  electrical  "noises"  were  experimentally  discovered  in  the  band  of  not 
too  high  (initially  acoustical)  radio  frequencies.  This  made  it  possible 
to  limit  oneself  in  this  Investigation  to  the  theory  of  quasl-ststlonary 
currents. 

In  recent  times  a  considerable  increase  in  the  sensitivity  of  short¬ 
wave  redlo  receiving  apparatus  was  achieved,  in  large  measure  due  to  the 
development  of  radio  location  techniques  permitting  the  capture  of  thermal 
electromagnetic  radietiop  oflfcodlee  in  the  wave  band  from  a  mtter  to  a 
centimeter.  As  is  known,  a  new  science  —  radio-astronomy  --  was  born 
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fro*  Chi*  technical  bull,  On  the  other  hand,  the  study  of  alectrical 
"noises”  In  conductor*  evolved  in  a  natural  vay  towards  the  a  Ida  of 
higher  frequencies .  This  was  aided  by  questions  concerning  "noises"  in 
non -stationary  networks  --  waveguides,  cavity  reaonators,  etc.  --  and 
acquired  actuality  in  connection  with  the  perfection  of  radio -eatrono*y 
apparatus .  Thus,  the  regions  of  thercsal  radiation  end  electric  "noises" 
bordered  directly  on  each  other  in  the  bend  of  ultra-high  radio  frequen¬ 
cies.  There  ie  no  doubt  that,  aa  the  practically  utlllxable  radio  fre¬ 
quencies  increase  further,  the  unification  of  these  regions  will  bacons 
•ore  end  nora  narrow. 

The  theory  which  would  enbrece  fro*  e  single  viewpoint  thermal  elec¬ 
tric  "noise"  end  thermal  electro -magnetic  radiation  must  be  —  at  least 
initially  --  sufficiently  general  in  two  raspecta.  On  the  one  band, 
it  oust  not  be  restricted  to  any  very  detailed  concept  of  the  electrical 
■lcroatructure  of  bodies,  t.e.,  it  *uet  describe  their  electro-magnetic 
properties  in  as  general  a  way  as  possible,  for  instance,  by  means  of 
complex  permittivities.  On  the  other  hand,  the  theory  *ust  not  be  bound 
neither  by  the  condition  of  quesl-stetionelity  nor  by  the  approx last ion 
of  geometrical  optics,  permitting  thereby,  too,  the  examination  of 
question*  in  which  the  wavelengths  are  comparable  to  the  body  dimensions, 
U*  are  thus  talking  about  the  appl lcab.l ity  of  statistical  methods  to 
general  euicroscoplc  electro-dynamics. 

Aa  la  knovh,  a  necessary  condition  for  the  possibility  of  suck  an 
approach  is  the  requirement  chat  the  non -homogeneities  of  the  macro-fields 
(wsvelengths)  be  much  greater  than  the  micro -non -homogeneities  which  are 
due  to  the  molecular  structure  of  bodies.  This  requirement  la  satisfied 
even  for  optical  frequencies  u>,  ie.,  the  phenomenological  approach  can 
extend  also  to  the  region  of  quantum  phenomena,  for  which  Tlo)  »  kT.* 

1.  fl  la  Planck's  constant  (1.05  x  10 erg  sec.),  k  is  Boltzmann's 
constant  (l.38x  10  ^  erg/degree),  T  is  the  absolute  temperature. 

For  T  -  300°  the  equal  ltyiloJ  -  kT  occurs  for  a  wavelength 
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But  this  kind  of  a  representation  of  tb-  body  matter,  as  well  as  of  the 
continuum  Implies  the  renunciation  of  statistical  electronics,  l.e.,  of 
taking  Into  account  of  such  parent  tars  os  the  elewntery  charge,  the 
number  of  elementary  charges  per  unit  of  vcluoe,  thermal  velocities 
of  microcharges,  their  free  path,  etc.  nevertheless,  the  Indicated 
formulation  of  the  question  permits  the  examination  end  unification  of. 
a  large  circle  of  macroscopic  problem*,  which  ere  of  theoretical  end 
of  practical  interest. 

The  represent st Ion  of  the  ciaotlc  lateral  field  which  Is  distributed 
over  the  voliaae  of  the  bodies  under  cams Ida rat Ion  const itutea  the  basis 
for  the  application  of  statistics  to  general  electrodynamics.  The  action 
of  this  field  determines  the  fluctuations  of  tha  charga  and  of  the  current 
In  bodies,  sad  thereby  also  the  correepondlng  fluctuation  radiation. 

In  the  region  of  qua  .1 -stationary  ■currents,  the  concept  of  the 
random  electro-motive  force  (S  local  *  red  In  the  network-  which  causes 
the  electrical  fluctuations  In  this  mmtmork,  had  been  introduced  by 
de  Haas  -Lorentr*  by  analogy  to  cbe  r  motion  mechanical  force  which  causes 

p 

the  Brovnisn  notion  of  s  particle  Cxamiring  the  circuit  composed  of 
the  Inductance  l  and  tha  raslsrance  R,  de  Haas-Lorants  obtained  the 
formula 

X2  .  PttT'Z 

for  the  mean  square  "impulse"  *  m  it  of  chit  emf  for  the  time  lnter- 

T 

val  X .  Later,  starting  from  tha  the-oremi  of  equl-partlt ion  of  energy 
according  to  degrees  of  fraedom,  Schottky^  evaluated  tits  power  of  thermal 
"noise”  in  an  oscillatory  circuit  as  a  function  of  its  time  of  establish¬ 
ment,  l.e.,  of  Its  selectivity.  However,  the  approach  of  operating 
successively  on  the  spectral  intensity  of  the  random  elcccromot lve  force 

1.  G.  L.  de  Haas -Lorenta,  Die  Brownnche  Bevsgung  und  cinige  vervandte 
Irsche lnungen .  Die  Wlvsenschelt  *2_,  p  86  ( Breunschwels,  1913). 

T.  La-gevln,  C.  *.  IU£,  530,  1908. 

3.  W.  Shottky,  Ann.  d.  Phye .  *7,  1918* 


acting  In  tha  actlva  resistances  of  tha  network,  was  developed  only  In 

19<7  simultaneously  with  tha  experimental  discovery  of  electric  flue- 

2 

tuatlona  in  conductora. 

M.  A.  Leontovich  and  the  author^  have  ahown  how  to  pasa  (whllet 
maintaining  tha  conditions  of  quati-ststionality )  from  the  integral 
electromotive  force  to  tha  random  lateral  electric  field  determined  by 
it  and  distributed  In  the  mattrl -1  of  the  conductor  end  have  given  the 
fon  of  the  apace  correlation  function  for  any  one  of  the  components  of  the 
spectral  Intensity  of  thla  field.  The  next  atep  which  la  alao  made  in  this 
work  consists  of  the  general  lead  -<n  of  the  concept  of  the  lateral  field 
and  its  corralatlon  function  for  the  frequency  not  lluitec  by  the  quasl- 
•tatlonary  condition.  The  lateral  fluctuation  field  (in  the  general  case  -- 
both  Che  electrical  ‘"id  magnetic)  la  lntroducad  thereby  on  the  basis  of 
electrodynamlc  equations,  as  a  result  of  which  ths  absence  of  any  limita¬ 
tions  for  the  relation  between  wavelength  end  body  dimensions  Is  achieved. 

Naturally,  the  question  as  to  the  advantages  and  possibilities  of 
tha  theory  relying  on  the  Indicated  premises  erleea.  It  is,  however,  more 
expedient  to  put  off  such  an  examination  of  thla  question  to  the  con¬ 
cluding  section  of  this  work.  Temporarily,  only  a  veiy  summary  and  not 

k 

especially  clear  exposition  of  It  esn  bs  given. 

As  hsd  been  teld,  the  general  electrodynamlc  baels  of  the  theory 
permits  the  unlf lcat Ion  of  the  asymptotic  laws  of  classical  radiation 
theory,  the  lew*  of  electric  fluctuations  In  the  quasl*stat lonavy  region 
and  the  Intermediary  problems  of  bodies,  whose  dimensions  sre  comparable 
to  wavelengths.  From  thla  came  electrodynamlc  baste  follow*  the  regular 
methodical  process  which  permits  the  formulation  and  solution  of  various 
fluctuation  problem*  by  general  rules,  ea  boundary  problems  of  field 

U  H.  Nyqulst,  Phyi .  Rev.  619,  1927;  22,  HO,  1928. 

2.  J.  B.  Johnson,  Nature  119  .  50,  1927;  Fhya .  Rev.  £2,  367,  1927; 

22,  97,  1928. 

3.  M.  A.  Leontovlch  end  S.  M.  Kytov,  ZSTF  gi,  246,  1952. 

h.  A  brief  summary  of  the  results  was  published  in  DAN  535,  1952. 
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theory.  Understandably,  If  we  speak  of  radiation,  l.e.,  of  wav*?  giving 
energy  transfer,^  then  a  series  of  general,  energy  results  can  be  obtained 
by  classical  swans.  Ths  latter  reduces  to  an  accounting  of  Che  asymptotic 
value  of  the  number  of  degrees  of  freedom  in  a  conservative  system  limited 
In  some  manner  and  to  the  application  of  the  theorem  of  energy  distribution 
according  to  degrees  of  freedom  (in  either  Its  quantum  or  classical  form?. 
The  classical  method  mentioned  le  utilised  along  with  the  electrodynamic 
derivations  each  time  chat  this  la  possible  end  expedient  Its  application 
Is  thereby  considerably  simplified  because  of  the  result  known  beforehand 
and  because  of  the  visual  representation  of  the  'Wchanlsm"  of  the  phenom¬ 
enon  under  etudy,  which  is  obtained  with  Che  help  of  the  fluctuation 
electrodynamic  theory. 

Another  legitimately  begging  question  le  thia:  hov  does  one  now  solve 
problems  of  thermal  radiation  In  the  region  of  microwave  radio  en-lneerlng 
and  does  one  not  arrive,  here,  as  a  result  of  the  absenr*  of  a  general 
theory,  at  erroneous  conclusions.  Factually,  what  la  d <ne  hnre  Is  simply 
a  tranaferral  of  Nyqulst's  reasoning  concerning  the  principal  wave  In  a 
two -conductor  line  to  the  Hjg  type  wave  usually  used  In  waveguides .  It  is 
considered,  in  thio  case  too,  Chut  the  emitter,  matched  v  th  the  .egulde 
at  the  wave  H,_,  sends  out  into  the  waveguide  in  the  frequency  jnt--rval 
df  the  thirmal  power  kTdf.  This  statement,  of  course,  can  easily  he 
justified  by  means  of  simple  energy  considerations.  In  this  work,  it  is 
obtained  as  a  consequence  of  general  initial  premises,  and  one  can  there¬ 
fore  say  that  we  are  giving  in  this  work  u  ly  soother  one  of  its  Justlfl* 
cat  ions . 

However,  the  problems  related  to  thermal  radiation  in  the  microwave 
region  can  be  mors  varied  and  not  so  simple.  Thus,  for  instance,  one  can 
talk  oi  cases  of  mut t l -va^e  propagation  in  waveguides;  of  Interference 
phenomena  possible  for  a  given  baud  df  la  insufficiently  long  channels 
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1.  We  have  in  mind  travelling  waves,  non-exc Ingulf hsble  In  ths  absence 
of  absorption,  In  contrast  to  supra -cr It  leal  waves  In  waveguides 
and  so-called  non-uniform  waves  which  arise  In  diffraction  or*  too 
small  st  uctures,  in  propagation  in  media  with  Imaginary  index  of 
refraction,  and  also  in  complete  Internal  reflection. 
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containing  unmatched  clamant*;  of  question*  related  to  the  thermal  elic  * 
ti- omagnetlc  field  in  the  Immediate  vicinity  of  eeUttng  surface*  (l» 
particular  --  in  cavities  small  compared  to  wavelength)  etc.  A  pracife 
treatment  of  similar  questions  cannot  be  given  within  'he  limit*  of  only 
energy  relations  and  by  taking  Into  account  only  the  propagating  (*ub'- 
critical)  waves  In  the  theory  under  const  vie  tat  ton  all  problamt  Of 
this  nature  receive  an  exhaustive  answer  since  thotr  tolution*  are  bifid 
on  auffic lantly  general  foundations. 
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THEORY  OF  ELECTRIC  FLUCTUATIONS  AND  THERMAL  RADIATION 


CHAPTER  I.  GENERAL  STATEMENTS 
Section  1.  Electrodynamic  PrW»e| 

In  the  Investigation  of  fluctuation  phenomena  vt  shall  assuaMt  that 
all  relations  between  various  electric  and  magnetic  magnitudes  can  he 
considered  linear.  This  permits  going  over  to  the  spectral  expansion  of 
all  magnitudes  according  to  time.  At  first  we  shsll  take  the  stand  that 
the  functions  of  time  of  Interest  to  us  satisfy  the  condition  of  expan¬ 
sion  into  s  Fourier  integral  with  respect  to  t 

f{  r,t)  -  /**  g(  1^,  co)eiu>  £  do)  (l-l) 

—  cm 

and  '  accordance  with  this  we  shall  write  slsctrodynamlc  equations 
for  spectral  amplitude  densities  s(  r,  u)  ). 

Our  aim  is  to  describe,  in  a  sufficiently  general  way  without 
having  recourse  to  the  refinement  of  the  alcrostructure  of  matter,  tbs 
electric  fluctuations  occurring  In  matter.  Particularly  suitable  for 
this  purpose  are  the  Lorents  equations  for  mleroflslds,  and  me  shall 
rely  sialnly  on  transferring  the  concepts  of  macroscopic  electrodynamics 
to  the  region  of  micro  -p  he  moms  ns.  Let  us  denote  the  electric  and  mag- 

-i  -i 

netlc  strengths  of  the  micro-field  by  E  and  H,  and  the  densities  of 
microchanges  and  microcurrents  by  />  and  j.  Va  have 

curl  E  -  -  lkH  (1.2) 

krr  -» 

curl  H  -  IkE  +  —  J 
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div  t  .  *7r/» 
dlv  H  ■  0 

where  k  ■  ~  ■  .  To  these  equations,  we  must  add  relatione  between 

.1  .a  j>c 

.1,  £  and  H  which,  upon  statistical  averaging,  become  the  so-called 
"equations  of  matter"  of  Maxwellian  electrodynamics  - -  Ohm's  Law  and 
laws  connecting  polarization  and  magnetizeablllty  (or  electrical  and 
magnetic  Induction)  with  macroscopic  intensities. 

We  shall  denote  statistical  averages  (averaging  over  the  whole) 
with  a  bar  over  the  corresponding  quantities.  Then  for  the  total 
macroscopic  current  we  have 
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M-  -l 
klf/t. 
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(1-3) 


The  first  terra  expresses  the  generalization  of  Ohn'a  Law  which  relates 

the  conduction  current  to  the  polarization  current;  the  second  term 

— * 

gives  the  mean  density  of  moi«cu:*:r  currents  with  c  curl  I,  In  which 

_fc 

the  magnetizeablllty  I  it  expressed  In  terms  of  tha  Induction  of  the 
magnetic  field  B  ■  H.  The  permeabilities  F.  and  jjl,  ,  generally  speaking, 
are  complex,  l.e.,  the  med<u-i  can  have  electrical  as  veil  as  magnetic 
losses 


e  -  e.'  -  1c"  -  el  (I.**) 

/*-  -  -  l/c"  -  /*.  (  r,u>) 

We  now  Introduce  what  constitutes  a  basic  step:  the  lateral  elec- 
trie  and  magnetic  ‘  eldr  with  strengths  K  end  M,  added  to  E  and  H 
respectively  which  act  on  the  talcrocnargex  and  mlcrocurrerta .  In  the 
presence  of  external  sources  the  mean  values  K  and  M  determine  the 
corresponding  external  currents,  charges,  and  constants  of  polarization 
and  magnetization.  In  the  absence  of  external  sources 

It  -  0  ;  M  -  O  (1.5) 
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The  expression  for  the  alcrocurrent  density  ■which,  by  virtue  of  (1.?) 
peases  upon  averaging  to  (1.3)*  w«  take  In  the  fora 

T  -  L-£4^1u>  (E  +  r)  +  c  curl  (n  ♦  M)  (1.6) 

The  corresponding  expression  for  the  microcharge  density  which  satisfies 
the  continuity  equation  dlv  "j  +  ioj/o  m  o,  will  be 

p  -  -dlv^-lE+l)  (1.7) 

Upon  subst ' luting  (1.6)  end  (1.7)  Into  equations  (1.2),  the  letter 
become 

curl  t  -  -  lkff 

curl  ■  ik«,  E  +  lk( C  “1  )K  +  curl  ^~jcr  H  (1-8) 

div  eS  >  -  dlv  [£  -l)1l 

dlv  H  -  0 

Understandably,  the  last  two  equations  are  a  direct  consequence  of  the 
first  ci/o  end  In  future  we  chall  not  vrlte  them. 

At  first  glance,  expression  (1.6)  nay  appear  soaewhat  strange: 
this  Is  a  relation  for  alcroquantities  which  nevertheless  contains  the 
macroscopic  characteristics  g  end  /c  of  the  aedlue.  However,  In  the 
sevlphenomenologlcal  theory  developed  here,  this  is  completely  under¬ 
standable.  In  essence,  (1.6)  acans  that  In  the  alcrocurrent  J  the 

terms  E  ♦  c  rot  H,  which  upon  averaging  give  (1-3),  era 

separated  and  everything  else  which  may  determine  J  Is  Included  in 
— * 

K  and  M,  whose  mean  values.  In  the  absence  of  external  sources,  are 
equal  to  aero. 

Another  question  which  naturally  arises  concerns  this:  la  It 

— k  ^ 

necessary  to  Introduce  two  letorel  fields,  K  and  M,  since  only  a  certain 
combination  of  thea  appears  in  the  basic  equations  t1.8),  i.e.,  the 


summed  fluctuation  "•trength"  lk(c  -1  )K  +cnrl  y  -  M,  TM»  question 
cannot  be  resolved  without  recourse  to  the  statistical  properties  of 

—3 k 

K  and  M.  llalng  only  equations  (1.8),  without  any  supple  tentary  con¬ 
cept*,  we  can  vary  the  value  of  the  alcropotent lal  In  auch  a  way  that 
the  lateral  fluctuation  "strength"  will  be  present  either  in  one  of 
these  baelc  equations  or  In  both.  If,  for  example^  instead  of  H,  for 
which  jl  -  E,  we  introduce  H*  -  H  -  (H  ♦  M)  -  jr-  M,  for 

which  H*  m  3  -  U?r  1  (i.e.,  H*  is  the  macroscopic  magnetic  field-strength 
anj  not  its  Induction),  then  the  basic  equations  (1-6)  take  the  follow 
ing  fon» 

curl  E  ~  -ik^iT'  -  ik(/i.-l)M  (1-9) 

curl  H*  -  Ikef  «-  ik(c  -1  )lt 

Vc  shall  convince  ourselves  later  that  as  far  as  the  form  of  the  corre¬ 
lation  function  of  lateral  fields  is  concerned  the  symmetrical  form 

(1.9)  la  the  more  meaningful  one  (Section  9)* 

Similarly  we  shall  aee  that  tha  introduction  of  each  of  the 
lateral  fluctuation  fields  K  and  H  is  necessarily  related  to  the 
complexity  of  the  corresponding  C  end  /*-,  i.e.,  to  the  presence  of 
electric  and  magnetic  losses.  If  magnetic  losses  are  absent  ( - 
real),  then  M  ■  0  and  the  aquations  era 

curl  E  -  -  lk/tH  (1.10) 

curl  H  -  lk  g  ]T  +  lk(  £  -1  )K 

■A  W. 

Ey  H  we  understand  here,  and  in  whst  is  to  follow,  the  vector  H' 
which  had  been  Introduced  in  the  writing  of  the  synsaetr ical  equations 

(1.9) .  We  shall  study  equations  (1.10)  right  up  to  Section  9» 

It  le  necessary  to  note  that  the  representation  (1.6)  for  the 
"electrical"  part  of  the  total  rlcrocurrent  (first  term)  does  not 
follow  the  generally  accepted  method  of  introducing  the  lateral  elec¬ 
tric  field  Into  macroscopic  electrodynamics .  Usually  this  field  la 


not  Introduced  Into  the  generalization  but  into  the  staple  Oka's  Law, 
t.e.,  only  Into  the  expression  for  the  conduction  current: 


■  «-<'  •  V  - 

Ulth  this  kind  of  an  approach,  one  would  have  to  write  f^r  the  electric 
pert  of  the  mlcrocurreut,  instead  of  the  first  tens  of  (1.6),  the  ex¬ 
press  loa 


e"  -± 
4t r  U 


(1.11) 


As  la  seen  by  coopering  with  (1.6),  the  latersl  field  strength 
Introduced  In  this  way  la  related  to  our  K  as  follows 


(1.12) 


Expression  (l  11)  is  favored,  not  only  because  of  thti  fact  that 
this  presentation  corresponds  to  the  usua*  -ay  of  Introducing  the 
lateral  field  but  also  because  of  the  fact  that  this  field,  being 
lamedlately  introduced  only  Into  the  "noise"  part  of  the  current,  which 
Is  related  to  the  losses,  has  a  rather  simple  correlation  function 
(Section  6). 

Nevertheless,  the  presentation  (1.6)  chosen  by  us  has  well  known 
advantages.  First  of  all.  In  It,  no  basic  differentiation  Is  made 
beforehand  between  the  bound  and  free  charges,  i.e..  fluctuations  of 
conduction  as  well  as  of  polarization  currents  are  taksi.  'nto  account; 
this  Is  completely  evident  from  the  point  of  view  of  Che  mlcrofield 
theory.  Similarly  the  question  whether  only  that  part  of  the  current 
which  is  related  to  the  losses,  sake#  "noise"  la  not  decided  before¬ 
hand  --  this  resolves  Itself  later.  Secondly,  In  (1.6)  there  la  a 
certain  syasetry  In  the  representations  of  the  "electric"  and  "mag¬ 
netic"  parts,  l.e.-  In  the  writing  of  the  first  end  second  terms  which 
express  the  density  of  molecular  currents.  The  represencac Ion  of  the 
aecond  term  In  e  form  analogous  to  (1.11)  would  require  the  Introduction 


of  the  lateral  magnetic  field  Mq  only  In  connection  with  magnetic 
loaaea  (l.e.,  in  the  presence  of  /*■"),  which,  to  an  oven  greater  axtent 
Chan  In  the  case  of  the  first  term,  depends  on  the  results  to  follow. 

In  the  solution  u£  electrodynanlc  equations  for  pLacawlaa  con- 
tlnuous  media,  we  have  the  usual  boundary  conditions  which  express  tha 
continuity  of  the  tangential  components  of  K  and  H 

[S,  >|  ~  Bgl  -  0  ;  [N,  \  -  0  (1.13) 

where  N  is  tha  unit  vector  of  the  normal  to  tha  separating  boundary, 
.directed  from  medium  1  into  medium  2.  However,  for  media  with  a  very 
large  Imaginary  part  in  the  complex  Index  of  refraction  (highly 

developed  skin-effect ),  it  is  expedient  to  use  relations  based  on  the 
approximate  boundary  conditions  of  Leontovich.  For  this,  tha  lateral 
fields,  distributed  la  the  general  case  over  the  entire  space  of  the 
media  under  cons lderst ion,  can  equally  well  be  replaced  by  certain 
surface  lateral  fields,  entering  not  Into  the  equations,  but  into  the 
boundary  conditions.  Chapter  III  la  devoted  to  the  formulation  iZT 
application  of  this  problem. 


Section  2.  Reduced  Spectral  Intensities 

It  had  been  assumed  above  that  the  functions  of  time  to  be  studied 
cen  be  represented  by  Fourier  Integrals  (l.l).  In  actual  fact  this  la 
not  so  sines  ws  srs  Interested  In  uniform  fluctuation  procasaas  for 
which  expansion  (l.l)  loses  meaning  and  wa  can  talk  only  about  the 
so-called  reduced  spectral  intensities^  for  tha  time-averaged  quantities, 
bilinear  with  respect  to  the  function  f.  It  is  precisely  these  reduced 
Intensities,  or,  as  they  ere  called  In  the  theory  of  electric  "noises”, 
densities  of  the  power  spectrum,  which  are*  of  'Immediate  physical 

1.  See  for  instance,  A.  M.  Xaglam  ,  'Introduction  to  the  Theory  of 
Stationary  Random  Functions'.  Usp.  Mat.  Rauk,  7,  5  (51)  195?» 

L.  Landau  and  g.  Llfshitc,  Statistical  Tbyslcs,  Section  117 
(Cl  TTL  ,  1951). 


interest.  nevertheless,  the  writing  of  spectral  expaniiom  In  the 
form  (1.1)  and  the  electrodynamic  equations  for  spectral  amplitudes 
resulting  therefrom  can  formally  be  preserved,  which  Is  of  great  Import¬ 
ance  in  view  of  the  advantages  which  result  from  operating  with  these 
equations.  The  study  of  the  problem  given  below  does  not  in  any  way 
pretend  to  mathematical  rigor  and  serves  only  for  visual  clarification. 

let  T  be  tbe  time  interval  many  times  larger  than  any  correlation 
time  which  may  be  encountered  in  the  uniformly  random  processes  to  be 
studied.  Us  can  then  - -  practically  without  any  Influence  on  the 
physical  results  --  consider  tbe  process  to  bs  periodical  with  period 
T  and  represent  It  in  the  form  of  a  Fourier  series 


lot  t 
a 


(21) 


in  which 


.  +T/2  t 

a  ■  ir  /  f(t)  a  “  dt.  (2.2) 

J  -  T/2 

Without  loss  of  generality  we  can  consider  the  function  f(t)  to  be 

resl  so  that  a  fulfills  the  relation 
a 


■  *  * 

D  -11 


For  the  time  average  (l.e.,  T -average)  of  the  product  oft  two  such 
functions  f(t)  and  g(t)  we  have 


•"  i-  /  f(t}g(t)dt  -  £  a  b  & 
7  -  T/2  n.m  “  ■  " 


“  £  •  b_  -  “  £  (a  b  c*  a  b). 
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(c.3) 
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We  shall  now  Increase  X  without  limit,  at  Lha  same  time  fixing  the 
greatest  n,  so  that  the  frequency  Interval  fro*  OJ  »  2rTn/T  to 
U)  +  6u>  m  2TT (n  +  dn)/T  will  be  fixed.  This  procedure,  often  applied 
when  passing  from  the  series  to  the  Fourier  integral,^  requires  the 
assumption  that  the  following  limit  exists 


11m 
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(2.4) 


By  virtue  of  (2.2)  the  lntegrablllty  of  the  absolute  value  of  f(t)  within 
the  limits  (-<*,  +  co )  constitutes  a  sufficient  condition  for  this.'  If 
(2.4)  takes  place,  then  the  sum  (2.1)  passes  in  the  limit  to  the  Fourier 
Integral 

f(t)  -Y  «(w)  elWt  day  (2.5) 

-  03 


ani  for  the  time  average  (2.3)  we  obtain 


11*  f(t)g(t)fc  11*  /  [a((o  )b  ( u>)  ♦  a  (o>  )b(u>)l  la)  .  0 

T-*«»  T-»  1  - 

Matters  are  different  for  functions  tnat  are  not  expandable  Into 
Fourier  Integrals  (not  decreasing  fast  enough  aa  1 1 J  — >  00  ),  but  whose 
average  value  (2. 3)  has  a  finite  limit.  Let 

&  (*° b"  *  •«  b®>  “  t2-6) 

Then  the  limit  (by  assumption,  existent)  of  the  average  value  (2.3) 
will  be 

_ ...  ♦0O_i 

11a  f(t)g(t)c  -  /  C{o.')dw.  (2.7) 

T->  •<» 


1.  See  for  Instance,  R.  Courant  and  D.  Hilbert  'Jwthods  of  Mathematical 
Physics',  vol .  I,  Chap.  XI,  Section  6  (M.  -  L.,  1950 
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The  quantity  G(co)  la  called  reduced  spectral  Intensity.  When  the 
condition  (2.6)  which,  roughly  speaking,  means  that  for  large  values  of 
n  a  b  -y—  Is  fulfilled,  the  passage  from  series  (2.1)  to  the 

A  a  \Jt 

Integral  loses  meaning. 

Let  us  now  assume  that  we  are  operating  with  the  aeries  (2.1)  at 
very  large  but  still  finite  values  of  T.  Then,  considering  (2.5)  merely 
as  a  conditional  notation  of  the  carles  (2.1)  we  can  deal  with  the  quan¬ 
tities  a(o»)  as  we  would  with  the  series  coefficients  sq.  Any  relation 
of  the  forts 

a(t**)b*(<o)  ■  a^oujb't  uj) 
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must  then  be  understood  in  the  sense 


*n  bo 


which  In  the  limit  gives  the  equatloo  of  the  corresponding  reduced 
spectral  Intensities.  It  Is  precisely  this  kind  of  e  treatment  that  we 
are  going  to  keep  in  mind,  applying  the  formal  expansion  Into  the  Fourier 
integral  and  using  the  spectral  anplltuda  densities  E,  H,  etc.,  for  which 
all  the  elec t rodynrmlc  equations  have  been  written  in  Section  1. 

Expression  (2.3)  can  be  rewritten  in  the  fora 


|  h  A.  s  b  nO 

7(7^7)'  -  JL_o__CL_o  +  £  ( 

c  .  n 


* 

a  b  ) 
a  n' 


(2.8) 


end.  In  particular. 
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(2.9) 
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l.e.,  tba  spectral  intensities  la  the  expansion  for  positive  frequencies 
(these  Intensities  we  shell  denote  by  the  index  us)  ate  twice  the  In¬ 
tensities  In  tha  axpsnsion  according  to  frequencies  from  -  no  to  ♦  eo  . 


I  • 


,  '  ^  .*, 


1  •  • 


—.'IKK  T» 


10 

Therefore,  if 

E(t)  -ft  eiu>t  do/  ;  "h(c)  -  /  H  •l"t  d«> 


Th«n  according  to  (2.8)  we  shall  havs  for  ths  t lme -averaged  vector  of 
Uroov  -poynt  lng 

sw  -  i%r  [  &  «#J  *  H]}  (2-10) 


but  for  the  tine -averaged  space  densities  of  electric  and  magnetic  energy 
the  spectral  intensities  (*•*.  the  absence  of  scattering)  will  be 
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Section  3.  Space  Correlation  of  the  Lateral  Fluctuating  Field 

The  solution  of  any  electrodynamlc  problem  attainable  by  sieans  of 
equations  (1.9)  or  (1.10)  and  of  boundary  conditions  (1.13)  leads  to  the 

-b  -as  «a 

representation  of  E  and  K  in  terms  of  K  is  the  form  of  toss  linear  ope- 

-A  __g 

rators  of  K  (of  volueie  integrals).  The  mean  values  of  S  end  H  are  there¬ 
fore  evaluated  from  the  tat  an  values  of  the  components  of  K  and,  in  par¬ 
ticular,  in  the  absence  of  regular  external  sources  are  equal  to  sero. 

—Ik  _b 

The  fluctuations,  however,  of  E  and  K,  and  therefore  the  fluctuations  of 

_b 

all  magnitudes  dependent  on  S  and  H  are  evaluated  In  terms  of  the  random 

— e 

part  of  K.  We  shall  be  interested  in  the  mean  energy  values,  l.e.,  values 
which  are  bilinear  with  respect  to  the  components  of  E  and  H.  It  is  not 
difficult  to  Imagine  what  particular  characteristic  of  statistical  pro- 

—a 

pertles  of  the  random  lateral  field  K  is  required  for  the  evaluation  of 
such  quantities. 

—a 

In  the  cross -multiplication  of  ths  components  of  S  and  H,  l.e.,  la 
the  cross-multiplication  of  tha  corresponding  linear  operators  of  eht 
components  of  K,  we  shall  obviously  obtain  under  the  sign  of  the  resulting 


M  • 


11 

operator  (of  the  double  volume  Integral)  the  product  of  these  or  {haee.coapo' 
neftt*  taken  at  various  point*  of  the  apace.  U  this  manner,  In  order  to 
evaluate  the  atatladcal  Vienna  from  the  bilinear  quant  Idea  of  Interest 
to  us,  one  must  knot#  the  mean  value  of  the  product  of  the  lateral  field 
K  at  various  points,  1.*.,  the  space  correlation  function  of  these  com* 
ponents 

r«p  ;  (<*,(3  -1,2,3)  (3D 

Initially,  we  shall  examine  the  case  of  a  homogeneous  and  isotropic 
medium,  l.e.,  me  shall  consider  £  and  as  scalar  quantities,  independent 
of  the  coordinates .  One  can  then  apply  the  seme  reasoning  to  ^  as  la 
used  in  hydrodynamics  concerning  the  correlation  function  of  relative 
velocities  of  liquid  particles  In  hosogeneous  and  Isotropic  turbulence. 

It  Is  the  quantities  which  have  to  form  a  tensor  and,  because  of  the 

complete  equality  of  the  points  of  the  arndtum,  they  must  depend  only  on 


The  most  general  exprasalcn  of  the  tensor  dependent  only  on  r,  is 

F*p(r>  ’  £(r>  S*p  ♦  8(0  ~~  (3-2) 

where  denotes  the  components  of  the  unit  tensor.  Kqurtlou  (3-2) 

can  ba  written  In  a  different  torn  as  follows: 

r«fiir)  -  *  (r)  <3-3) 

where 

1.  L.  Landau  and  I.  Llfschlts,  Mechanics  of  Continuous  Msdia,  Section 
27  (M.  -  L.,  19**). 
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g(r) 


^.Llt 

.2  r  dr 
dr 


If  the  homogeneous  at d tun  occupies  e  Halted  volume,  the  assumption 
that  depends  on  end  1?”  only  through  r*«  |r'  -  r"|  loeee  valid  ty. 

Thle  aseuaptlon  can  be  preserved  only  for  tbose  points  of  the  medium 
which  are  sufficiently  far  removed  from  the  surface  of  the  volume,  l.e., 
removed  by  distances  large  compared  to  the  correlation  radius  of  the 
flold  K.  The  following  reasoning  concerning  this  radius  can  be  adduced. 

For  leotroplc  radiation  of  frequency  u),  ceused  by  external  excitation 
In  a  given  medium,  the  correlation  radius  would  be  of  the  order  corres¬ 
ponding  to  the  wavelength.  But  In  X  sre  included  forces  from  any  source, 
and,  among  them,  forces  related  to  the  thermal  movement  of  nlcTocbargea . 

One  can  therefore  eseuae  that  the  correlation  radlua  of  K  has  a  magnitude 
of  the  order  of  the  dimensions  of  the  macro-lnhomogwneltlee  of  the  msdlias. 
The  macroscopic  theory  to  be  studied  assumes  s  priori  that  the  micro- 
lnhomoge net ties  of  the  medium  arc  very  smell  by  comparison  to  the  inhomo - 
geneltles  of  the  macroscopic  fields.  Under  such  conditions,  when  evsa 
the  wavelength  In  bodies  end  --  sa  we  assume  --  the  dimensions  of  the 

u 

bodies  themselves  sre  very  large  compered  to  the  correlation  radios  of  X, 

It  is  natural  to  admit  that  thle  radius  Is  simply  equal  to  ssro. 

The  second  assumption  consists  of  dropping  the  potential  term  In  (3*3), 
l.e.,  we  assume  V(r)  -  0.  Further  below,  we  will  be  able  to  adduce  sosse 
reasoning  In  favor  of  this  assumption  (Sections  8  and  26);  for  the  moment, 
this  assumption  must  be  looked  upon  as  s  hypothesis  which  is  Justified 
cnJy  by  the  results  obtained. 

And  so  we  make  the  following  basic  assumption  concerning  the  form 

of  F 

§  (r)  -  C<5(r)  a  C  6{x2) &{x^) 

Y(0  -  0  (3*0 


i 

l 


90  chat 


r<Ap  M 


(3.5) 


In  this  unnir,  Che  components  of  K  In  ch«  one  and  ««a  ddirectloa  possess 
the  &  'correlation,  but  the  components  orthogonal  to  ante  another  era  00c 
at  all  correlated.  Since  the  correlation  radius  la  oquMl  to  aero,  ex¬ 
pression  (3.5)  In  the  caaa  of  bounded  bod  let  la  valid)  (throughout  the 
apnea  of  the  body,  right  up  to  the  bounding  surface.-  (Concerning  the  con¬ 
stant  C:  It  must  be  determined  on  the  baa  la  of  supplementary  physical 
requirement*.  This  will  ba  dona  In  the  **-*•:  chapter'..  __ 

In  the  presence  of  regular  external  sources,  £  and)  H  are  different 

mJh 

iron  aero  and  represent  macroscopic  potentials  ( rsmesabtnr  Chat  by  H  the 
vector  H'  la  understood,  Introduced  whan  passing  to  eqyjation  (1.9)]. 
Hence, 


la  the  aiecroscoplc  dens.  of  electric  energy  and  ct»e  qquantll" 


should  strve  as  a  measure  for  the  Intensity  of  flwctuUdiim  of  the  electric 
potential.  But  the  flrat  term  of  this  expression  la  In t  Sect  the  wan 
value  of  the  true  (mlcroacoplc)  electrical  energy  denstt-'vy..  According  to 
the  waning  Itself  of  the  lateral  field  K  this  la  the  cental  energy.  Into 
which  entera  not  or.ly  the  electric  etuergy  of  the  macrofiiiaid  but  also  a 
part  of  the  Internal  energy  of  the  medium  under  etudy..  TThl*  letter  pert 
la  a  finite  quantity  only  Insofar  U  thr.  quantities  charrac  ter  Icing  the 
mlcrostructura  cl  the  medium  are  different  frou  cero.  On  .the  phenomenon 
logics!  method  of  describing  the  swdlim  used  by  ua,  the: '-only  quantity  of 
this  type  is  the  correlation  radius  of  the  lateral  firiWi  dt. 

We  can  therefore  foresee  that  the  admission  of  the:  ctT  -correlation 
for  the  components  of  K  will  have  as  a  conaequence  the  Uivergeuce  of  all 
expressions  for  the  snergy  (mean  bilinear)  quantities  cailculable  In  the 
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int-trioc  <nf  th«  absorbing  wadlimi.  It  1*  further  clear  that,  although  the 
lotroducttiino  of  a  finite  correlation  radius,  for  instance  the  use  of  the 
corr.!iecli»n  -function  f.  -  in  the  fora 

c«/3 


(3*6) 


assures-  tithe  flsiteness  of  the  energy  quantities  in  the  aw  ,  it  never¬ 
theless  aurapiy  represents  a  fomal  procedure  and  cannot  to/lecs  statis¬ 
tical  eUuKCronicts,  which  takea  into  account  the  actual  peculiarities  of 
the  ■icrtnHtructure.  Nonetheless,  the  analysis  of  results,  obtained  with 
the  help)  cnf  (3,6),  is  of  certain  interest  for  the  clarification  of  con¬ 
cepts  aotiatdied  in  the  heals  of  the  theory  (section  8). 


Section  4>-  Correlatlo.i  function  for  Fourier  Conjugates 

In  (Ktilving  concrete  problassa  it  often  appears  to  be  convenlen.  to 

■k  1  ^  —A 

u»c  th*  «*<p«rision  of  S,  H  and  K  according  to  iom  orthogonal  function* 

It  la  them  traces aary  to  know  the  correlation  function  for  the  corresponding 
expansion]  *oeff lclents  of  It.  In  this  connection  we  shell  study  two  such 
caaea,  namely  the  expansion  of  *£  into  the  Fourier  space  integral  for  un¬ 
bounded  htnwngeneoue  media  and  for  a  seal-space  x^  <  0  filled  with  such 
awdia. 

Lett  Kibe  represented  to  the  fora  of  a  triple  Four  lor  integral. 


1.  The  apiece  integrals  to  he  studied  in  this  section  l'or  unbounded  or 
Sewl-i’.nfinite  red  la,  l.a.,  for  functions  which,  strictly  speaking, 
are  nod  expandable  li.to  Fourier  integrals,  nut t  be  understood  In 
the  atone  restricted  sense  which  was  indicated  in  section  2  for 
specrr.vll  expansion  with  respect  to  time.  One  can  in  the  saws  wanner 
imagine"  'that-  a  multiplier  la  introduced  into  p  giving  a  sufficiently 
rep  id  'decrease  of  the  Intagrard  as  r  ->  oO  and  that  in  the  final 
rsaulme  itha  corresponding  "exponent  of  extinction"  approaches  aaro. 


whara,  for  conclaaneas,  tha  following  h*a  bean  lutroduca^ 

£(p)  -  <5\?l)<£(i>2)'S'{p3)  i  P  "  p'  -  P* 

In  chla  wanner,  cha  correlation  function  of  components  'y  has  tha  fora 
)<4(p*  i.a.,  it  constitute!)  a  S  -correlation  Independent 

of  ary  further  assumptions  concerning  (r),  which  result*  in  a 

greater  advantage  for  avaluatlona. 

It  ia  not  difficult  to  aatablich  tha  fora  of  tha  Multiplier  on  £(*) 
in  (4.7),  starting  from  tha  garter*’,  rapraaantati.cn  (3.2)  of  .  Wa 

hava 


r<A0  (r)  r  d* 


♦  oof 

jjHr)  ♦  g(r) 


r2  . 


*  OB  .4,  W1  ^2  +00  /  »  -* 

%  1  Hr)  -  d#  -  /  dil.-V  ■'  af 

^  -13  -OO  r 


Entering  In  bar a  ara  intagrala  which  ara  aetn  to  ba  only  functions  of 
modulus 'p'.  Making  uaa  of  thalr  relationship  through  u(p')  and  v(p') 

wa  jet 


LT*3(r)  9~lp  ’r  d?  -  v(*')sda - 


(3  ^P^oP/5 

’  dp*  )  *2 


Finally 


*h*ra 


/  iL.  dv  \  r  f  «L  v_  _  JL  $l\  5sL?1 

“  V  'p‘  dp‘  )*+0  ■  (  rfp’2  P*  Vj  p* 

7 


^’3  {“<’•>  V  -V(P  >^-} 


(4.8) 


../ft  A  dv  d2v  1  dr 

v(p)-«-p-£T  i  v(p')  -  — 


Analogous  evaluations,  carried  out  by  substituting  (4.3)  into  (4.5) 


*  #1 


return  ua  to  «*xprea*ion  13*3)  for 


where 


r*p  tr)  “  $ (r)  ♦  a.^ 


§  (r)  .  -1— r  /  li(p‘)  .lp  -r  d$* 
(2 IT)3  -® 

*lr)  -  — " — 7  r^.^4- 
(21T)J  -ao  p'* 


(4-9) 


From  thla  ic  follow*  that  asaumptlona  (3  A)  mA«  above  concerning  the 

eA 

fora  of  the  correlation  function  of  the  component*  of  K,  newel 7 

$  "  C<T(r)  ,  t  «  0 

«Jb 

mean  that.  In  the  correlation  function*  for  g,  Fourier-conjugate*  of  K, 
we  have 

u  -  c  ,  v  -  a 


!•«•»  (P  -P*  “  p") 


»P  (HTT)-5 


(4.10) 
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Taking  into  account  the  finltenesa  of  the  correlation  radlua  with 
the  help  of  (3-6),  where 


2,  2 
-r  /a 


*  '  8  - 


■Jr  .  C 


we  obtain,  aa  can  be  readily  aean  with  the  help  of  (4.7),  the  expreaaion 


for 


(f.  5") 


«-*Vja6  ($) 


(4.11) 


*  •  t 
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which,  as  a  — ►0,  goat  over  Into  (I*. 10). 

Let  u>.  now  turn  to  the  case  of  a  semi-infinite  medium,  filling  tha 
ha’ f -space  x^  <  0.  If  here,  too,  we  preserve  with  respect  to  the  coordi¬ 
nate  (x^),  the  expansion  of  K  into  the  complex  integral  (4.1),  then,  In 
the  evaluation  of  the  Integration  with  respect  to  xl  and  x"  In  (4.4) 

will  be  now  between  tha  limits  -  CO  and  0.  Introducing,  for  the  assurance 
of  convergence  of  the  integrals,  a  email  positive  Imaginary  part  tjf  into 
p^(/  >  0)  and  a  similar  negative  part  into  p^,  6^  ^  can  be  obtained  In 
the  form  of  n  function  having  a  simple  pole  at  the  point  +  21 JT 

in  the  upper  half  pinna  of  the  complex  variable  p|j.  However,  the  arti¬ 
ficiality  of  auch  a  procedure  as  well  as  the  complication  of  tha  calcu¬ 
lations  with  the  correlation  function  thus  obtained  make  a  choice 

of  another  expansion  of  K  in  the  case  under  study  preferable.  Namely,  it 

•mX 

la  expedient  to  uae  the  representation  of  K  in  the  form  of  a  Fourier 
integral  in  coa  p^x^ 


K(r) 


MP,*,  +  Po*o) 

/  8(p)  «  coa  p  X  dp  (4.12) 

-  co  J  J 


Accordingly 


g(p)  - 


(27T)' 


+  oo 
/  dx 

-  CO 


1  dx2 


+  P?x o)  0  o.  . 

»  /  K(r)  coa  p  x  dx  .(4.13) 

-  CO  3  y  3 


In  wnat  la  to  follow,  in  the  problem  on  radiation  of  an  absorbing 
medium  occupying  a  half -ape ;e,  we  shall  be  Interested  only  in  the  pole 
exterior  to  the  medium,  in  all  such  cases  we  can  immediately  use  the 
-correlation  (3*5)  for  the  components  of  K 

■  «*<*•>«*(?■>  -  c<r*eJ(f -i"). 

Substituting  (4.13)  and  (3. 5}  into  (4.3),  we  obtain  (j?  -  p‘  - "p") 


^  -  kCS4A  +  0®  'i'Pl*i  +  p2*2'  0 

(p’.p")  — /  d*:  a.* .  11  2  2  / 

(2ir)6  -oo  1  2 


co,  p-x-  co.  pjc*  dx* 


o  i  ^  <tr 

/  coa<*£  cos  d§  -  £  /  coa<A£coap£d  + 


Using  this  formula  and  (4.6),  m  obtain 


°V?,'V)  “  •  >P  +  *<P3  +  p3  )} ' 


It  is  not  difficult  to  that  tha  integral  la  p^  and  p"  of  tha  product 
of  by  any  function  f(py  p^)  which  la  aven  with  raapact  to  aach 

of  tha  arguments,  ha.  the  .ana  value  ••  the  integral  evaluated  with  tha 
help  of  tha  correlation  function 


C  .  -  (p\1>")  -  - ±£r-S(p). 

(21t)3 


Since  we  .hall  have  to  deal  only  with  the  function.  F(p^,  p^j)  satisfying 

tha  indicated  condition  ox  evenness,  va  ehail  *i-»ply  use  (4.14).  In 

this  manner,  in  tha  cases  of  Interest  to  us,  the  expansion  of  K  according 

to  cos  p,x,  gives  for  tha  hslf-space  the  same  &  -correlation  as  tha  ex- 
■3  j  ip3*3 

pension  according  to  e  in  an  unbounded  medium,  and  the  only  differ¬ 

ence  with  (4.10)  lies  In  the  tvo-fold  coefficient. 

It  now  remains  for  us  to  determine  the  meaning  of  the  correlation 
constant  C,  which  we  shall  do  In  Chapter  II.  For  tha  solution  of  this 
problem  It  Is  nscessary  to  adducs  those  expressions  for  the  spectral  den¬ 
sity  of  the  thermal  radiation  energy  end  its  Intensity,  which  are  known 
from  classical  theory.  In  the  following  section  we  shell  briefly  recap¬ 
itulate  the  essential  results  of  this  theory. 
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Section  5.  CrrUla  Results  From  the  ClaoUt1  Theory  of  Thermal  Radiation. 

One  of  Che  fundamental  results,  established  by  Klrchhoff^  on  the 

baala  of  tha  application  of  thermodynamic  leva  to  equilibrium  thermal 

radiation,  vaa,  aa  la  known,  tha  proof  that  Lite  apc~tral  energy  density 

of  thin  radiation  In  vacuum  uu  la  a  universal  function  of  traquancy 

and  ceaqxtrature.2  Tha  atructura  of  tha  function  o ^  can  only  ba  partially 

eatabliahad  within  tha  framework  of  tharmodynamlca  which  waa  subsequently 

dona  by  Wien.^  Tha  cooplete  eatabllahment  of  tha  fora  of  tha  unlvaraal 

function  constituted  a  problm  for  a  later  stage  In  tha  development  of 

tha  theory  of  thermal  radiation,  a  stage  characterised  by  tha  application 

k 

of  statistical  methods.  W.  A.  Michalaon  was  the  first  to  draw  attantlon 
to  tha  fact  that  it  la  necessary  to  adduce  molecular-statistical  concepts 
for  the  theoretical  derivation  of  tha  energy  distribution  in  tha  spectrum 
of  equilibrium  radiation,  and  ha  achieved  on  this  path  well  known  success. 
Following  this  idea  of  U.  A.  Michalaon,  Wien  went  further  end  obtained 
for  a  formula,  which  represents  well  the  actual  energy  distribution 

1.  G.  Klrchhoff,  Gas .  Abh.,  p.  566,  57I;  Pogg.  Ann.  102,  299,  i860. 

2.  The  initial  concept  of  temperature  was  applied  only  to  radiating  bodies* 
Wien  (sea  next  footnote)  notes  that  Wledeman  (Wlad.  Ana.  jk,  kk6, 

1688)  had  already  pointed  to  the  necessity  of  introducing  the  concept 
of  temperature  into  radiation.  Xu  actual  fact,  Wledemsn  lntro> 
duced  only  tha  concept  of  lixalnescenee  temperature,  understanding 
by  this  tha  temperature  of  bodies  which  give  on  a  given  wavelength 
the  equivalent  thermal  radiation.  The  expansion  of  the  concept  of 
temperature  to  the  field  of  radiation  la  due  to  B.  B.  Golitsin 
("Investigations  in  Mathematical  Physics",  11,  p.  25,  1892). 

3.  W.  Wien,  Wled.  Ann.  22,  132,  109*. 

k.  W.  A.  Michalaon,  JRFHO  (Phya.  part)  12,  79,  I887;  Joura.  da  phya. 

(2),  £,  1887. 

5.  Sea  W.  A.  Sokoloff,  UFM  *3,  275,  I95I. 


t 


4 


nrww»  "'*9*%'**  m  *%' 


21 

In  ch«  teg  Ion  of  high  frequencies.1  Tha  final  aolution  of  th«  problem, 
basad  on  tha  quantum  hypothesis  and  leading  to  tha  expression  for  »w 
valid  for  any  frequency,  was  given,  aa  la  known,  by  Planck. 2 

According  to  Planck'a  law,  tha  space  energy  density  of  equilibrium 
radiation  in  vacuum  in  tha  interval  of  (positive)  frequencies  from  to 
to  a>  +  AU)  is3 

"OOJ^U  -  £.{0),T)*  ^ 

where  £(<0,T)  la  tha  near,  energy  of  tha  oacilletor  at  temperature  T 

£(w,t)  -  ^  ^  ;  e-kT  (5.1) 


and  A  Z  la  the  asymptotic  value  of  tha  number  of  natural  oscillations 
(of  tha  oscillator)  of  tha  field  in  a  sufficiently  large  volume  V, 
lying  in  tha  interval  of  wave -numbers  (k,  k  +  &k) 


A  Z 


V  •  .  v  • 

it2  ir2.3 


(5.2) 


Thus 

T^OJ3  .  l  l  . 

0O>  p2c3  '  2  +  J  ' 


(53) 


In  tha  domain  Hoi  «  9  wo  have  e(oJ,T)  -  9,  i.e.,  £  la  equal  to 
tha  mean  energy,  attributable  to  one  degree  of  freedom  according  to  tha 
theorem  of  equlpartltlon  of  classical  statistics.  Expression  (5.3)  thua 


1.  W.  Wien,  Wj.ed,  Ann.  662,  I896. 

2.  M.  Planck,  Wied.  Ann.  1,  69,  719,  >900;  4,  553/  1901;  6,  818,  1901; 
2,  629,  1902. 

3.  In  what  follows  we  shall  denote  quantities  refetrl  %  to  a  vacuum  by 
tha  subscript  0. 


bscomes  ctv?  Imv  ot  RtayJ) edgh  -  Ja*n* 


Tt  2e  ^ 


(5^) 


For  what  Is  to  flolUlow,  It  Is  of  interest!  tlu  stress  the  conditions 
cf  validity  for  (5.2)X-  JLet  us  uiiae,  for  Ch*u  *itke  of  simplicity,  that 
the  volume  V  Is  s  Cuba'  mi  edge  /*  .  La  the  daEmrsunat Ion  of  the  asymptotic 
meaning  (as  ■£ -r  re  ))  oaf  Z  cwo  conditions  mufitt  be  met: 

l)  The  voluefe  of  s  apHertical  layer  of  thickness  k  In  the  first  octant 

T"  2 

of  the  wave  nuaixr  sprang,  equal  to  —  k  £.  k,  nuett  be  large  In  comparison 

to  the  element  volume-  ((  )'  of  the  grid  of  natiurnl  wave  number*.  In 

other  words,  £*  Z,  equall  ato  twice  (for  the  accrwuiiLing- of  Independent 
polarizations)  the  radio  of  these  volimser,  «sa  lie  sufficiently  large 


IT  2 
o  k  Ak 

TJ? 


y  \  a  W'. 


2  2 

2)  The  correction  ta>  ot  the  order  of  the  rgunntity  k,  must 

be  small  by  cooparlsorr  cto  the  main  term.  This*  aesultj  In 


rV«  l. 

k  *, 


Ignoring  t>e  n'wr'.  -s'  coefficients  and  axprresstng  both  inequali¬ 
ties  in  terms  of  wavelength  (k  *  2i;/  A  ),  wz  ullctxiin 


~-»  (  ~  )3 


I.  Rayleigh,  Scl.  Pape,,  Vol.  XV,  1.C3  (Cambridge'.,,  1933);  vol.  V,  2WJ 

(Cambr.  l$12);  Phil)..  Hng .  *£,  *39,  lyOC;  flwi-.nrc  22/  21*3,  I9O5; 

J.  H.  Jeans,  ilacura*  "T-,  1C1 ,  2>3*  iybj;  Pholi  .  hag.  1_0,  91»  1905* 
Proc .  Roy .  Soc  .  76 ,,  ,.29o,  19c/9*  See  also  H'..  .i..  Lorenta,  Nuovo 
Cimento  16,  5,  190K.. 

J.  M.  A.  Leontovlch,  S'ltar  1st  leal  Physics,  Sect.Airr.  20  (H.  -  L.,  1949); 

R.  Courant  aod  D.  rflUlbert,  Methods  of  M*th*rrt*tL  ic«l  Phyilcf,  vol*  1# 
Chape*  VI.  Secern  '•**  %H-  -  iyji ) • 
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Thus,  the  conditions  for  the  validity  of  (5.2))  *re  first,  *  not  too 
large  monochromaticity  of  the  apactrsl  interval  end!  second,  sufficiently 
large  dimensions  of  the  volume  under  study  in  competrllaron  to  ^  .  It  is 
understood,  that  the  repreaentaclon  of  the  volume  lirmeif  of  that  part  of 
the  spherical  layer  which  lies  In  the  flrat  octane  o*S  wave  nvssber 
space,  already  assumes  in  the  differential  form^'u^&.it  that  /tk  «  k. 
This  meoas  that  the  non-monochromaticity  also  has  am  topper  limit. 

«  l  .  (t>-6) 

It  is  nor  difficult  to  see  that  both  1 imitations  am  ttihe  width  of  the 
spectral  interval,  giving  (5.5)  and  (5.6),  entraim  a*  a  consequence  the 
second  condition  (5*5)  the  condition  of  the  appliicabil ity  of  the 
approx  iviat  Ion  of  geometrical  optica  Inside  of  the  vail  ume  under  consi¬ 
deration. 

Concerning  the  intensity  of  radiation  ly,  th*  (gusntity  coa  Q  * 
•  dCldcrdol  is  the  energy  flow  in  the  Interval  of  pasrit  ivi  ••-durncies 
from  u  to  11U  doj,  passing  in  unit  time  through  cite  small  surface  Aa~ 
in  the  solid  angle  dii*aicd  d0  d  <f ,  whose  axis  fornss  'the  angle  8  with 
the  normal  M  to  do*.  Therefore,  the  power,  tran*fa«-«d  through  the  unit 
surface  whoso  normal  is  N,  is  equal  to 

21T  1T/2 

S  m  f  ly.cot^dXi  -  /  d  f  f  D^.cos  BilnS  d»,  (5*7) 

&^/2  0  0 


Since,,  In  an  isoti^plc  medium,  equilibrium  radiatlonv,  too,  is  isotropic, 
i.e.,  l(jj  Is  Independent  of  direction,  we  hsve  in  cHtto  csss 


In  a  transparent  isotropic  medium  the  intensity'  is  related  to 
the  volume  density  of  electro -magnetic  energy  u^j  by  the  expression 

1.  See,  for  Instance,  M.  A.  Leontovich,  Introduction)  no  Thermodynamics, 
sect  ion  25  («.  -  L.,  I95i). 


lcodjrL 


(5.9) 


where  v  -  -jjj^  Is  the  group  velocity  of  frequency  oj  (P  la  the  wave 
number  la  the  med  lim ) .  Thua ,  for  equilibrium  radiation 


k*T-u) 

If 


(5-io) 


In  particular,  for  vacuum  (  v  -  c)  It  follows  from  (5.8)  and  (5. 10)  that 
t  S0UW  c  , 

9tu  *  IT  “  Vnr  uou/ »  (5-u) 

l.e.,  la  the  region  of  applicability  of  Che  Rayleigh -Jeana  lav  (5-h) 

0  ^ 

V  -  (5.12) 

Aa  la  known,  oae  of  the  Kircbboff  leva  eatabllahea  the  following 
relation  between  the  equilibrium  Intensity  in  the  medium  1^,  the  emla- 
alvity  of  the  medium  and  lta  absorptivity  : 


*2  til 

* 


(5-13) 


According  to  the  definition  of  the  emlaslvlty,  ^.dVdJTl  la  the 
power  emitted  In  the  frequency  Interval  {U3,U)  ♦  doc>)  Into  the  aolld 
angle  dll.  from  the  elementary  volume  dV  of  the  mediiaa,  which  la  lc  the 
Interior  of  the  medium  ltaelf;  repreaenta  merely  the  energy  lode* 

of  wave  extinction  In  the  medium  uoder  atudy. 

The  relation  between  the  equilibrium  valua  1^  in  a  tranaperent 
Isotropic  nedl.m  and  the  Intensity  of  equilibrium  radiation  in  vacuum 
is  established  by  Clausius’  lew1 


1-  R.  Clausius.  Die  mechanlsche  Wanaetheoria.  vol .  I. 
•chwalg,  188T).  ' 


(Braun- 


where  n  la  th«  Index  of  refract  loo  of  the  medlua  for  the  frequency  O)  • 
If  there  la  no  scattering,  l.e.f  n  la  Independent  of  the  frequency  u), 
then  v/ «  c/n  end  from  (5.10),  (5. 11)  end  (5>lfc)  It  follows  that 


(5-15) 


Expretalon  (5.IU)  gives  the  volume  fore  of  the  law  relating  the  lntenalty 
In  the  ntdluai  to  that  In  vacuum.  Tol  a  flat  turfaca,  aeparatlng  a  homo - 
geneoue  medium  from  vacuum,  the  radiation  lntenalty  of  the  medium  In 
vacuum  la  given  by  Klrchhoff'e  law 

ltO  ’  XOiL>(l  *  *>'  (3-16) 


where  R  la  the  energy  coefficient  of  reflection,  dependent  on  the  di¬ 
rection  of  Incident  vavea,  on  the  frequency  and  on  tne  optical  conatanta 
of  the  medium. 

For  the  probleme  to  be  atudled  later  In  Section  8,  It  la  neceaaery 
to  define  better  the  meaning  of  the  quentltlea  Xit>  and  and  the 

limitation*  of  tha  applicability  of  the  lave  (5.I3)  *  (5*16),  af  which 
the  flrat  and  the  leat  claarly  refer  to  an  abaorblng  medium,  while  tha 
other  two  heva  a  definite  meaning  only  for  completely  tranaparent  media. 

First  of  all,  let  ua  note,  that  the  law  (3.16)  does  not  contain  any 
limitations  on  the  absorption  magnitudes,  being  a  straight  consequence  of 
the  condition  of  thermal  equilibrium.  In  fact,  at  equilibrium,  the 
intensity  of  the  weves  Incident  from  vacuum  on  the  plene  boundary  of  the 
medium  at  an  angle  $  la  equal  to  I qjj-  The  reflected  waves  have  the 
lntenalty  I^^R  which,  added  to  l^j  —  tha  Intensity  of  the  weves  emitted 
by  the  medium  lu  the  direction  of  reflection  --  auet  give  This 

la  what  la  expressed  by  (3.15). 

la  e  transparent  medium,  radiation  la  created  only  by  external 
bodies.  In  an  absorbing  medium,  each  volume  element  of  tha  medium 


itself  becomes  a  source  for  cbe  chaotic  thermal  radiation  as  v-^1.  Thus, 
due  to  the  nature  of  absorption,  the  energy  flow  la  conditioned  by  the 
wave  field  of  the  emitter,  ao  well  as  by  the  quasi 'Stationary  field,  which 
is  inversely  proportional  to  the  second  and  third  power  of  the  distance. 

The  emiaslvlty  jj  characterizes  that  part  of  the  total  energy  flow  from 
the  element  <1V  of  the  medium  which  fells  off  with  the  distance  frets  dV 
only  according  to  the  exponential  law  (with  the  Index  i.e.,  that 

part  which  is  conditioned  by  toe  rive  field.  In  order  that  this  fraction 
of  che  flow  be  predominant  even  et  distances  r  from  the  emitting  elemeut 
AV  of  the  order  of  che  correlation  radius,*  a  sufficiently  small  extinc¬ 
tion  Is  necessary. 

Thus,  the  introduction  of  Tr^,  and  the  law  (5. 13)  are  meaningful 
only  under  this  condition. 

Despite  the  fact  that  the  determination  of  the  intensity  (5-7)  is 
evidently  not  related  to  the  magnitude  of  absorption,  the  condition  of 
1  small  absorptivity  ia  extended  to  (5-l4)  as  veil.  The  fact  is  that 
in  all  derivations  (5. 14)  the  Intensity  In  any  solid  angle  is  treated  es 

tne r~y,  transferable  in  a  bundle  of  plane,  nunext  ingjishable  waves  whose 

2 

normals  ere  Included  in  this  solid  angle.  But  thif  usual  sense  Included 
In  the  understanding  of  intensity  is  lost  in  the  presence  of  absorption, 
since  in  this  case  the  field  cannot  be  represented  s-\  e  combination  of 
pi  •?rus  nonextinguishabie  v.ves  Moreover,  since  each  volume  clement  of 
the  absorbing  medium  constitutes  a  source  of  thermal  radiation,  the 
latter  cannot  be  presented  in  the  form  of  a  combination  of  plane  extingulsh- 
able  wavea,  which  constitute  particular  solutions  01  homogeneous  field 
equations  (1.9)  or  (1.10)  (Section  c).  Such  waves  cm  only  be  "admitted" 
Into  tha  absorbing  medium  from  without  or  can  ba  excited  in  c  corresponding 

1.  Let  us  remember  that  in  the  case  of  a  zero  correlation  radius  the 
energy  quantities  in  an  absorbing  wdivu  are  infinite. 

2.  In  a  homogeneous  Isotropic  medium  Che  direction  of  the  vector  of 
tiergy  flu*  coincioes  with  the  wave  normal. 


^’Tl  — 
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manner  by  given  (l.e.,  external)  regular  sources,  distributed  In  the  medium 
Itself.  Fur  this  reason  attempts  to  generalise  ,5.1k)  for  the  case  of 
strongly  absorbing  media  by  studying  reflection  and  refraction  of  plans 
waves  at  the  sepr rating  boundaries  of  such  media  (or  absorbing  and  trans* 
parent  media)  are  doomed  to  failure.  Nonetheless,  similar  attempts  had 
been  made. 

The  first  step  in  such  a  direction  wes  taken  by  Laue.^  He  obtained 
the  following  tesult  for  e  medium  having  a  complex  index  of  refraction 
n(l  -  1*): 


l«  •  W2li+*> 

2 

In  a  recint  paper  Fragstein  more  attentively  deduced  the  relation  between 
the  coefficients  of  reflection  and  transmission  at  the  separating  boundary 
of  absorbing  media  and,  having  corrected  the  mistake  made  at  thia  point 
by  Latte,  obtained  the  formula 


I 


OJ 


1  ♦  X 


(5-17) 


However  neither  one,  nor  the  other,  formula  for  the  equilibrium  intensity 
within  an  absorbing  medium  is  compatible  with  Kirchhoff’s  lew  (5. 16)  for 
the  radiation  intensity  of  such  a  medium  in  vacuus. 

Using  Fresnel's  formulae  for  plane  waves  with  two  Independent 
polarizations  and  the  relation  between  the  solid  angles  in  the  medium 
a. id  in  vacuum,  wnich  are  derivable  from  the  refraction  law,  the  following 
can  be  shown.  If  the  equilibrium  intensity  within  an  unbounded  medium 
is  Isotropic  and  is  equally  distributed  between  the  two  polar isationr, 
then  the  intensity  of  external  radiation  of  the  <  ud  d  medium  cannot  be 
brought  to  the  form  15.16).  The  requirement  that  the  intensity  (5. 16) 

1.  H.  Laua,  Uied.  Ann.  32,  1C&5,  I9IO-  See  also  M.  Born  and  R.  Laden- 
burg,  Phys.  Zst.  12,  190,  1911. 

2.  C.  Fragstein.  Ann.  d.  Phys.  63>  1950. 
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taka  piece  from  without  la  Mat  only  with  anisotropic  intensity  of  equi¬ 
librium  radiation  within  an  unbounded  medium,  which  becoame  absurd  for 
a  homogeneous  and  isotropic  medlua.  The  mane  toned  anisotropic  intensity 
in  the  direction  normal  to  the  boundary  of  the  region  assumes  precisely 
the  jsanlng  (5.17),  found  by  Pragstain,  who  limited  himself  precisely 
to  the  caae  of  normal  Incidence.  Ha  therefore  did  not  notice  that  the 
equilibrium  intensity  in  an  unbounded  medium  thus  calculated  must  be 
different  for  ether  directions,  end  also  differ? at  depending  on  the  angle 
for  various  polarisations. 

The  absorption  has  only  a  second  order  effect  on  the  las#  of  refrac¬ 
tion  and  on  the  coefficients  of  transmission  and  reflection.  Therefore, 
if  we  denote  the  squilibrline  intensity  within  e  medium  by  I^/cqui  '  *■**• 
evaluation  of  the  intensity  of  external  radiation  indicated  above 
leads,  for  small  absorptions,  to  the  formula 

I  CO  -  -»>u  +  0(X?)J  .  (5-lfr) 

Wlr.h  a  precision  up  to  the  second  order  with  raspect  to  yc,  the  lest  multi- 
pliable  equal  to  on',  aud  the  entire  evaluation  of  external  radiation 
will  be  the  same  an  in  the  case  of  the  boundary  region  of  two  transparent 
media.  The  coinciding  or  non-coincldlcg  of  (5.18)  with  Ktrchboff's  lew 
(5*16)  depends  thus  on  the  order  of  the  difference  between  and 

I^n2.  The  study  of  this  and  the  other  questions  touched  upon  here  on 
the  basis  of  fluctuation  theory  we  ehall  defer  to  Section  8.  Bovever, 
from  (5.16)  it  le  now  clear  Chat  second  order  quantities  with  respect 
to  X.  must  in  any  case  be  neglected  sad,  consequently,  the  correction 
appearing  in  (5*17)  has  no  meaning. 

1.  Let  us  note  that  in  the  well-known  work  of  Hilbert  (D.  Hilbert,  Phys. 
Zst .  1^,  IO56,  1 912)  in  which  the  proof  cf  Kirchhoff'e  lew*  with  tne 
approximations  of  gecwmtrlcil  optics  is  studiad,  it  la  equivocally 
admitted  that  absorptivity  does  not  Influence  the  form  of  rays. 

This  already  introduces  the  admittance  of  the  possibility  of  neg¬ 
lecting  the  absorption  with  a  precision  up  to  tha  second  order. 
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The  refusal  to  operate  with  tb«  concept  of  radiation  intensity  la 
strongly  absorbing  media  (whose  necessity  la  usually  not  clearly  die- 
cussed)  doss  not  laad  to  any  difficulties .  Factually  thla  magnitude  mat 
asrva  for  tha  establishment  of  anargy  flow  through  the  boundary  of  the 
medium  and  othar  bodlea.  The  requirement  that  tha  aolutlon  of  thla 
leat  problem  (always  exlating)  under  any  conditions  be  formulated  In 
terma  of  radiation  intanalty  mlthln  an  emitting  medium,  la  in  fact  not 
baaed  on  anything. 

Up  to  now  we  have  been  considering  a  homogeneous  medium,  either 
unbounded  or  filling  a  sexi-infinite  apace,  l.a.,  cases  for  which  tba 
approximations  of  geotMtrical  optics  era  valid  for  wavaa  of  any  length. 

For  bodlea  of  finite  dimensions  tha  applicability  rf  the  laws  of  glfcb- 
hoff  —  in  their  ueual  form  given  above  --  assumes  the  poaaiblllty  of 
localising  the  energy  flow  In  ray -tubes  (bundles)  and  of  fixing  tha  flow 
through  limited  surfaces.  In  other  words,  Klrchheff'a  laws  are  asymptotic 
la  toe  seme  sense  (1  «  l)  as  tha  laws  of  Flenck  or  Kayla lgh -Jeans.  In 
particular,  the  law  (9.1 6}  assumes  that  the  dimensions  of  the  body  and  of 
radii  of  curvature  of  Its  surfaces  are  vary  largo  by  comparison  to  tha 
wavelength.  As  had  beer  ncted  In  the  Introduction,  the  theory  developed 
In  the  present  work  is  free  of  this  klr.d  of  a  limitation. 

As  far  as  1  know,  up  to  the  present  time  the  generalisations  of  tha 
laws  (5  l!»)  and  (5,15)  for  the  cases  of  tr'nsparent  anisotropic  and  aag- 
neto-actlve  media  had  not  bean  given.  To  a  certain  extent,  without 
doubt,  this  Is  due  to  the  large  costpl lest  Ion  of  the  usual  derivation 
based  on  the  consideration  of  reflection  and  refraction  at  tba  ration 
boundary.  In  particular,  the  principle  of  reciprocity  cannot  be  used 
In  magneto -active  media.  The  fluctuation  theory  under  consideration 
permits  s  new  approach  towards  tha  establishment  of  the  equilibrium 
energy  magnitudes  In  transparent  media  with  arbitrary  anisotropy 
(Chapter  IV).  Although  the  evaluations  hers,  too,  are  not  slmpla 
(their  unvleldlreis  is  connected  with  the  conditions  of  ttw  problem 
itself)  the  general  electrodynamic  formulation  of  t~  problem  randare 
the  whole  procedure  for  solution  to  a  great  accent  automatic. 


CHAPTU  II.  RADIATION  IN  A  HOMOGENEOUS  ISOTROPIC  MEDIUM 


Section  6.  Radiation  of  a  Hedlun  Occupying  4  Half-tptcc 


for  any  warm  length.  Also  It'  i4«mo  longer  necessary  Co  go  from  air  rwrt 
solution  of  tha  fluctMtloa'«lM(tro4jruMlc  problts  to  as  aiysptotla: 
approx  last  Ion  for  high  frtqiMMlkA. 

Ut  the  half -space  *  <  1  (Htfi-  1  )  be  filled  with  a  conduct  ing,  sandhi  us. 
Vie  shall  at  first  assume  thacthhe r region  *  >  0  is  vacuum. 

Tt»c  primary  field  of  Che  rmadius,  whose  potentials  we  shall  denude 

Ufc  ■»* 

he  Eq,  1^,  ie  £ov«rn«d  by  tbm  rnuriul  fl*ld  1C  and  aatltflatf  «quacixmx 

(i .10) 


curl  *0  - 


curl  -  iUtttE0  ♦  ik(£  -l)  K 


(>o"  -o).  _ 


In  other  words,  #Q  a>-d  re-araaa-nt  particular  solutions  of  these  aum* 
hoe  ogeweoue  operat lous. 

In  eccordance  with  the  concscpeion  (*4.12)  for  the  external  field*-  Ji 
In  the  seal -space  under  seedy 
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we  shall  write  the  primary  flelddifcn  the  fora 
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The  firat  baalc  aquation  haa  thua  already  baen  utilised,  and  the  aubacl- 
ttutlon  from  (6-3)  Into  tha  second  baalc  equation  determine*  a  and  b  In 
tterm*  of  a 


•  .  •.  ..  • 


A_±  .  k  :  p(p,i 

2t  P2-k2t>o 


b  .  *  L MfcZ  -■  a(a,t. 

2t  p2  -  k2*>^ 
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>ld*  .Che  primary  field,  the  medium  alao  contain*  a  reflected  field 

ff  ,  H  which  aatiafiea  the  uniform  field  (1.10).  For  uniform  Hilda  m 
“  r  -* 

lhave  dlv  «  0  and,  therefore,  the  field  Ef,  Hr  can  be  repreaentad  la 
ctfhe  form  of  a  conjugation  of  tranaverae  plane  wavaa 
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-  (p2  ♦  P2)  (a2  -  k2e/4,). 
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An  analogoua  expan* Ion  for  the  field  g,  U  In  the  half  apace  a  >  0 
('tin  vacuum)  la  written  In  tha  form 
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Thus,  ail  phase  indices  are  equal  on  che  boundairy  <oi  the  region 

«■*  A  ^  -J*  _*  _k  -.1 

pr  »  qr  *  at  -  tr  -  p^  +  p  g 

and  therefore  the  boundary  conditions  (1 .13),  taking,,  tim  the  case  under 
consideration,  the  fon 
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(N  is  the  unit  vector  on  the  s>axis,'  l.e.,  the  normaH  ttu>  the  boundary) 
give 
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In  the  components  —  this  constitutes  four  equations,  n*>  sdtich  two  sort 
conditions  of  transversallty  must  be  added:  for  the  reflected  field 
(div  Ef  -  O)  and  for  the  field  in  vscuun  (div  g  «  c) 
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(6.lo) 
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We  thus  five  lr  ell  eix  equations  which  determine  u  end  v  la  terms  of 
e  erd  b,  1  •  ,  according  to  {6  1*)  In  terms  of 

For  whet  is  to  follow  ic  Is  sufficient  to  find  only  "v,  since  we  ere 
Interested  in  the  Intensity  of  radiation  lw  In  vacuus  (t  >  0).  Ia  this, 
I^j  can  be  determined  from  Che  expression  for  the  mean  density  of  energy 
flow 
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The  manner  of  evaluation  1*  as  follows  Express  v  in  terms  of  a 
and  b  from  (6  9)  and  (6.10),  then,  using  (61),  In  terms  of  g.  How  sub¬ 
stitute  into  (6  11}  the  expressions  E  and  H,  determined  by  formulae  (6.7). 
After  this,  one  must  utilise  the  correlation  function  g  for  the  half-space, 
1  e.,  the  formula  (4.14) 
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The  Indicated  derivation  is  given  in  Appendix  I.  The  following  la  the 
result : 
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The  expression  in  curly  brackets  is  nothing  else  but 
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wu«re  17  ard  R ^  are  the  energy  coefflciercs  of  reflection  from  the 
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Medium  under  study  at  an  angle  of  incidence  & ,  referring,  respectively, 
to  the  polarisations  when  the  electrical  vector  is  perpendicular  to  the 
plane  of  incidence  and  when  it  is  parallel  to  fc.  Since,  within  tbs 
conditions  of  the  problem  at  hand  both  pol irlratlons  enjoy  completely 
equal  rights,  the  total  coefficient  it  simply  equal  to  the  half -mean 
of  R±  and  R||  .  Thus 


I 
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but,  according  to  Klrchhoff'a  lew,  the  non-equilibrium  (one-sided) 
intensity  of  radiation  of  a  uniformly  heated  medium,  occupying  the 
half-apace  s  <  O,  la  related  to  the  equilibrium  intensity  1^  of 
radiation  in  vacuum  by  ralatlon  (5. 16) 

lu>  ‘  Wl  -  R>'  (61U) 

Comparing  both  express  Iona  for  l^j ,  ve  obtain  the  value  C 
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In  the  case  of  Planck's  Xsw  of  discribut ion,  this  gives 
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(6.16) 


and  In  Che  region  of  applicability  of  the  Rayleigh -Jeans  law,  according 
to  (5.11) 


(6.17) 


In  accordcnce  with  (6.I5),  *  medium  not  having  any  lossea  (g  -real) 
la  not  a  source  of  radiation  (C  «  O).  Cf  course,  tha  Intensity  of  thermal 


relation  In  the  region  s  >  C  a«  well  at  within  thn  medium  t  <  0  can  vary 

well  ba  different  from  aero,  inasmuch  as  tha  absence  of  losses  means  com' 

plete  transparency  of  the  medim  »ry*s  ccnssqo*iii.i.y,  the  possibility  of 

radiation  arrival  from  infinitely  far  removed  bodies. 

Let  us  note,  that  had  we  Introduced  the  external  field  not  Into  the 

gene ralLtet len  but  into  the  aimple  Ohm's  lsw  (ss#  Section  1 ),  then  Its 
•*L*  — >  . 

potential  would  have  been  related  to  K  by  formula  (1.12) 

*o  * 

■■  In 

For  the  correlation  functions  of  the  components  of  KQ  we  would 
therefore  have  had 
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where 
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Introducing  here  (6-7),  we  obtain  a  very  simple  expression  for 
the  correlation  constant  C_ 


c  M  Jl0_  . 

0  <0  £  ’  Ifo* 

In  contrast  to  C,  tha  constant  Cq  does  not  become  aero  when  g"  ■  0, 
however  when  £  **  y*  0  it  does  not  depend  on  For  good  conductors, 

when  t”  »  £*  -l. 


C  ft#  CQ  • 

It  Is  wot  difficult  to  genertllce  the  evaluation  of  radiation  to 
the  case  -*en  the  half-space  i  >  O  ii  filled  with  a  tranaparent  medium 
with  permeabilities  and  (Appendix  I).  If  0,  then  tha 

expression  I^  -  R)  is  obtained  for  the  intensity  in  this  medliaa. 
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from  which,  According  to  (5. 12)  it  follows  that  the  Intensity  of  equi¬ 
librium  radiation  in  a  non-absorbing  mediun  having  the  index  of  refrac¬ 
tion  n  -  lMl  la 


(6.16) 


2  2 

As  was  said,  this  result  refers  to  the  casa  n  >  0.  If,  however,  n  <  0, 
i.e.,  the  medium  has  a  negative  dielectric  permeability  (which  is  possible, 
for  instance,  in  «n  ionized  gas),  then  the  same  formulae  give 


*  O-  (6. ,9) 

The  fact  that,  in  the  absence  of  losses  in  a  medium  with  <  0,  the 
intensity  of  thermal  equilibrium  radiation  is  equal  to  zero,  does  not, 
of  course,  constitute  any  kind  of  a  paradox.  A  fluctuation  radiation 
of  the  medium  Itself  does  not  exist  in  v'.ev  of  the  absence  of  losses  in 
It,  but  the  radiation  of  bodies  placzd  into  such  a  medl-i  experiences 
complete  reflection,  i.e.,  does  not  create  a  one-sided  flow  of  electro¬ 
magnetic  energy. 

A  finite  value  for  in  the  half-space  a  >  0,  i.e.,  in  the  non- 
"nolay"  medium,  is  obtained,  despite  the  feet  that  within  this  medium  the 
8 -correlation  for  the  lateral  field  K  is  accepted.  As  explained  in 
Appendix  I,  this  ia  a  result  of  its  own  kind  of  "diffraction  smoothing" 
of  the  field  structure  on  the  plans  s  ■  0.  As  Is  known,  the  field  In 
the  region  s  >  0  is  determined  by  the  condition  of  radiation  and  by  the 

field  on  th*  plane  s  ■  0.  The  latter  la  expressible  as  a  double  Fourier 

Integral,  which  is  obtained  from  (6.7)  for  c  «  0.  Travelling  waves  in 
the  half-spece  z  >  0,  which  determine  the  energy  flow,  arc  made  up  only 
from  those  harmonic  componar.ts  t1^**!*  +  p2y^  of  the  field  on  the  plane 

*  -  0,  whose  period  is  greater  than  the  wavelength  in  the  half  space  x  >  0. 

The  components,  however,  with  periods  less  than  ^  give  non-uniform 
standing  waves,  whicv  become  extinct  exponentially  upon  removal  from  tha 
boundary  s  *  O.  In  the  casa  uuder  consideration  of  a  transparent  ex¬ 
ternal  medium  these  waves  do  not  transfer  energy:  they  automat ically 
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drop  out  of  the  expression  for  the  Intensity  l&)  * 

From  the  viewpoint  of  electrodynamics,  non -uni form  standing  waves, 
localized  at  the  surface  of  a  isolating  body,  constitute  nothing  else 
but  a  quasi 'Stationary  field  of  elementary  radiations  (volume  elements 
of  radiating  medium).  The  thermal  quasi -stat ionary  field  does  not  par* 
tlclpate  in  the  creation  of  energy  transfer  and,  understandably,  intro¬ 
duces  its  share  Into  the  energy  density  u^j. 

The  evaluation  of  in  the  helf-spocc  *  >  5  la  completely  analogous 
tj  the  evaluation  of  density  of  energy  flow  S ^  and  it  given  in  Appendix  1. 
The  energy  density  u^  la  composed  cf  the  energy  density  of  travelling 
waves  u  wavea#  constant  throughout  the  helf-spece  s  >  0  (this  Is  the 
radiation  energy  related  to  the  Intensity  and  of  the  energy  density 


of  Don-uniform  steading  waves  u 


0)  quas 


The  letter,  at  large  distances 


from  the  boundary  of  the  region,  is  equal  to 
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Upon  approaching  the  boundary,  the  energy  density  of  the  quasi -stationery 
field  increases  monotonously  ar.d  on  the  boundary  itself  approaches  infinity 
like  l/*3 
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In  this  fashion  the  Integral  of  u^,  taken  over  any  finite  volumsi  adjacent 
to  the  boundary  region,  also  la  divergent.  This  la  the  result  of:  the 
<? -correlation,  accepted  lor  the  external  fluctuation  field  K  In  an  ab¬ 
sorbing  medium  fl1  ling  the  left  half-space. 

If  for  K  we  Introduce  the  correlation  function  with  a  correlation 
radius  a  different  from  zero,  then  for  distances  *  a  the  dependence  of 
“iWquas  0n  *  he  changed  end  on  the  boundary  a  very  large,  but  finite 

value  of  the  order  of  l/(ka}3  wilt  be  obtained. 
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Ths  thermal  qua* 1 -stationary  field  adjacent  to  the  aurfece  of  the 
radiating  body,  whose  presence  is  completely  understandable  from  the  view¬ 
point  of  fluctuation  electrodynamics,  is,  of  course,  outside  the  limits 
of  the  classical  theory  of  radiation.  Naturally  the  question  arises  con¬ 
cerning  the  possibility  of  an  experimental  detection  of  those  very  large 
densities  of  electromagnetic  energy,  which  exist  in  the  layer  of  the 
quas 1 -stationary  fi*|d.  The  results  given  above  cannot  be  directly  utilized 
for  the  solution  of  this  problem  since  upon  approaching  any  "test  body" 
to  the  surface  of  radiation  the  structure  of  the  field  changes.  Therefore, 
in  order  to  determine  what  energy  the  "test  body"  utilizes  (and  only  this 
can  be  fixed  in  this  type  of  experiment)  and  how  this  utilization  depends 
on  u4)qU0S>  it  1*  necessary  to  find  the  external  field  In  the  presence  of 
che  "teat  body".  In  the  next  aection  we  shall  have  occasion  to  obtain  a 
solution  to  a  problem  precisely  of  this  nature. 

p 

If  a  radiating  medium  is  bordering  on  a  medium  for  which  n  <0, 
then  in  this  case,  too, . the  absence  of  an  energy  flov  [result  (6.19)]  does 
not  mean  absence  oZ  a  field,  which  however  Is  now  entirely  reduced  to 
non-uniform  standing  waves,  extinguishing  along  z  (complete  reflection). 

In  view  of  the  abaence  of  travelling  waves  the  total  energy  density 
Uy  «  “t^quas  <*oe*  001  cont*in  a  constant  (not  depending  on  z)  part  and 
upon  removal  from  the  region  boundary  tends  to  zero. 

The  simple  results  given  above  are  obtained  only  as  long  as  & ^  and 
are  real.  If  we  admit  an  effective  absorption  for  the  second  medium 
(z  >  0)  then  the  question  immediately  arises  about  the  determination  of 
the  value  of  lutenslty  within  the  .uedi'ini,  describable  by  non -homogeneous 
field  equations.  This  question  we  shall  defer  to  Section  8. 

If  it  Is  assumed  that  the  second  medium,  which  is  sbsorbing,  can  be 
described  by  homogeneous  equations  (i.e.,  assume  K  «■  0  in  it),  then  we 
come  to  the  limited  formulation  ot  the  question,  valid  only  for  the  con¬ 
dition  when  the  thermal  self -radiation  of  the  second  medium  can  be  Ig¬ 
nored  (for  Instance,  for  the  reason  that  it*  temperature  is  considerably 
lover  than  that  of  the  first  medium).  It  should  be  noted  that  eveu  in 
such  a  case  the  solution  is  more  complicated  than  (or  radiation  into  a 
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transparent  medium,  since,  because  of  absorption  outside  oZ  the  medium, 
a  sharp  division  of  the  field  into  travelling  and  non -uni fora  standing 
waves  takes  place.  The  energy  flov  due  to  radiation  of  the  first  medium 
becomes,  for  any  *  >  0,  finite  and  the  corresponding  expressions  for  the 
intensity  1^  can  be  Introduced,  but  this  intensity  which  takes  Into 
account  as  mil  the  energy  flow  due  to  non-unifora  waves,  is  no  longer 
related  In  a  simple  manner  to  the  coefficients  of  reflection  at  the 
boundary  of  two  abaorbing  media  (Appendix  l). 

In  conclualon,  let  ua  note  that  the  method  used  in  this  section 
for  determining  the  radiation  intensity  in  a  transparent  medium  in  prin¬ 
ciple  permits  the  atudy  also  of  the  case  vnen  thia  medium  is  anisotropic 
and  magnetoactive .  However,  at  the  given  stage,  the  solution  of  this 
problem  would  be  too  difficult  eince  the  source  of  fluctuation  radiation  - 
is  volumetric  (half-space  z  <  0),  and  the  radiation  Itself  is  anisotropic 
(one-sided)  and  depends  on  the  parameters  of  the  radiating  medium.  Later 
we  shall  be  able  to  remove  both  these  ccr^ltiona  and  thereby  simplify 
the  formulation  of  the  problem  to  such  en  extent  that  its  solution  be¬ 
comes,  in  practice,  feasible  (Chapter  IV). 

Section  7-  Isotropic  Radiation 

In  order  to  go  from  the  case  studied  above  of  one-sided  radiation 
of  the  medium,  eccupylng  a  half  spare,  to  isotropic  equilibrium  radiation 
one  has  to  encounter  thermal  radiation  of  the  same  temperature,  consisting 
of  waves  incident  on  the  region  boundary  from  the  side  of  the  vacuum  and 
refracted  from  it  with  the  energy  coefficient  of  refraction  R.  Such 
conditions  can  evidantly  be  obtained  in  plane  space  0  <  z  <  JL  between 
e  medium  in  half-space  z  <  0  and  another  medium,  having  the  same  tempera¬ 
ture  end  occupying  the  region  z  >  Ji  .  However,  an  ever  simpler  formula¬ 
tion  of  the  problem  can  be  obtained  by  placing  at  a  distance  jL  from  the 
medium  boundary  a  0  a  plane,  ideal  mirror,  parallel  to  thia  boundary 
(Fig.  2).  in  the  region  0  <  z  <  £,  which  we  shall  for  brevity  call  plana 
waveguide,  equilibrium  radiation  mutt  then  establlah  Itself. 
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This  problem  is  of  Interest  In  e  series  of  relations. 

first.  It  makes  It  possible  to  illustrate  very  clearly  the  asynqp- 
totic  character  of  the  law  of  spectral  energy  distribution  for  equUUUrrium 
radiation  (laws  of  Planck  or  Rayleigh-Jeans ). 

Second,  the  simplicity  of  the  relations  for  radiation  in  a  pi. we* 
waveguide  using  the  indicated  asymptotic  approximat ion,  in  part icul.str  t£he 
independence  of  the  intensity  from  the  reflection  coefficient  of  the;  i ra¬ 
diating  medium,  opens  up  a  direct  path  for  the  tie  termination  of  KircUHtrtlf 's 
laws  for  the  case  when  the  waveguide  is  filled  with  a  transparent  medlium. 

This  problem  has  in  essence  already  been  solved  In  Section  6  wlttHiuut 
the  waveguide  but  for  an  isotropic  medium.  We  still  have  to  clarify  wthet 
form  the  Klrchhoff  laws  assume  in  anisotropic  and  mngnetoact ivm  mediirfu 
In  this  rather  general  case  it  is  particularly  expedient  to  start  wl«Jh 
the  conditions  for  which  the  reflection  coefficient  is  not  important!.. 

Thus,  the  contento  of  this  section  will  also  serve  as  an  introduce  low 
to  Chapter  IV. 

Finally,  if  It  be  assumed  that  the  mirror  which  is  parallel  to-  CJlte 
surface  of  the  radiating  medium  is  not  completely  ideal  (has  a  largo-,,  thut 
finfee  conductivity),  then  it  can  be  used  in  the  capacity  or  a  ,rtesc  tiwiiy'' 
about  which  we  spoke  in  the  laat  section.  In  other  words,  the  study  off 
the  energy  attenuated  by  the  mlrrot  permits,  albeit  on  a  theoretical! 
level,  en  answer  to  the  question  concerning  the  detectability  of  the- 
thermal  quasi -stationary  field  near  the  surface  of  the  radiating  medium. 

And  so,  let  the  conditions  of  the  problem  studied  in  the  previous 
section  be  now  supplemented  by  the  presence  of  an  ideal  plene  mirror 
placed  at  the  surface  s  *  Jb  .  The  expressions  (6.))  -  (6.6)  for  fieldte 
within  tho  medium  remain  in  force  and  only  the  form  of  the  field  E,  HI 
in  vacuum  need  be  changed.  This  field  will  now  he  made  up  not  only  off 
waves  propagating  in  tha  positive  direction  a,  but  also  of  counttr-vsvea,, 
incident  oj  t.he  medium  from  the  s<de  of  the  mirror. 
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"NOTICEj  When  Government  or  other  drawings,  specifications  c 
other  data  are  used  for  any  purpose  other  than  in  connection 
a  definitely  related  Government  procurement  operation,  the  U.S 
Government  thereby  incurs  no  responsibility,  nor  any  obligation 
whatsoever*  and  the  fact  that  the  Government  may  have  formu 
furnished,  or  in  any  way  supplied  the  said  drawings,  specificatio  < 
or  other  data  Is  not  to  be  regarded  by  implication  or  otherwise 
in  any  manner  licensing  the  holder  or  any  other  person  or  cor,  * 
tion.  or  conveying  any  rights  or  permission  to  manufacture,  use 
sell  any  patented  invention  that  may  in  any  way  be  related  the 
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J Vesiia  the  boundary  conditions  at  the  plane  *  ■  0  which  ta'xe  the 
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we  uuat  In  addition  Impose  boundary  conditions  at  the  plane  of  the  Ideal 
asirror  *  *  £, 
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which,  a*  ran  reedily  b«  teen,  gives 


it^,^  a-* 

(N,v]e  5  ♦  (H,w)e  -  0  , 


(7*) 


For  the  components  wt  thus  have  four  equation*  (7*3)  md  tvo  -quar.lons 
(7.*),  to  -j.1-.1cLi  will  be  added  three  conditions  of  transversal ity  of  wm 
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su  «c  0  ;  tv  »  y  i  t 'w  -  0. 


(7-5) 


In  cum,  v*  dispose  of  nine  equations  which  determine  u,  v  and  w  la 
tense  of  a  and  b,  i.e.,  according  to  (6-h),  in  tsrmt  of  g. 

Although  all  evaluations  basically  -apeat  what  had  been  done  in 
Appendix  I,  for  completeness  of  the  pi*.»Btstlon  we  are  showing  tha 
evaluations  in  broad  outline  in  Appendix  II.  For  the  intensity,  computed 
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fox  waves  which  propagate  Iron  ths  medium  to  the  mirror  (first  terras  In 
flower  brackses  In  %?.!)),  wa  obtain  the  following  expression 


*W 


where 
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h«*§ 


sin2  6  4  1  tV 


l |ju,coi#  cot £  ♦  l^sla  li&cotO  sin  {;+ £co*  E^[ 


^ "  V* 


e/b 


sln%* 


^  -  k Jt  cos  £. 
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(7-7) 


In  accordance  with  (7.6),  the  Intensity  depend..  It.  an  oscillatory 

mesnsr  on  the  distance  to  the  alrror  /,  while  tbs  period  (along  A  ) 

of  these  Interference  oscillations  of  1-.  is  equal  to  , — -  <-A__ 

cd  n  k  cos  &  cos  <9-  * 

l.e.,  It  la  larger,  the  nearer  the  direction  under  consider at  Ion  Is  to 
slipping.  At  fixed  JL,  che  oscllletlone  of  1^  take  place  under  an  angle 
the  oftener  the  larger  JL  Is.  If  A* -*■  OO ,  then  all  these  Interference 
phenomena  will  be  coapletely  obliterated  already  at  a  very  small  non- 
chromatic lty  £,k  •  -  *»1TA  7t  #  jf,  increases  without  limit,  the  least 
deviations  froa  an  idea^plane  or  the  surfaces  of  the  mirror  or  the  me¬ 
dium  will  cause  an  averaging  of  the  Interference  picture.  All  those 
conditions  are  coapletely  analogous  to  those  which  make  ft,  in  practice, 
Impossible  to  achieve  Interference  phenomena  lo  thick  plates. 

The  condition  for  the  disappearance  of  Interference  in  radiation, 
going  under  the  angle  &  to  the  normal,  will  he,  evidently,  the  presence 
of  a  non -chromatic  lty  Ak  suck  that 


Ak  -i  cos  B  »  217, 


JT ”  Z&TS  ■  (T.8) 


It  can  be  said  that  on  excessively  monochromes ic  spectral  apparatus, 
having  "transmission  lines"  A.X  which  do  not  satiety  condition  (J.8), 
will  regtstsr  interference  oscillations  of  ths  intensity,  l.e.,  will  auike 
evident  the  deviations  from  Planck's  law  (in  the  sense  of  space  deviations 
from  uniformity  and  lsotroplclty  <iZ  ths  radiation).  Understandably,  the 
classical  radiation  theory  does  not  take  Into  account  thla  type  of  tk 
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mint,  we  obtain 


l  .a.,  the  expression  for  the  Intensity  according  to  (5. 11)  corresponding 
to  Planck’s  law  or  the  fcaylelgh-Jeans  law. 

Let  us  now  suppose  that  the  mirror  has  a  finite  conductivity,  and 
let  us  turn  to  the  question  concerning  the  determination  of  the  quasi- 
stationary  field  due  to  the  energy  attenuatea  by  the  silrror. 

If  the  conductivity  of  the  mirror  is  high,  then,  first,  we  need  not 
take  liuo  account  its  own  radiation  (we  can,  besides,  coas ljer  that  the 
temperature  of  the  mirror  Is  maintained  sufficiently  low),  and,  second, 
we  can  as  a  first  approximation  neglect  the  difference  between  the  mag¬ 
netic  field  and  the  field  which  exists  In  the  case  of  an  ideal  mirror. 

In  other  worda,  to  evaluate  the  energy  utilised  by  the  mirror  «t  can 
use  Instead  cl  (7-*»)  the  boundary  conditions  of  M.  A.  Leontovlch  (see 
Section  11) 
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where  £.  ^  Is  the  dielectric  permittivity  of  the  nlrror,  related  to  :te 
conductivity  <T  by  the  relation 
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Thf»  energy  flow  density  into  the  mirror  la 


S  =  ,5W3>..,  -  4f(iV1  ’  ‘2H"  *  E"H2  '  “l"*’ 


or,  because  of  (7. 11)  and  (7-12) 
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where  and  are  Che  tangential  component  value*  of  the  unperturbed  mag¬ 
net  ic  field  (field  In  the  pretence  of  an  ideally  conducting  mirror),  which 
we  already  know.  The  correapondlng  evaluation*,  con# 1* ting  of  substituting 
and  from  (7.1)  into  (7.I3)  and  of  carrying  out  atatlatlcal  averaging, 
are  done  in  Appendix  II  and  give  the  following  reault: 
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2  ,  v2 
v  slnh 


cosh2  4*  +  lb  lg 


0  ( 1^4  ainhlp  cosh  >£  -  b  a  in  hip  |  i&  sinh  ij/ainh  -  b  coah 


*  (b  ♦  b*)  cosh.  *lah  d 


Here 


^  «  k  JL  cos  0  , 

£  -  k/einh 


The  flrat  Integral  in  (7*14)  expresses  the  power  used  by  the  mirror, 
caused  by  radiation  (travelling  waves ),  and  the  second  integral  expresses 
the  power  caused  by  the  quasi -stationary  field  (non-uniform  waves).  Thus, 
without  any  quantltatlva  estimations,  we  can  observe  that  the  quasi-ata- 
tlonary  field  contributes  a  definite  share  to  the  energy  attenuated  by 
the  mirror.  A  complete  clarif ication  of  tht  behavior  of  both  integral* 
in  (7.U),  which  for  brevity  we  shall  denota  by  1^  and  1^,  requires 
numerical  integration.  But  in  the  limiting  casaa  of  very  large  and  very 
small  k t>  it  is  not  difficult  to  gi.c  approximate  estimates. 


Ib«  integral  la  finite  fsr  all  Jt  ,  including  the  surface  of  the 
radiating  atdlue,  at  which  it  assumes  the  following  value 

ll  "  3|(6>^)3/2  -  (£./t-  -  1  ♦  conl.gatej  (£  -  0) 


If  the  awdium  haa  large  losses,  Chla  expression  be cone a: 

h  ‘  -  Y2£>  -  °»  e."  »  1)  (7.16) 

For  large  dlatancea  (k  JL  »  1)  between  the  mirror  and  the  medium  aln 
and  coa  £  under  the  integral  aign  In  I ^  oscillate  rapidly  with 

“  ki:oi0).  The  value  of  can  in  this  case  be  obtained  by 
pHllaliury  averaging  of  the  integrand  with  respect  to  using  form¬ 
ula  (7.10).  This  gives 


*1  " 


(ki  »  1). 


Thus,  for  large  /,  the  wave  field  causes  a  constant  (independent 
of  either  Z>  or  of  the  parameters  of  the  radiating  medium)  energy  flow 
into  the  mirror,  equal  to 


,  _  -  Iq^,  1-HL- ! 

1  A  I2ir<r  h 


-  *>  • 


The  integral  behaves  quite  differently.  As  can  readily  be  seen, 

Ig  approaches  0  as  k /  increases  and  increases  without  limit  as  jt-tO. 
Introducing  in  place  of  f  the  Integration  variable  Jg  and  using  for  small 
k t  the  approximate  expression 


•tfamiU*--  OM-*1-*'  *•  (t-  .v 


.>.***•■*  i -.»«»■* 


/ 


\v 

ys 

r-V- 


t 


* 

V 


v** 


\ 


L*V  ^.v 


•  ::'w  * 

b  ? /$»-—»**»  s*f-p/*U/»-o  -***  -  &[»?♦  •  : 

w«  obtain  - 1  * 

i2  •  .  £jL«-if)A  T3  /  — - «. - 2 - \  d„  -  :’;■' 

"lk^  0  \  psoeh^-i-ainhg)2  (talnh)^ +fo«h2(2  /  ^ 

-  f^*rct«  e^r)  (U  « l)  - 

Tn  the'  caac  of  large  losses  in  the  emitting  arndium,  thia  glvea 

z  -  >  ■  • 

■a  •  ; jttTKc  M  «*.»"»*>.  (t.17)  :; v.;^:;;:;;;. 

Consequently,  the  ratio  of  powers  attenuated  by  the  mirror  from  the  _  u_ _ / 

quasl-stationary  and  from  the  nave  fields,  for  k  JL  «  1  and  £,**  »  1,  .  ,  - 

la  equal,  according  to  (7.I6J  and  (7-17)/  to  V-V-V-V*]. 
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i.e.,  it  can  he  very  large.  In  principle  thia  rcsvlt  confirms  the  fact 
that  under  knovn  conditions  the  ahaorbing  ”bs»*:  Oody  "  can  manifest  a 

thermal  quasi-stationery  field,  localized  In  the  layer  close  to  the  '“v-. 

radiating  surface.  It  is  necessary,  however,  to  esphnslxe  that  the  results  q  9 

obtained  here  do  not  refer  to  the  totel  but  to  the  spectral  Intensity  ‘ 

of  this  field.  1 

Section  g.  Intemlty  and  Density  of  gnernr  in  an  Absorbing  Hcdluai 
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A a  was  oot  jd  in  S*ctlom  3,  it  can  be  foreseen,  merely  on  the  basis 
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of  general  considerations,  chat  th«  expressions  for  energy  (average  b 1 - 
l loeat^  magnitudes  within  an  absorbing  medium  can  be  finite  only  for  a 
correlation  radius  of  the  lateral  fluctuation  field  K  different  from 
sero.  Therefore,  In  initiating  our  study  of  the  problem  concerning  the 
mentioned  magnitudes,  we  shall  at  first  utilise  the  most  general  form  of 
the  correlation  function  with  the  aim  of  scrutinising  the  role  of  any 
particular  assumptions*  The  study  can  be  undertaken  In  two  ways:  either 
by  applying  the  expansion  of  the  potentials  into  Fourier  integrals  or 
without  these  expansions  --  by  direct  integration  of  the  field  equation 
(1.10) 

-x 

curl  I  »  -  lk/tM 

curl  H  -  ike*  +  lk(fc  -1)*K,  (6.1) 


Initially,  we  shall  use  the  first  method,  since  the  utilisation  of  the 
ganaral  correlation  function  renders  the  evaluations  by  this  method  easier. 

In  accordance  with  the  expansion  (4.1)  for  K  in  case  of  an  unbounded 
saedliss 

i(t)  -  *r a(p)  «l*‘r  dp  (8.2) 
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we  let 
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(6.3) 


The  first  of  the  equations  (8.1)  is  thereby  already  satiafled,  and 
substitution  of  (8.2)  •’nd  (8.3)  Into  the  second  equation  gives 


(8.4) 


Using  the  general  expression  (4.8)  for  the  correlation  functions  of 
component  g 
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and  formula  (8.4),  it  la  non  diifficult  to  obtain  the  correlation  function 
for  a 
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wherefrom,  la  particular,  it  ffaiMowa  that 
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Once  again,  the  expresaiom  ((^.10)  for  the  density  of  energy  flow 
will  serve  us  for  the  determlrurUiinn  if  the  radiation  Intensity 


V  -  •  V*J  + 


(0.3) 


For  the  density  of  eUccro-aagcutitic  energy 


iW  +  u 
ifi  U.  Q  to 


(6.9) 


In  the  absence  of  scattering  and!  ior  real  permittivity  a,  we  have 
[aee  (?.U)Jl 


1.  The  tssumpt Ion  of  an  absence;  iof  scattering  in  the  presence  of  an 
absorbing  medium  is,  of  cour st,  h.ghly  specialized,  but  for  the 
questions  under  consideratitim  .it  is  not  essential. 
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Substituting  hero  the  value  [6  lj)  for  C 
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we  obtain 


x  .  ,3'.#  (0.1?) 


where  tne  real  and  imaginary  parts  of  the  complex  index  of  refraction 
have  been  Introduced  in  the  usual  manner 
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It  con  be  shown  that  the  choice  V'p)  »  U'p)  signifies  imposing  the 
condition  div  k  *  0  and  leads  to  the  neglect  of  longitudinal  waves  (see 
Appendix  111).  Retaining  only  transverse  waves,  when  discussir.g  the  den¬ 
sity  of  radiation  energy,  may  prova  to  be  Justifiable.  Nevertheless, 
one  must  observe  that  this  assumption,  essentially  completely  arbitrary, 
Joes  not  even  lead  to  a  physical  understanding  of  che  moults  since  the 
expressions  for  I,.  and  u  ,  for  ll'p)  *•  C  remain  divergent. 

Let  us  now  see,  to  what  the  choice  of  the  correlation  function  with 
i  correlation  radius  different  from  zero,  for  Instance  the  function  \ L  11), 
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.he  evaluation  of  the  Integrals  in  '8  11)  is  done  in  Appendix  III  and 
.jives  in  this  casa 


•  • 


-  V2;  (l  •  2)  ( 1  '  -*rcct*  X~TT~)  + 


•  • 


( 


mm  n*n  >-■**»»  «-*» m  ^n»kWi  t«  W» WsdWrnHW »*■♦*«>  «n>  -1*"  *<»  *»■  IM^P***^ 

I 


53 


jo? 

IT 


C6J 


ln(  '( k*n'yj\~+~y£ )  •*■  #  (*i  «2)|  , 

“3(l  •  2*Z)f  1  +  *7=7 - T“ - 2~?  *  0  {'it,  a)l  ,  (8.15) 
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where  In  y  »  0-577?l6  la  the  Euler  constant  and  where  Q  {'Xt  a2)  .denotes, 

2 

aa  usual,  Ce  nt*  of  order  not  laaa  than  'X>  or  a  .  When  a  /  0  and  'X,+  0 
these  formulae  become  the  Lew  for  transparent  media 
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(8.16) 


(the  lattwr  -*  in  the  absence  of  scattering). 

Let  us  first  of  all  note  that  we  do  not  have  any  physically  Justified 
criterion  for  an  unequivocal  separation  of  expression  (8.15)  Into  parts, 
one  of  which  would  refer  to  the  Internal  energy  of  the  mediiaa  and  the 
ocher  to  the  thermal  radiation  In  this  medium  Of  course,  the  terms  > 

i 

containing  Che  correlation  radius  a,  i.e  ,  the  terms  dependent  on  the 

mlcrostructure  of  the  median,  must  be  attributed  to  the  Internal  energy, 

but  this  does  not  mean  that  some  of  the  terms  not  enntai.'  ng  a  do  not  j 

belong  to  the  Internal  c .>e  1  *»y .  On  the  contrary,.  Irom  the  fact  that  only 

the  parts  of  u  and  u  containing  a  have  the  first  order  with  respect 
H(x)  B  to 

to  -to  it  becoues  quite  natural  to  attribute  In  the  expression  for  the  In* 
tensity  the  term  with  arcctg  (of  the  first  order  «?lth  respect  to  -ad- 
toi  sr  al  4  ;«.)  also  to  the  internal  energy  Then  the  formulae  (8.16), 
among  which  tha  first  guarantees  the  fulfillment  of  Kirchhoff's  lew  for 
external  radiation  (section  5)»  will  be  valid  with  a  precision  up  to,  the 
the  second  order  with  respect  to  -jt.  With  the  seme  precision  the  general 
expression  for  u 
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we  obc«ln  from  (8.1)  the  equation  for  k 

V  2A  +  q2A  -  -lk(e-l)*. 
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q  -  k  «  ku(l  *■  lid)  . 


(8.21) 


The  solution  of  equation  (8.20),  which  expresses  the  retarding  potential 
f n  the  case  under  study  of  an  unlimited  medium  not  containing  any  except 
volieae  sources,  is 
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(8.22) 


The  utilisation  of  potentials  is  particularly  convenient  because  space 
differentiation  under  the  sign  of  the  volume  Integral  does  not  touch 

■A  ^ 

K  and  thereby  the  intensities  K  and  II  in  tha  same  manner  do  not  contain 
derivatives  of  K. 

Substituting  (8.19)  (8.22)  into  (8.16),  we  obtain 
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Every  volume  elsaert  dV  of  the  medium  gives  at  the  point  of  observation 
tha  same  kind  of  field  as  aa  electric  dipole  with  tha  moment 

djlT  »  ^ ^ dV;  E  end  H  represent  the  sunned  Intensities  of  mil  such 
random  element  fields. 

In  order  to  find  the  energy  Intensity  and  density  one  must  now 
substitute  (8.23)  into  the  expressions  (8.8)  and  (8.10)  end  utilise  the 
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correlation  function  (8.17)* 

-x 

If  vc  assume  tha  £  -correlation  (3*5)  for  tho  lateral  field  K, 
if  we  let  f(R)  •  S  (r  -  "r  * },  then,  aa  shown  in  Appendix  111,  the  following 
express  Iona  for  the  energy  quant  it  lea  of  snte-teat  to  ue  are  obtained: 

iM  .  7 {i,is:,c'  *  t*e.»  - 

32^1  if  0  L 


r  • 


t, 

*■ 


_  -£~~£  £i|qj2  +  a"r:  *  ♦  —*]]  dr, 

,  .  Uil.+  S.)l£  ~  I|2y.  I(q*  q)r  r,  I*  „  ll.qL2U*..«a> 

*«  16H8|  £J2  o 


*  3LUil.-jglr.  a1!?.  _  3iCaliU 


M  *. 


(8.24) 
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l(q#-q)*  |iH<2  .  ila!L^al  + 


dr 


All  three  integrals  are  divergent  which,  of  course,  must  take  place  for 
the  *§T  -correlation  components  of  K.  The  terms  which  contain  r  in  the 
denominator  and  which  cause  the  divergence  of  tha  integrals,  are  obtained 
because  of  those  parts  in  tha  integrands  (E.23),  which  with  increasing  r 
decrees-  faster  then  e  ***r/r,  l.e.,  they  correcpond  to  the  quasi -stat ion- 
ary  field  pa-tc  of  tha  elementary  dipoles.  Thw  wav*  'rrms  in  (8.21),  de¬ 
creasing  with  increasing  r  as  e  ^*7r,  give  In  (6.24)  only  tha  first  parts 
of  the  Integrands,  fhese  part*  do  not  sontaio  r  in  the  denominator  and 
lead  to  the  following  finite  values: 
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(8.25) 


XC  appear*  Co  be  sufficiently  probable  tHatf  to  obtain  tie!  quantities 
characterizing  the  radiation  it  is  necessary  t&t  ttake  into  account  in  it 
and  H  the  wave  terms  and  only  ‘.he  wave  terms''  cOi  course,  the  separation 
of  the  field  into  wave  and  quas  i  -stat  lonary  jmtrtls  in  the  absorbing  Medium 
becomes  to  a  certain  extent  indefinite.  If  t’Ka:  oiipole  is  in  a  trans¬ 
parent  medium,  then  the  -scat  ionarjr  terms'"  ^automat  ically  drop  out  of 

the  expression  for  caurgy  flow.  This  can  raud'-iiily  be  seen  from  the  first 
formula  (8  2t):  when  <-**£,  the  terms  with' ir  iit»  the  denominators  dis¬ 
appear.  But  in  an  absorbing  medium  the  qua»t-srt.«t  ionary  part  of  the  field 
alao  participates  in  creating  the  energy  flow  amd  the  neglect  of  this 
part  in  fact  appears  to  be  arbitrary. 

let  ua  nevertheless  see  what  the  expressiums  (6.25)  obtained  from 
wave  fields  of  elementary  random  dipoles  meani  introducing  into  (8.25) 
the  above  adduced  expression  for  C  (appropr iatoUly  in  terms  of  Iq  for 
the  first  formula  (8.25)  end  in  terms  c  f  u„  ,  ftnr  the  other  two)  and 
using  (8.21),  it  is  not  difficult  to  transform*  tformula  (H.25)  to  the 
form 
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(8.26) 
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2  "  e.v  miiu  0/t 


Thus,  with  a  precision  up  to  the  second  order  ttn  jc ,  wc  obtain  the  same 
formulas  at  for  a  transparent  (non-scattering))  mmstUum 

It  is  Interesting  to  note  that  the  dens  icy 'i>f  electrical  energy  u^  ^ 
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in  (8.26)  la  the  asms  aj  In  (8.12),  although  both  i.-xpresslons  have  been 
obtained  under  completely  different  assumptions. 

A  more  consequential  path  for  the  neparatloa  o£  eiwisy  qu.iti.ttzjf, 
which  characterize  radiation  In  absorbing  media,  of  tout  as  consists  not 
of  neglecting  the  divergent  oxpraationa.  conditioned  by  the  o  ■'correlation 
of  K,  but  of  examining  thoae  finite  quantities  which  are  obtained  with  a 
correlation  radius  different  from  zero.  :s  was  do»*  above  la  toe  evalua¬ 
tion  ualng  tne  Fourier  expansion. 

As  an  example  1st  ua  take  the  following  exploded  Saodel  1  of  the 
correlation  function: 


f(R) 


i  Jiru3 

4 


v.  here  A  <C  a  , 

where  R  >  a  . 


(3.^) 


With  this  correlation  function,  the  intensity,  -alcUlable  with  tha  aid 
of  the  full  expreaalons  for  intenaitlea  (8.23),  1*  aa  follows  (ae«  Ap¬ 
pendix  III): 


I  .  [Jgt  +  *  A  .  SLfcl  ^ 

(i*^2rW  v  3  ) 


♦  1  n(2<i'kna  yc)  £  f'*',  »)  t 


(8.28) 


In  thla  manner,  in  contrast  to  (8.15),  the  term  which  la  independent  of 
the  correlation  radius  a  is  different  in  this  case  from  expression  (8.16) 
only  In  the  second  order  with  respect  to  x  . 

The  results  of  this  section  show  that,  in  the  cases  of  sucJj  small 
attenuations,  for  which  it  is  still  reasonable  to  introduce  the  radiation 


l  Let  ua  note  that  to  the  function  (8  27)  corresponds  the  following 
function  0(?),  if  we  uae  the  expansion  into  Fourier  integrals: 
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ability  and  intensity  inslda  the  absorbing  medium  ((it. sc..*  with  a  precision 
u£.  to.  UC.*,  section  5)*  the  equilibrium  intensity  im  tithe  medium  Is  expressible 
to  the  jams  deg'ee  of  precision  by  the  formula  for.  Omens parent  Media.  The 
sane  refers  to  the  densities  of  electric  and  magnatixe  energies  of  the 
rcdistica  field.  In  some  of  the  cases,  the  presence  oof  terns  of  the  order 
■y,  and  independent  of  a  In  1^  does  not  contradict  efoe  conclusion  arrived 
at  in  view  of  the  incompletely  defined  separation  o£  energy  quantities 
into  parts,  corresponding  to  radisclon  and  internal!,  ctnexgy  of  the  medlun. 


Section  ft-  Har.net ic  Losses  and  Fluctuations  of  the1  ftatteral  Magnetic  Field 

In  sections  6  end  7  we  convinced  ourselves  tharr  ortw  e» sumption  ~) 
concerning  the  fora  of  the  correlation  functiona  fair  Bine  components  of 

•A 

the  lateral  electric  field  K,  namely 


yc<^3  (r)  -  Ko<(?-)K*1(r»)  «  Cg^Stf),  (r  -  (9-U 

permits,  with  s  corresponding  choice  of  the  constantt  (E>,  xo  describe 

correctly  the  radiation  of  an  absorbing  medium  in  tike  interior  of  apace, 

2 

end  for  aquilibrium  radiation  in  a  transparent  me d tun  with  n  »  >  0 

it  gives  the  law  (6.16).  As  a  radiation  source  we  aciuilied  an  attenuating 

medium,  having  only  electric  losses,  and  took  the  osipet lc  permittivity  jAs 

co  be  real.  If  we  throw  off  this  restriction  and  canrry  out  the  evaluation, 

assuming  £  as  well  as  jjl,  to  be  complex,  but  lntrodut-.  iing  as  before  only  the 

electric  lateral  field  K,  then  we  obtain  for  the  cadUlntion  intensity  in 

vacuum  it  expression  which  can  no  longer  be  reduced!  oa>  the  form  (6-14). 

The  poasxMl  j.ty  of  representing  the  intensity  in  the-  Sons  gon  rnud  by 

,  a 

Xirchhoff's  law  can  again  only  be  achieved  by  inCrodutcdng,  along  with  K, 

_ s 

the  lateral  magnetic  fluctuating  field  M. 

Keeping  in  mind  the  symmetric  form  of  the  f Ieldl  equation  (1.9) 


curl  U  «■  -  ikya-H  -  lk(^i-l)  M! 

a  a 

curl  H  -  IkeE  *  lk<£  -1 )  K  ,, 


(9-2) 
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It  Is  natural  Co  make  the  following  assumptions  concerning  the  statls- 
deal  properties  of  M: 

1)  the  correlation  function!  tor  the  components  of  M  also  has  the 
form  (9.1 ),  i.e.. 


«*(*')  H'pCf'H  -  0^  ,vJ(r)  ; 


(9-3) 


2)  the  lateral  random  fie  Mis  *  an*  i  are  not  correlated  between 


themselves 


(r"J)  W*3fP*)  -  0. 


(9A) 


With  these  assumptions/  the:  mcheme  for  calculating  the  radiation 
intensity  in  vacuum  du>.  to  the  attmorbing  medium  In  the  half-space  *  <  0, 
remains  the  taw  as  In  Appendix.  0  and  requires  only  a  few  very  obvious 
supplements.  Therefore  we  shall  mot  give  the  calculations  but  shall 
immediately  give  Its  result: 

.  ^ g  (c  le- iff- - T .  . 

fill .  *  -  <£  )  ‘  ••  Ib^cos  (•'  ♦  £  1 2  |£cos  £  *  £  I  ) 
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tor  brevity,  the  following  nocac&in  Is  used  here 


\.  V  . 


r  -  •  [zp  -  *i«2£  • 


With  real  u-  and  D  »  0  the  written:  expression  for  1^.  goes  over  Into 
formula  (I.I5)  of  Appendix  I. 

But  for  complex  £.  and 
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c|  e  -  i\2  *  A(e*  -  £), 


k3cl 

err3 


*(/<•*  -  AC)» 


whence 


0 


xoTv” 


(9-?) 


Thus,  the  pretence  of  magnetic  lottet  absolutely  raqilras  the  Intro¬ 
duction  of  the  fluctuating  magnetic  latercl  field  M,  unnxrmlatable  with 
the  electric  lateral  field  K  and  having  the  sane  &  -comtLac  ion  component  a 
at  K.  The  cooplex-nest  of  JUL,  does  not  Influence  the  value  of  the  conttant 
C  of  the  electric  lateral  field  and  converaely  --  the  comrlax-nett  of  g. 
hat  no  effect  on  D.  With  real  £  (or/*.  )  we  have  C  «  0  {xxcreapondingly, 

D  •  0). 

These  concluaioos  apply  to  the  cate  where  the  field  rput lont  are 
taken  in  the  eywraetric  font  (9-2).  At  was  pointed  out  In  section  1,  with 
an  appropriate  change  in  the  determination  of  the  intensity  of  the  Micro- 
field,  equations  (9-2)  can  be  replaced  by  others,  into  the  fluctua¬ 

tion  "force'*  enters  in  a  different  manner.  Thus,  for  iiu&vica,  in  the 
equations  (1.8),  the  "force"  is  contained  only  in  the  seennt  equation 


curl  E 


lk  H 


curl 


_H 

b 


ik£B  «■  P 


where 


(9.6) 


f  a  M  1  — k 

P  -  lk(g.  -1)1  +  curl  ■**-  -  ~  M  . 

/*• 

from  this  expression  for  P  it  it  clear  that  the  simplification  it  th« 
equation  is  related  to  the  coopl icatlon  of  the  form  of  tW  correlation 
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function  of  lateral  "force#"  In  fact,  taking  (9  1  (9  .1)  (9  *0 

Inco  account,  it  is  easy  to  obtain 


(r'^tr'')  -  T  k?|  £  -  l|?c6fH  -  D<72 
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U"** 
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Consequently.  In  equation  (9  6)  the  complexnesu  Jjs  will  entrain  the 
necessary  application  of  the  general  expression  (J3)  for  the  correlation 
function  component  ?.  Due  to  this  complication  of  calculations,  it  be* 
come*  necessary  in  nary  cases  to  prefer  the  symmetric  form  of  the  field 
equation  (9-?). 

In  all  that  Is  to  follow  vc  shall  again  assume  that  magnetic  loasea 
are  absent  and  accordingly  shall  intr  duce  only  the  electric  lateral  field. 


Section  10.  rtadlatlow  of  a  Cylinder 

lie  had  studied  the  thermal  radiation  of  an  absorbing  medium,  occupy* 
tng  an  infinite  half-space,  either  Into  an  unbounded  adjacent  half-space 
(section  6),  or  Into  a  wave  guide  United  by  c  plane  mirror  parallel  to 
the  surface  of  the  medium  f  sect  Ion  7  ^  Both  problems  contain  *N  the 
elements  of  importance  for  the  theory  under  study,  namely  the  solution 
of  the  border  problem  with  non-uniform  field  equations  In  the  Interior 
of  the  absorbing  medium  and  uniform  equation*  for  the  external  sp.ee  with 
the  consequent  over-all  averaging  of  energy  quantities  by  means  of  the 
space  correlation  function  of  the  lateral  fluctuating  field  The  solution 
of  the  border  problem,  of  course,  embraces  all  diffraction  phenomena 
which  occur  under  the  given  geometric  conditions  and  which  acquire  prime 
importance  for  those  cases  In  which  the  body  dimensions  are  comparable 
to  the  wave  length . 

In  this  respect  the  examinations  of  the  problem  are  not  typical  at 
all.  With  the  ala;  of  clarifying  a  ssrlec  of  basic  problems,  we  handled 
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richer  simple  geometric  conditions,  *ssi*!»‘.ng  that  the  radiating  medium 
occupies  an  Infinite  half-space.  However,  since  the  dimensions  or  dis¬ 
tances  (width  of  the  wave  guide  or  sla^ly  the  distance  between  the  point 
of  interest  and  the  surface  of  the  radiating  medium)  which  we  considered 
were  made  comparable  to  the  wave  length,  we  obtained  results  which  do  not 
lie  within  the  field  of  vision  of  the  classical  theory  of  radiation 
[quasl-stationary  thermal  field  (section  6),  Interference  deviation  In 
equilibrium  radiation  from  homogeneity  and  laotropicity  (section  7)]. 

However,  the  application  cf  theory  is  of  gresccr  Interest  to  those 
problems  In  which  the  dimensions  of  the  rsdietlng  body  sre  not  very  large 
compared  to  the  wave  length.  In  thia  section  wa  shall  study  one  of  the 
problems  belonging  precisely  to  this  dess:  thermal  radiation  of  a  cir¬ 
cular  cylinder,  infinitely  long,  but  with  an  arbitrary  ratio  between 

the  radius  and  the  wave  length. 

^  — * 

The  primary  field  EQ,  in  the  interior  of  the  cylinder  aetisfles 
equations  (i.10) 


curl  *0  -  -  lkyUH0 

-A  — *  .  . 

curl  Hp  -  ikeEQ  ♦  ik(t  -  1)  K* 


(10.1) 


To  obtain  the  general  solution  one  must  add  to  the  particular  solution 
2q,  Hq  of  theae  non-unifora  equations  the  general  solution  Bj,  of  the 
uniform  equations.  (K  -  0),  satisfying  the  conditions  of  regularity  along 
the  cylinder  axis.*  For  the  external  space  (for  simplicity  --  vacuum) 
we  hove  the  equations 


curl  E  “  -  ik  H 

a  _» 

curl  H  -  ik  B 


(10.2) 


whose  solution  must  satisfy  rhe  radiation  condition,  i.a.,  must  consist 
of  waves  propagating  from  the  cylinder. 

1.  In  the  case  of  a  semi -infinite  medium,  we  celled  this  field  the 
reflected  field  end  denoted  it  by  l*,  if  (section  6). 
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In  cylinder  coordinates  r,  y"  ,  *  we  have  the  following  three  funda- 
ricntal  sector  functions,  by  means  of  which  the  solution  of  equation  (10. 1) 


is  expressible 

M  (h)  - 

ei(n^  the)  inZ  .  _  x 

n 

'  r  1  2  , 

V  <h)  « 

+hr )  /  IhZ*  hnZ  * 

n 

{  q  1  '  qr  2 

L  ( h)  » 
n  * 

ei(n;  ♦M/’  z.  +  inE  j  , 

V  I  r  2 

(10-3) 


where  Z  =  z  j  rt |  r)  is  any  cylinder  function  of  the  order  jnj, 

A  -  "^q2  -  h2  ,  <1  -  k  J'  u  (10.4) 

and  ij,  ig,  1^  are  Che  unit  vectors  with  respect  to  the  coordinates 
v,  y  and  t  Primes  indicate  differentiation  with  respect  to  r.  The 
functions  (10. 3)  are  such  that 


curl  M  ■  q  N 

curl  N  »  q  M 

curl  L  •  0 


(10.5) 


If  dlv  r,  *  3  (case  of  uniform  equations),  then  E  must  be  expressed  only 
in  terms  of  the  functions  M  and  S .  Tor  non-uniform  equations,  however, 
when  dlv  E  »  0,  the  solution  must  contain  all  three  fiuidairental  functions 
and  will  thus  be  expressed  In  the  form  of  the  following  Fourier  aeries 

1.  See  J  A .  Stratton.  Theory  of  Elect romagnetlsm,  section  f  .2 . 

Stratton  Introduces  even  and  uneven  functions  containing  cos  n,  and 
sin  ?  and  Indicates  that  the  Introduction  of  complex  relations 

(e  )  leans  to  difficulties.  In  fact,  there  are  here  no  difficulties 
at  all,  and  on  the  contrary  ill  formulae  become  half  as  short. 


66 


in  ft  and  Fourier  integral  in  r. 


^  ^  ^  ^  ~r 

20  -  I  /  dh  (AM  +  BN  4  Cl  ♦  AM  4  BM  4  CL), 

n»-00  - oo 


(10.6)) 


>»  litre: 


_j »  ■»  OC  4  Of  ^  J 

H  »  ,y  I  /  dh(AN  +  BM  +  AN  +  BM), 

n=-cx<  -O0 


r  -  i 


(10. Tl- 


By  H  .  Wand  L  art  understood  functions  in  which  Z  »  Jjnj(X  r),  and  the 
curl  ddmates  functions  in  which  Z  ®  NJn|(^r)'  In  this,  the  relation  off 

A,  8,,  . .  C  to  r  must  be  found  by  the  method  of  variation  of  these  conr 

scants  ((iiur  brevity,  the  index  n  and  the  argument  h  are  omitted  in  bothi 
the  fundlaawntsl  functions  and  the  "constants"  A,  B, 

Ini  accordance  with  the  expansion  (10.6),  we  analogously  represent 
the  lacaxcal  field  K,  assuming 


-*—±1  v  T5  7*' 'dhel(of*h*,C 1  (h,  r). 


(io. aj) 


n--co  -  co 


whence 


\  Z  -  l  *  -t(n>  4ht)  -? 

c  (h,  r)  -  /  dx  ;  df  e  w  •  g 

Mi  £  -oo  - rt 


(10.9i 
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The- (general  solution  d  ,  H.  of  tha  uniform  equations  (10. 1),  since 

-A  4  1 

for  it  dliv  E,  «  0,  contains  by  virtue  of  tha  regularity  condition  along 
r  «  0  orr-Ljy  the  functions  H  end  N,  in  which  Z  »  Jj  j(a*): 


4  CC  +  OO 

I  f  6b  (AjH  4  B^ll), 

n»-00  -  ou 


(10.10)1 
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(10.10) 


Finally  we  heve  in  the  external  apace  the  aolutlon  off  equation  (10.2) 


.  +  CL> 

S  -  £  /  dh(F  K*  f  Q  »*)  , 

-oo 


H  .  1  £  /  dh(p  +  (fiC), 

0»*iC  -lt> 


(10.11) 


where  M*  and  K*  denote  the  fuactiona  (10.3)  containing  ia  accordance 
with  the  radiation  condition,  Z  *  H  =  h|2|  ^  q*)/  <  *  k  *nd 


-  ^k2  - 


(10.12) 


On  the  cylinder  surface  (r  -  a),  the  boundary  cumtiil Iona  (I.I3) 
■uat  be  satisfied,  taking  in  owe  caae  the  fora 


V  *v  "f  V*“*f-ar  (r (10.13) 

'0.  ♦  '1.  -*». 

These  conditions  permit  expressing  the  constants  P  end:  <5  in  terns  of  Che 
values  of  A  end  B  on  the  cylinder  surface;  the  latter.  Urn  their  turn,  can 

-A 

be  expressed  lu  a  definite  way  1a  terms  of  the  compooenca  of  the  vector  Q 
for  which  we  have  formula  (10*9).  The  correlation  function  for  K 
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determine#,  of  course,  the  correlation  function  for  C„  ifc’Atb  the  help  of 


r** T***; 


(10-9)  (10.14)  ic  Is  wt  difficult  to  obtain 
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la  cure,  It  is  possible  for  us  to  evaluate  the  average  value*  |?]  end 

-  -2 

!>Qj  ,  by  means  of  which  the  radiation  power  per  unit  cylinder  length  i* 
expressed. 
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(10.16) 


All  che  evaluations  indicated  here  (including  the  darlvatlou  of 
(10.16)]  are  carried  out  i.  detail  in  Appendix  Id  and  give  the  followirg 
result  for  the  power  P^,  t 
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and  the  prim*  Indicates  differentiation  with  respect  to  a. 

Formula  (10.17)  can  be  written  in  a  more  compact  and  physically 
better  understandable  form. 

To  fixed  values  of  n  and  h  correspond  two  definite  types  of  partial 
waves,  radiated  by  the  cylinder  into  external  space.  These  waves  are 
expressed  by  means  of  functions  with  coefficients  P  and  Q  fa  the  expression* 
In  (10.11)  ucfcder  the  Integral  sign  end  it  Is  convenient  to  call  them  P-  and 
Q-vaves.  If  wm  replace  in  "i5®  and  *N*  the  Heenckel  function  of  the  second 
kind  by  the  sate  function  of  the  first  kind,  we  obtain  P-  and  Q-vaves 
falling  on  cam  cylinder,  or,  in  better  words,  contracting  towards  It. 

The  F-vaves,  for  which  at  least  one  of  the  ergisnents  n  or  h  Is  different, 
are  ortitogunal  between  themselves.  The  sane  applies  to  the  Q-vaves,  end 
between  P-  and  Q-vaves  orthogonal lty  exists  for  different  as  well  t. s  for 
coinciding  «  *nd  h.  Any  wave  field,  which  contracts  toward  the  cylinder, 
can  b*  separated  into  the  conjugates  of  travelling  waves  of  the  t.rpe  P 
and  Q  with  values  of  n  from  -CO  to  +  CO  end  h  from  -k  to  +k . 

For  a  high  conductivity  of  the  cylinder,  the  Incident  P-  (or  Q-) 
wave  gives  also  In  the  reflected  field  only  s  P -  (correspondingly  Q-) 
wave,  but  In  c3v  general  case,  the  incidence  of  waves  of  the  P -  or  Q -type 
causes  a  six lay  of  P-  and  Q-vaves  with  the  same  n  and  h  in  the  reflected 
field.  This,  of  course,  does  net  hinder  the  da terminal  ion  of  the  energy 
coefficients  of  attenuation  for  incident  P-  or  Q-vaves  (by  difference 
of  the  energy  flows  to  the  cylinder  and  from  it).  With  the  help  of  these 
absorption  coefficients  Apn(h)  and  A^fh),  evaluated  in  Appendix  IV, 
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( 10 . *7 )  can  be  written  in  the  fom* 
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in  cha  regU...  of  validity  of  the  Rayleigh -Jeans  law  when,  according  to 


(5-12),  I 


».<r3 


,  wa  obtain 
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The  derivation  of  fcraiule  (10. 19),  deapita  tha  fact  that  It  has  been 
carried  out  with  tha  help  of  a  special  fora  of  tha  function,  characteristic 
of  the  given  concrete  j*. ™lc3,  peralte  the  understanding  In  (10. 19)  ot 
*  particular  express  loti  for  the  following  general  situation.  If  tha  wava 
field  incident  on  the  body  can  be  expanded  onto  tha  conjugate  of  Mutually 
non-interfering  (mutually  orthogonal)  travailing  vavas  and  if  la  the 
energy  absorption  coefflciant  of  the  given  body  for  a  single  wave  iron 
this  conjugate,  then  the  theraal  ewlaaJva  power  of  the  body  at  fraquency 
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where  tha  auei  extends  to  all  running  waves  of  tha  conjugata. 

W«  shall  not  pi  ova  this  (physically  quite  clear)  situation  in  tha 

1.  The  multiplier  1/2TT  baa  been  left  under  the  integral  sign  for  the 
fullowtng  reasons.  If  we  were  to  use  tha  expansion  with  respact  to 
t  not  into  a  Fourier  integral,  but  into  a  ser.es  with  sons  period  i, 
then  we  would  have  a  discrete  value  for  h:  h  «  21fnh£  .  Therefore, 

i  ,  /  L  ® 

/a  >  1  •  *■•*  ,  l.e.,  the  integral  with  tha  nuJclplier  I/2fT  for 

discrete  values  of  h  is  transformed  Into  a  sun  of  absorption  co¬ 
efficients  for  these  values  of  h  ■  h  . 
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for  A  »  a  »  d  (chick,  iitll  conducting  cylinder) 
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end  (or  A  »  a  1  7*^1  (thin,  poorly  conducting  cylinder) 
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Boat  general  caa«.  W«  can  convlnca  ourstlve*  iatar  of  It*  validity 
when  aolvlng  other  problem?  (section*  14  and  15),  and  baa  Ida*,  with 
respect  to  tht  propagation  of  thermal  radiation  In  linns  and  wave  guide*, 
we  shall  glv*  Its  general  proof,  based  on  clsasical  theory  (section  17). 

It  should  be  noted  that  precisely  for  wavs  guides  the  individual  tarns 
in  (10  21)  can  be,  up  to  certain  Halts,  eepartted  out  and  thereby  acquire 
a  direct  physical  meaning.  In  the  problem  studied  concerning  radiation 
of  a  cylinder  the  separation  of  partial  waves  la  practically  not  realis¬ 
able  end  the  whole  aum  taken  together  la  of  interest.  This  sum,  besides 
depending  on  the  electric  parameters  of  the  substance  of  the  cylinder, 
depends  on  the  ratio  a/Jk,  which  Is  of  a  great,  new  moment  coshered  to  the 
result  which  could  be  obtained  on  the  basis  of  the  usual  Rirchhoff  laws 
and  which  is  limited  by  the  condition  a  »  A  • 

The  approximate  est lutes  carried  cut  In  Appendix  IV  give  the  follow¬ 
ing  value  for  the  thermal  missive  power  per  unit  area  of  cylinder  aurface, 
» 

-  OJ 

l.c.,  lot  tfjj  »  [we  taUe  here  the  region  of  applicability  of  the 

S 

-  ■* — r  ].  If  A  !•  the  wave-length  in  vacuum. 


Rayleigh -Jeene  law:  I 
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and  d  -  c j’sJiTtr/u.U)  i«  the  thickness  of  skin-layer,  than  for  a  »  A  »  d 
(thick,  veil  conducting  cylinder) 
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Formula  (10.2 2)  1-  the  powr,  emitted  by  unit  are*  at  any  wall  conducting 
ouiftacj  for  the*  :«•«  of  such  short  waves  that  approximations  of  geousatrtc 
optica  are  valid.,  formula  (10.22)  t*  «  dire.cC  consequence  of  tha  usual 
Kirchhot'f  law.  The  other  two  formulae  r“fer  to  the  opposite  case  (/.  »  a) 
ar.d  giv«  the  relation  of  unit  power  to  the  cylinder  radius  a.  Formula 
(10.23)  anbedia#  the  transition  to  tha  Ideal  conductor  OC  ,  d  — ►  0)„ 

formula  (1C.2V)  the  transition  to  tha  Ideal  dielectric  0). 
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Sect  ton  11 .  Boundary  Condition*  of  M.  A.  Leontovlch. 

Introduction  of  Surface  Lateral  Field 

The  problem*  of  radiation  of  half-space  and  of  tha  cylinder/  examined 
In  the  pruvloua  chapter/  give  a  sufficiently  good  picture  of  how  tha  de¬ 
termination  of  the  external  electro -magne tic  field  la  complicated  by  the 
necessity  of  studying  the  field  In  the  interior  of  a  radiating  body. 

In  the  case*/  when  it  is  necessary  to  find  the  field  exterior  to 
bodies  at  which  tha  akin-effect  for  a  given  frequency  is  sufficiently 
strongly  developed,  the  general  exposition  of  electro -dynamic  problem* 
can  ba,  aa  la  known,  appreciably  simplified.  Instead  of  finding  the 
solution  with  the  help  of  boundary  conditions  (I.I3),  the  approximate 
boundary  conditions  for  fields  exterior  to  the  bodies  can  be  utilised, 
and,  thus,  one  can  limit  oneself  to  the  study  of  this  external  flald. 
Approximate  relatione,  whose  poaalble  utilisation  for  boundary  conditions 
w«ra  pointed  out  by  M.  A.  Leontovlch*  in  19^*0,  have  bean  euccerafully 
applied  In  e  series  of  works. ®  These  conditions  can  be  obtained  either 
by  ■*. »m.  of  the  solution  of  tha  problam  of  akin-effect  by  the  following 
aiethod  of  psrturbation^  or  on  the  basis  of  simple  visual  considerations 
(see  below).  The  first  method,  of  course,  also  gives  an  estimate  of 
tha  precision  of  these  asymptotic  boundary  conditions,  valid  for 

1.  Sea  article  by  M.  A.  Lcontovlch  In  Collection  II  "Investigation  of 
radio  wavs  propagation",  p.  5  (M.,  1948).  Analogous  relation*  were 
simultaneously  deduced  by  A.  N.  Shukin  l "Propagation  of  radio  waves". 
Part  I,  p  5?  (M,,  19^0)]  and  wera  utilised  for  a  aariea  of  calcu¬ 
lations,  but  not  as  general  boundary  conditions  for  a  specific 
type  of  boundary  problems. 


(Illrh  ^lp?ot'  fr,f  1358/  19^;  c.  A.  Greenberg,  J.  of  Phya. 
JU3CR1  6,  I83,  1942;  M.  A.  Leontov lch,  lev.  All  USSR  (Ser,  Phya.)  8, 
16,  I944;  N.  S.  Jabot  inski,  M.  L.  Levin  end  S.  M.  Bytov,  JTF  20. 
237,  1950. 
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S.  M.  Rytor,  ..TKTF  £0,  100,  1940. 
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c  m  \  »  *nd  d  i»  the  thickness  of  the  plane  skin-layer 


d  -  — ■==  (U.l) 

■\j2ft<rjuL.u) 

(d*  !•  the  conductivity).  I?  the  surface  la  curved,  then  tbe  conditions 
are  valid  with  a  precision  up  to  the  first  order  with  respect  to  kd,  and 
for  a  plane  surface,  up  to  the  second  order  inclusive.  Understandably, 
in  the  first  case  the  precision  is  tbu  higher,  the  greater  the  radius 
of  curvature  of  the  surface  compared  to  d. 

The  simple  considerations,  leading  to  tie  Leontovlcb  boundary  con¬ 
dition,  are  reduced  to  the  application  of  Ohm's  law  and  of  the  boundary 

condition  for  the  magnetic  field  in  the  presence  of  a  strong  skin-effect. 
— 1 

Let  j  and  i  denote,  respectively,  the  volume  and  surface  current 
density.  We  have  for  the  tangential  component  of  the  magnetic  field  on 
the  exterior  aide  of  the  surface  of  tbe  body 
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(11.2) 
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where  N  It  the  external  normal  to  the  surface.  Let  ua  assume,  for 
simplicity,  that  the  surface  is  plane  and  let  the  a -axis  be  in  Che  direction 
of  11.  For  a  strong  skin-effect,  we  can  let 
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where  jt(x,  y)  le  the  velue  of  j  for  s  »  0  (on  the  surface).  Therefore, 
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But,  according  to  Ohm's  lew 


->!>  . 


j,  ........  -*■*»  —  •» -^l*— **-*• 


.*V..  |>-  *  ** 


■J 


S 


75 


(f-.-..  Qitf 
'♦rr 


t 


i&jL.  g 
U7T 


where  we  neglected  unity  since,  according  to  assumption,  )  £-|  »  1. 
Thus, 
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(11-5) 


where  E  Is  the  value  of  the  tangential  component  of  the  electric  field 
on  the  Inner  side  of  the  body  surface,  and  --  in  view  of  the  continuity 
of  tangential  components  --  is  equal  to  the  surface  value  of  the  tangent* 
ial  component  of  the  external  electric  field.  Substituting  (11  k)  and 
(11.5)  in  (11.2),  we  obtain,  according  to  Leontovlch's  condition 


(11.6) 


As  shown  in  (11.6),  connecting  the  values  on  the  surface  of  the  body  * 
with  the  tangential  component  of  the  external  field,  it  ia  permissible 
to  go  on  without  working  out  the  problem  of  the  field  inside  of  the 
bodies.  The  result  thus  obtained  for  the  external  field  will  be  the 
more  precise,  the  stronger  the  skin-effect  and,  consequently,  the  clcser 
t..e  structure  of  the  external  field  to  that  which  it  would  have  had  in 
the  case  of  ideally  conducting  bodlea  of  the  same  shape,  dims ns  ions  and 
poaiclon  aa  the  body  under  study. 

Evidently,  it  would  have  teen  very  logical  to  utilize  the  properties, 
given  by  conditions  (11 .6 ),  as  well  as  in  tha  questions  of  thermal  radiation 
of  Interest  to  us.  The  bases  for  this  ere  particularly  frequent  in  questions 
related  to  ’’radio  noises"  where  in  winy  cases  the  radiation  sources  are 
jodica  with  metallic  conductivity  and  the  frequencies  are  so  high  chat 
the  skin-effect  is  very  strongly  developed.  It  is  natural  to  assume, 
that  the  neceasary  generalisation  of  condition  (11.6)  taunt  consist  of 
the  introduction  of  the  surface  lateral  random  field  acting  in  a  sum 
with  E_ 
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l.  *  wo  neglected  unity  evince,  according  to  assumption,  J  £-]|  1* 

thus. 
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(11-5) 


where  Ef  la  the  value  of  ell*  (tangential  component  of  the  e  1  ev-Oartlt  field 
on  the  Inner  aide  of  the  badly  eurface,  and  --  in  view  of  the;  aimrtlnuity 
of  tangential  components  —  da  equal  to  the  surface  value  of  tfihe  tangent - 
111  component  of  the  extermeU  electric  field.  Substituting  ((M1J4)  and 
(11.51  In  (11.2),  we  obtain^,  .according  to  Leon^ovich'e  condUtUsm 
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A*  shown  In  (11  .6),  conmuctlng  the  values  on  the  surface-  u>f  the  body 
with  the  tangential  component  of  the  external  field.  It  la  peuntfleeible 
to  go  on  without  working  outr  tfhe  problem  of  the  field  ins  Ida  of:  ithe 
bodice  The  result  thus  obu-ninnd  for  the  external  field  wllll  inr  ;th« 
more  precise,  the  stronger  tthe  akin-effect  and,  consequently,.  tUlie  closei 
the  structure  of  the  externuil  field  to  that  which  it  would  hawse  lhad  in 
the  case  of  ideally  conducting  bodies  of  the  same  shape,  d  las*  ow  lone  and 
position  as  the  body  undar  estsudy. 

Evidently,  It  would  have-  been  very  lo/.cel  to  utilise  tha-  jpropart l«e, 
given  by  conditions  (ll.6)r  out  well  ss  In  the  quest  lone  ok  thermal  radiation 
of  Interest  to  us.  The  base*  for  this  are  particularly  frequenit  In  questions 
related  to  "radio  noises"  wh«rwe  In  nsny  esses  the  radiation  somrees  a*a 
bodies  with  metallic  conduce  is*  it  y  and  t’*e  frequencies  ere  *0  hi*jjh  that 
the  sVln-effect  la  very  stronifcly  dev»'op«d.  It  la  natural  to  suisuat, 
that  tho  necessary  general'  aciwn  of  condition  (11. 6)  must  eona-J.eit  ©f 
the  Introduction  of  the  surfar-e  lateral  random  field  ectlag  Its.  a  auet 
with  11* 
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wbat  we  had  clarified  in  tccilee  9,  beside  the  electric  lateral  field  one 
meat  also  Introduce  the  aa  yet  uncorraleted  to  It  magnetic  lateral  field. 
Let  os  denote  the  potential  of  thie  surface  field  by  %  .  In  lieu  of 
(11.7)  we  must  then  write 

y/ZT  (Ht  ♦  9?2,}  -  -  +J%J.  (*  -  0). 

In  the  case  of  email  value*  ef  jj  £,  J  and  for  |^<.J  »  1  thle  give*  the 
condition,  symmetrical  to  (U-6), 

h  -  -  Tn,  (*  -  °)- 

^  # 

However  In  what  Is  to  follow-  m  shell  as  before  assume  that  jju  1*  real 
and  correspondingly  ehsll  not -Introduce  */j£. 

We  »ust  now  establish  the  form  of  the  correlation  f  notion  for  the 
component  x. 

Section  12.  Correlation  function  for  the  Surface  Field 

The  establishment  of  the  correlation  function  component  of  X  or, 

1 1  chit  field  It  presented  ie.  cfes  too*  of  m  double  Fourier  integral 
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♦  co 


If  Cpj,  r2h  dPj  dp2. 


(12.1) 


of  the  correlation  function  component  conjugate  to  Fourier  y  does  not 
require  any  new  physical  aaatanpeLona.  The  relations  (11. 7)  (and  for 
very  large  |g|  —  (11. 8)]  determine  In  terms  of  the  full  potentials 
external  to  the  medium,  which,  la  turn,  are  expressed  by  the  volume 

jk 

leteral  field  K.  Thereby,  for  the  dsterelnst Ion  of  the  correlation  function 
component  ^ 
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Here 

°*  "  M3  “  V  f  *  ‘3  •/‘V 

A  -  (Pf  +  -  .3t3<<,  (12.6) 

•3  -  *yi2e./t,  -  (pj  ♦  pg)  . 


We  shall  examine  only  th«  first  ten  of  the  asymptotic  (as  J  £|>poo) 
expansion  of  .  In  this  approximation  we  can  restrict  ourselves  to  the 
limiting  form  of  the  boundary  conditions  (11.8) 

X*  ’  -  **  *  <«•  -  1,2).  (127) 

With  this  degree  of  precision  for  any  finite  pj  and  pg  we  have 

•3  •JSi  , 

so  chat  in  (12.6) 

2 

«C  -  «3,  /fl  ^  ^  »  *3  c3* 

Retaining  in  formulae  (12.?)  only  the  terms  senior  with  respect  to 
»3>  we  obtain  expressions  for  v^  and  v^ 


-CO 


dPidp2 


(•<  -  1,2), 

(12.9) 


BO 


whence  it  'ollowi  [»•«  (12.1)],  that 

u 

Ualng  the  correlation  function  (4.10)  for  component 


-  -  k2£y.  ,  (*  -  1,2). 

-»  P3  •  .3 


(12-10) 


2C6\ 


r*  (?*)»•:  (p“)  -  — *4r-8(r  -  p")  . 

*  &  (2fT)3 


we  obtain 


zf 


o  9  +co  *<*  ^4  *p5 

*  -  \r\t*\2u  ff — .  - 

,C,A  u  2  2)(  2 

3  3MP3  3 


■  fcf?  ’  •  4»  „•*  -  *w»  -  .f , 


,4,  _  i2.  2 


2c°^'*klel  A  ^  +co  d«*4 

- - 3 - *<P{  -  PpSCpg  -  pp  /  "2  1 "  2  2  * 

(2*)3  11  2  2  -OB  I »:2  *  a2|2 


The  value  of  the  Integral  uaed  above  and  found  lu  Appendix  1  la 


+  00  dp' 

/ - 1 

-ec  |p 


•2  -  a2!2 

r3  *3 

ao  that  linally 
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j.rc. 


where 


•3I2(»?  -  •,)  h3|  t|/t(  -  Veil)  # 


6<r 


*^J(p:  -  pp^(pi  -  p">, 

(2JT) *  1122 


(?  - 
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(12.11) 


(12.12)  , 


k  k  ye^ 
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y.-. 

•  i 


ij 


ei 

Proa  (12.1)  and  (12.11)  lc  Immediately  follows  that  tha  correlation 
function  component  of  la 


3  “  cr(x'  '  ■ yM)' 


(12.13) 


The  ratio  (12.12)  between  tha  correlation  function  constants  of  the 
surface  and  of  tha  volume  can  be  given  a  ve^y  a  lapis  fora  If  we  note  that 


d 

1  -  1  ' 


(12.1b) 


where  d  la  the  thlcknasa  of  tha  plana  skin-layer.  By  virtue  of  (12.1b) 
formula  (12.12)  gives 


e  -  §• 


Introducing  tha  value  of  C  from  (6.13)  into  (12.12) 


(12.1?) 


t  .  wr3i  a*-  o  i  ~ 

Ai|g  - 'ou  k3ci|eiz  ou 

and  using  (12.1b),  we  obtain  the  following  value  for- tha  constant  (2  i 


e  .  s t,  jfikLi  x 

°  .  2  ,  _  .  W 


h2c|£| 


g  V Kl  t  (12  16) 

kc  lOLU  ’ 


In  the  domain  of  applicability  of  tha  Rayleigh -Jeana  lav,  when  I, 
we  have 


0(0 


sjL 


bir 


3  ' 


c  - 


(12.17) 


In  ronclualcn,  let  ua  emphasise  the  complete  analogy  between  tha 
emthoda  of  Introducing  the  lateral  fluctuating  field  lr  different  cases. 
In  all  caaea  this  field  la  introduced  Into  tha  corresponding  fora  of  tha 
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general Isad  Ohs'*  lav. 

Ia  th«  different 1»1  volume  form  of  this  lew  we  let 


t  - 

where  19  th*  COm pl#*  conductance  end  where.  In  the  absence  of 

external  microscopic  source*  (l.s.,  X  Is  the  potential  only  c’i  the  fluc¬ 
tuating  field), 

t  -  a,  *<*(?•)**  (?")  -  C*  s  (*'  ‘X”)$(y‘  -yw)«$(s* 

(12.10) 

The  boundary  conditions  (11.7)  c*»,  , according  to  (11.2),  be  re¬ 
written  In  the  sane  way  in  the  dlltencntiul  form  of  Oita's  law,  but  for 
-a 

the  surface  current  i 


1  "  VJT  V  A  ^  *  * 

Thuc,  **  the  surface  conductivity,  end  for  the  surface 


fluctuating  field  we  have 


yl  -  o:  <y  ^ (y’ -  y"). 

Finally,  for  quasi -stationary  currents  la  oat  works  consisting  of  quesi- 
llntur  (sufficiently  thin)  conductors,  the  starting-point  is  tbs  Integral 
fora  of  the  generalised  Oha’s  law,  into  which  is  Introduced  the  lateral 
Integral  fluctuating  ami  ^  , 

♦  4, 

_ illit 

* 

Here  1/7.  Is  the  admittance  cf  th*  network,  the  aeon  value  of  !• 

equal  t.o  saro,  the  lateral  eaf  In  ths  even -over  1  spy  In;  parte  of  th*  network 
are  not  correlated  between  thcwsslvss,  and  th*  spectral  intensity  of  the 
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integral  random  emf  (for  positive  frequencies)  Is  given  by  Nyqulst's 
formula,  deducible  from  (12  18)  (see  Chapter  V) 

21  ^  i«*2  "  R*  1  ' 

Section  11.  Radl.itlon  of  an  Infinite  Plane 

The  problem  to  be  studied  here  is  a  particular  case  of  the  problem 
of  radiation  of  a  medium,  occupying  a  half-space  (section  6),  but  with 
the  condition  that  for  this  medium  \  £\  »  1  The  solution  for  thla  par¬ 
ticular  case,  based  on  the  application  of  the  boundary  conditions  (11. 7), 
permits  a  more  accurate  clarification  of  the  Influence  on  the  result  of 
the  transition  from  conditions  (11  ”),  which  for  the  components  assume 
the  form 

-/?  k,  *  7“  h2  -  -sjT  ZC  x  , 

U-O),  (13.1) 

~f*  E2  *  -/«  H1  *  -  [IK  2 

to  the  limiting  form  (11.8) 

E1  “  *  ^  V  Z2  *  ‘  ^2  *  U3-2) 

Wa  (mat  now  Introduce  the  field,  o:  direct  interest  to  us,  in  the 
half-space  z  >  0  (vacuum).  Expanding  t* s  surface  lateral  field  into 
a  double  Fourier  integral  (12.1),  and  the  potentlala  l  and  H  in  vacuum 
according  to  plane  waves  [expansion  (12  I*'1  and  sbustitutlng  both  expan¬ 
sions  Into  condition  (13  1),  we  obtain  two  equatlors  for  component  v 

(t 3  -  k  •/£ )  v  -  -  k  m  l>2)-  U3  3) 


The  transverse  wav*  condition  constitutes  the  third  equation 


n 


Solving  thcae  equation*  for  v,  we  get 

%  .Vi  ■«  u  .  ,.2), 

*  V  (t  Vi  -  iv^n^y?  -  t-/i> 

U3-5) 

r-  >i*i**&?2 

v  .y£  — — - “ 

3  tjV^.  - 

using,  further,  the  correlation  function  (12.11)  for  ,  we  find 

--i  .  -  p{)<S(P2  -  ?•)  J - — - ““"g  ♦ 

I21rt2  11  2  2  1  -  k^  I 


***  *  *  fc^TT 

|.3V2  -VyCl2] 


(13-6) 


The  current  density  along  the  a -ax la  la  expressed  by  the  formula 
which  follows  from  (1.6)  and  (13*4) 


+  eo  i(t  -t*)a 

S<o3  “  "  4fTk  * 


(t^  +  t«)(T,  v*)  dpjdp^p'dp* 


Subatltutlng  In  here  (13.6)  and  taking  Into  account  that  t.  ♦  t*tfcO 

o  2^2  ^  ^ 

only  when  pg  ^  k  .  1.*.,  for  real  t^,  we  obtain  for  the  fora 

kc  (i  1  Pj  ,  (  1  1  1  .  . 

S  .  - /  t  J  - — - -~-o  +  - ZT“ - “p '■dP1dP2 

3  t2)D3  p^p^k2  3  -kV&  I  *kv^l  J 


Transforming  Into  polar  coordinate* 


•  k  *ln$coa  p  ,  pg  ■  k  ain  <2  ain  p  ,  ■  -  k  coa  &  , 

dp^dpg  «  k^  co*  &  tin  &  4  &  4  <p  ■  coa  £  d  XX 


•  • 


•  • 


•  • 
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then  give* 


to  3 


1L.C-&U1  r 


(?S03 


6<VC!2 


co#  # 


[it3-^-kV£j  it3- 


>#  w} dil' 


(13-7) 


Finally,  the  comparison  of  thla  expression  with  (5-7)  gives  the  In¬ 
tensity  in  the  direction  forming  the  Jingle  &  with  the  normal.  In  order 
to  convert  the  formula  for  the  Intensity  to  a  form  more  suitable  for  com¬ 
parison  with  (I.l*j)  --  the  expression  for  the  radiation  Intensity  of  the 
half-space  filled  with  the  medium,  we  shall  directly  substitute  the  value 
(12.12)  for  Q  .  We  finally  obtain 


cos 


x  .  tkULlfic  . 

"  8ir3 
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V€a{! 


\j*  COB0*  ‘Ye/t-i  |£.COs£ 


while  the  general  expression  (I.I5)  Ls 


CO 


k-'clg  -lriC  _  cos 


,-ir3 


8'ir 


C*-S 


l^u-cos^  |2  I  ecos^  J-^I2 


w^l2} 

(13-6) 


(13-9) 


eA 


-  sln2^ 


The  ccr>p«rison  of  the^e  two  expressions  shows  that  (13-8)  does  In 
fact  correspond  Co  the  case  |£|  »  1.  Neglecting  in  (13-9)  unity  and 
2 

sin  &  compared  to  £.  and  we  obtain  (13-8). 

Let  us  now  turn  our  attention  to  the  following  circumstance.  When 
deriving  (13.8)  we  started  not  with  (13  2)  but  with  the  mere  precise  bound- 
a~y  conditions  (13.1),  while  the  correlation  function  (12. 11),  which  we 
used,  had  been  obtained  with  the  help  ct  the  limiting  form  of  the  boundary 
conditions  (1'*  <c>  It  would  s e«  tr.at  la  all  cases  of  application  of  the 
correlation  fun*.. ion  i.'>.ll)  Sc  is  necessary  In  the  detenrine-t  Ion  of 
fields  as  well  to  be  bound  hy  the  conditions  (13-2)*  However,  this  is 
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not  *o.  Th«  f  ac t  la  chat  the  utllltaClon  of  the  more  precis*  boundary 
conditio'  Inf lue nc«  tie  evaluation  of  the  correlation  functions 

to  a  higher  degree  with  respect  to  1/'/?  ,  than  the  evaluation  of  Che 
field  (and  the  intensity).. 

If  wo  evaluate  ,1/^  ^  4:t  the  forts  of  an  expansion  In  Inverse  poewst 

of  ~/h  ,  utilizing  condition*  ti3.1),  then  it  happens  that  expression! 
(12.11)  remains  valid  up  to  terms  of  the  order  1/b  with  respect  to  diet 
principal  (taking  terms  of  dhia  order  into  account  the  form  of  ~t ^  fie 
complicated,  while  ^  mad  •<?  prove  to  have  been  already  correlated^ 

*■  *•»  j2 

On  the  other  hand,  if  eh*  expression  for  the  intensity  had  been 
derived  with  the  help  of  the  hwoodary  condition*  (I3.2),  then  we  would 
have  obtained 


.  Ale  lute  .  co.O _ ( ,  ,  _J — ! 

8/C3  ,«tV  -  Ve-fA  ‘°'£J- 


\Jf.t 


■•Tils  result  fellows  from  (IJ-?)  by  neglecting  in  the  denominators  (lj.ffj 
lesser  terms  with  respect  In  the  second  term  of  (I3.8)  such 

neglecting  is  vrHd  only  if 

i  el  »  I  /cu  I  * 

Irrespective  of  how  large  |  £  j|  »«y  bt,  for  anglas  £  close  to  •71 /2,  chii» 
condition  la  violated. 

Thus,  the  evaluation  of  with  the  more  precise  boundary  condition* 
(13.1)  corresponds  to  taking  £att-t»  account  the  next  order  with  reepeet  co* 
1/^/t.  ,  due  to  which  a  good  apyroximat ion  of  the  angular  dependence  of  tt 
for  all  angles  t  la  maintained.  The  corrslation  function  (12.11),  how¬ 
ever,  with  an  accuracy  up  to  tibe  correction  of  the  ordsr  l/A  remains 
unchanged,  l.e.,  the  same  as  z'.r  evaluation  with  the  boundary  conditions 

03.2). 

Ths  problem  of  equlllbrlase  rcdlatlon  in  a  plane  wavs -guide,  eolve«f 
for  the  radiation  from  a  volume  source  in  section  7»  1*  simplified  to  thm 


! 


t 

.  i 


tf? 

same  extent  «>  the  problem  «f  one-sided  radiation.  The  equilibrium  ra¬ 
diation,  which  ia  estafcllsHititi  In  apace  between  Che  ideal  mirror  and  the 
radiating  wall  an  1  which  lm  tChe  caymptotic  case  £  »  X  is  uniform  and 
isotropic,  does  not  depend:  am  the  wall  parameters.  Therefore,  any  time 
we  are  interested  specifically  In  equilibrium  radiation  (in  any  almost 
transparent  medium;  see  section  6),  we  can  take  a  body  having  a  sufficiently 
high  |  £  f  as  the  source  at  tattle  radiation.  The  proolcm  can  then  be  formu¬ 
lated  and  aolved  with  tho  b«Hq>  of  the  boundary  conditions  (13 .1 i.e., 
without  examination  of  the  ff-cld  in  tha  interior  of  the  radiating  body. 

We  shall  later  use  this  face.  «*hen  establishing  asymptotic  laws  for 
equilibrium  radiation  in  anisotropic  madia  (Chapter  IV). 

Section  lb.  Radiation  of  a  .Tip  he  re 

The  problem  concerning  mediation  of  a  sphera  whose  radius  a  is  large 
compared  to  the  skin -layer  etriickness  d,  but  can  be  in  any  ratio  whatever 
to  the  wavelength  X  in  the  wurrot.adlng  space  (vacuum),  has  a  series  of 
facets  not  davcld  in  interest  to  us.  In  contrasc  to  the  ceses  of  planes 
and  cylinders,  we  are  dealing:  .‘here  with  a  body  bounded  on  ell  aidea  which 
in  e  certain  scanner  Influences  the  effect  of  "diffraction  smoothing" 
of  the  field  structure  on  the;  surface .  Further,  comparing  the  solution 
for  the  cylinder  where  we  uaeid  an  arbitrary  £  with  the  solution  for  the 
sphere,  we  can  readily  convlnme  ourselves  of  the  extent  of  sisqpll  fleet  ion 
Involved  in  determining  the  eau-ernal  field  for  the  case  a  »  d  under  con- 
aide,  ^tlon,  when  it  is  poa a  ih  ie  to  utilise  the  boundary  conditions  (13*1). 
Finally  the  result,  which  jxurtniis  (at  least  in  principle)  determination 
of  thi  power  emitted  by  tha  spthere  for  an  arbitrary  ratio  of  radius  a  to 
waveletigth  A,  gives  a  conf lmuutioo  of  tha  general  expression  (10.21). 

It  la  sufficient  for  ua  ero  examine  now  the  field  exterior  to  the 
sphere  (in  vacuum),  satisfying  ft  he  uniform  equations 

curl  X  •  -  ilkaf  ;  curl  *H  -  lk  Y 
since  dlv  8  -  0,  only  two  fmunsmental  vector  functions  are  required  1  e 
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the  representation  not  only  of  H,  but  also  of  B.  These  ars 

K.  -  • 

"™  •  [“^ ««,  *£*§?■(*•%  *  nrs  "3)]  ,lMf  ’ 

whore,  In  accordance  with  the  radiation  conditions,  we  have 


(U.O 


*  -  y^“  <f  >•  /•“ 


(14.2) 


and  also 


.  arl"! 

p  -  pIm,(r >'  p‘  -“5®- 


(1^.3) 


i,,  1-  and  1  are  unit  vectors  with  respect  to  the  coordinates  R,  &  and 
1  «  3  j>  _* 

f  .  For  the  function  M  and  M  the  following  relations  are  satisfied 


curl  M  -  k  R 


curl  K  •  k  M  . 


Omitting  for  brevity  in  writing  tie  indices  a  and  n  in  the  fundamental 
functions  as  well  as  in  the  constants  we  have  the  following  solution: 


l  f 


B  -  £  £  (AM  +  BN), 

n«0  ■--n 

H  -  1  £  £  (AN  ♦  BM). 

n>0  »«-n 


(14.4) 


Let  us  note,  that  in  waves  with  amplitude  A,  there  does  not  exist  a 

-x 

radial  ctxf meat  B.  According  to  the  terminology  for  the  classification 
of  waves  end  waveguides,  these  are  transverse  electrical  or  Heaves,  rhey 


1„  J.  A.  Stratton,  Theory  of  electmoagnecisa,  section  7. 11.  We  are 
again  using  ccnplex  functions  (s^-*#’)  In  lieu  of  real  functions  fa 
cos  m  f  and  sin  a^f  in  Strettoa. 
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correspond  to  mission  of  magnetic  swltl-fle)  ds -  On  the  other  hand, 
waves  wich  amplitude  B  are  transverse  magnetic  or  8  waves,  emitted  by 
electrical  multi-fields. 

Solution  (14. 4)  must  satisfy  the  boundary  conditions  (13*1)^  on 
the  surface  of  the  sphere  R  ■  a  ( J:>  ■  of  ) 


Ve  e*  -  -ye 

Vs  *  -V*  - 


(1^-5) 


These  conditions  determine  A  and  B  in  terms  of  the  components  of  the 
surface  lateral  field  and  ,  for  which  we  have  a  correlation 

function  (12.13),  which.  In  spherical  coordinates,  becomes 


r •)  -  es+p 

(df  ,p  m  ) 


a2  sin  0 


(14.6) 


Solving  with  the  help  of  (14.6)  for  |A|2  end  |B|2,  we  find  tha  _ 

2  2 

emissive  power  of  the  sphere,  which  Is  expressed  In  terms  of  |a|  and  |B| 
as  follows: 


.2  ,  2n+l 

k  n«l  m»-n 


(n+1 

L] 

LL 

1 

to 

n 

i: 

(14.7) 


The  mentioned  evaluations  are  given  In  Appendix  V.  Their  result 
Is  tha  following: 

8ir2in  <o  r  , 

PUj  '  ■-  r~QiU  E  (2n  ♦  U-  - - - 2  ♦ 

k<*  d  n-1  trr  I"/*-  d **  1 

V* « *  — £r| 


1.  In  the  particular  esse  of  a  sphere  conditions  (14-5)  are  valid  with 
a  precision  up  to  terms  of  ths  order  of  ^  -  ^2  Inclusive  (S.  M. 
gytov,  JETF  i£,  180,  1940). 


» 


The  absorption  coefficients  do  not  depend  on  the  Index  m  no  that  ainming  | 
with  respect  to  m  from  -n  to  *n  gives  the  multiplier  (2n  +1}  under  the 
summation  sign  with  respect  to  n.  Therefore  the  susmatlon  in  (14.9)  in 
fact  extends  to  all  mutually  orthogonal  types  of  waves.  Ve  thus  again 
obtain  an  expression  of  the  fora  (10.21). 

In  examining  the  radiation  of  half -space  or  of  a  surface,  we  had  seen 

that  the  travelling  waves  participating  in  creating  the  energy  flow  are 

specified  merely  by  the  sufficiently  smooth  harmonic  components  of  the 

field  on  the  surface  of  tha  emitting  body  --  by  those  whose  period  is 

greater  than  the  wavelength  In  the  surrounding  space.  This  effect  of 

"diffraction  smoothing"  takes  place  only  for  an  Infinitely  extended  struc- 

lp  *• 

tur- :  If  the  diffraction  grid  having  a  transmittance  e  i.«  of  finite 
dimensions  then  even  In  the  esse  p»  k  (very  "thick"  grid)  travelling 
waves  will  be  present.  In  the  problem  of  cylinder  radiation  we  had  a 
mixed  case.  The  infinite  extension  along  the  cylinder  axis  leads  to  a 
"diffraction  smoothing"  of  the  field  structure  In  the  dirsctlon  of  this 
axis:  In  formula  (10.19)  the  summation  extends  only  over  the  space  wave 
numbers  h,  contained  within  the  limits  -k  and  »k.  On  tbs  other  hand,  the 
finite  transverse  dimensions  of  the  cylinder  give  the  sun  over  all  numbers 
n  of  the  azimuthal  harmony  from  -  CO  to  *  ,  i.e.,  as  many  as  one  wishes 

parts  of  the  field  variation  along  the  aslmuth  Introduce  their  contri¬ 
bution  Into  the  radiation  energy  In  the  case  of  the  sphere,  i.e.,  a 

body  bounded  on  all  aides,  the  "diffraction  smoothing"  Is  completely  absent 
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the  sun,  expressing  P^, ,  in  principle  extends  over  as  high  numbers  end 
orders  of  tessersl  hsrmonlcs  as  one  wishes.  Of  course,  the  specific 
weight  of  very  high  harmonics  is  very  smell  end  fsctuslly  n  Is  limited 
(the  more  so,  the  smeller  ka;  see  below),  but  a  sharp  boundary,  obtained 
In  the  cesee  of  planes  and  cylinders,  is  now  absent. 

As  lc  the  case  of  cylinder  radiation.  Individual  terms  In  (14.8), 
corresponding  to  different  types  of  waves,  are  not  physically  distinguish* 
able  end  only  the  entire  sum  taken  as  a  whole  Is  of  Interest.  Let  us 
clarify  bow  the  emissive  power  depends  on  Ov  »  ka.  We  shell  consider 
here  thet  the  sphere  radius  e  varies  at  s  fixed  frequency  00 .  Let  us 
Introduce  the  permnrter 

S  -  kdA  -  (1  -  1)  Vf  (14.10) 

end  let  us  suppose  chat  the  frequency  CO  lies  within  the  limits  of 
applicability  of  the  Raylelgh-Jeens  lew.  Then  fcnaul*  04,6)  gives  the 
following  expression  for  the  power  emitted  froai  e  unit  surface  of  the 
sphera 
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The  smaller  ok,  the  faster  does  the  series  converge.  For  d\«  1 
(hut,  at  the  same  time  dl  »  O  ,  since  s  »  d),  practically  only  the 
first  term  In  flower  brackets  for  n  ■  l  is  different  from  taro.  This 
term  corresponds  to  emission  of  e  magnetic  dipole  and  is  equal  to  o(  /2. 
Thus, 
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The  predominance.  In  the  case  of  e  smell  sphere,  of  the  emission  of  the 


V 


magnetic  dipole  over  the  emission  of  the  electric  dipole  la  explained  by 
the  fact  that  on  tha  aurfaca  of  the  aphare  are  Imposed  not  curranta  but 
alectropropulaiva  forcaa  (lateral  field 

Aa  oi  Increases,  tha  numbar  of  tanu  in  tha  aerlea  of  appreciable 
a Ixa  lncraaaaa  rapidly:  already  for  dL  »  3  It  la  necessary  to  take  teraa 
up  to  d  •  6  into  account.  For  ot  »  1  the  number  of  Important  teraa  In 
the  sum  reach* a  a  value  of  tha  order  of  oi .  Tor  tha  approximate  esti¬ 
mation  of  tha  aaynptotlc  value  (14.11)  we  a hall  proceed  as  follows:  for 


2«A  "a  +  1/2  (c*' 


lat  ua  use  tha  asymptotic  axpreaalon 
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and  let  ua  expand  tha  summation  up  to  n  «•  ,  where  jL  ■ — '  1.  Then 
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Tha  evaluation  baaed  ou  ffirenhoff ’a  lav  (aaa  section  15)  gives  In  the 
llmitlrg  case  under  consideration 


CO 


31T2 
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Thue,  to  improve  tha  accuracy  of  tha  reauit  of  tha  above  estimate,  wa 
must  let  712  -  4/3,  l.a.,  %  -  1.15% 

In  Fig.  3  are  ah own  tha  dependence  on  d  of  tha  quantities 
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According  to  (14.11),  these  quantities  represent  to  a  definite  scale 

foe  unit  (per  unit  surface)  radiation  Intensities  --  p  elves  the  rad la- 

n 

tion  of  magnetic  multi-fields  and  that  of  electric  multi-field*.  '/tie 
curves  have  been  constructed  up  to  "<*(  -  2.5  for  £  <  0.001.  Such  small 
S  's  begin  to  affect  the  values  of  p^  and  p#  only  for  o<  >  3,  so  that  the 
evaluations  have  been  carried  out  according  to  the  rather  simple  formulae 
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As  ot  Increases,  the  intensity  of  magnetic  emission  of  the  multi- 
fields  drops  monotonous,  y,  that  of  the  electric  first  increases  and  then 
drops,  passing  through  weakly  expressed  maxima  somewhat  shifted  to  the 
right  from  the  position  of  Its  own  values  for  elactrlc  oscillations  of 
a  sphere.  Starting  with  0.75,  P  exceeds  p  .  The  total  unit 

emissive  power  P  ■  Pm  *  Pe  approaches  the  value  pt-o  "  ~)(f  -  4/3  as 

CD  .  Thus,  for  a  small  aphere  ( cZ  1 )  tlio  emission  from  a  unit 
surface  Is  one -and -a -half  to  two  time*  the  Intensity  of  a  large  sphere 
(o(  »  1). 

The  approximate  boundary  condition#  (I3.I)  and  (13.2)  are  very 
often  applicable  in  the  radio-band  of  very  high  frequencies,  since  the 
skin-effect  is  here  sufficiently  well  developed  even  for  vanishing  con¬ 
ductivities.  An  important  particularity  of  most  of  the  problems  la  this 
field  Is  the  fact  that  the  propagation  of  waves  does  not  occur  In  free 
space  but  In  feeders  limited  by  metallic  walls  —  of  wavt-guidea  or  co¬ 
axial  lines.  Using  conditions  (I3.I),  let  us  examine  some  questions 

1.  Sea  J.  A.  Stratton,  Theory  of  electromagnetism,  p.  409. 
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concerning  thermal  radietslon  in  the  ultra  high  frequency  ttumtL. 


Section  1^.  Radiation  off  a  Partition  In  a  Wave  Guide 

u«t  a  flat  partition  (Fig.  k)  be  placed  into  the  cyllfcuffer  wave-guide, 
parallel  to  the  s-axia-  at)  <t he  *  -  0  section.  The  walla  off  tChe  wav#' 
guide  will  at  first  bar  swMiumad  ideally  conducting  so  that  anily  the  par¬ 
tition  constitutes  a  radiietion  source.  We  snail  further  anmuae  chat  the 
skin-effect  la  Che  material  of  the  partition  is  so  strongly  (developed 
for  the  frtqueocies  a>  under  study  that  the  boundary  conditions  ( 1 3 . 1 ) 
can  be  utlllxed.  The  Gixat  of  the  cross-section  of  the  wav«  jguide  is 
Halted  only  by  the  recju&xeaent  (1x1  ft  constitute  e  finite,  (continuous 
dona in. 

Let  the  potentials  cuf  L  end  H  of  the  electric  end  suigneiirAc  field* 
in  the  wave-guide  be  prapmrtlonal  tc  «  ,  A*  is  known, tChe  complete 

system  of  natural  waves  tesn  ba  represented  by  tha  joining  off  eavci  of 
two  types:  1)  electrical!  stx  transverse  magnetic  (E-e#avaa)},,  linr  which 
-  0  and  •  ^(«,y)#e  ,  where  ^  Is  some  kind  of  at  (natural 

function  of  Che  boundary  mroblam 
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where  the  condition 

$  -  0  (15-3) 

is  imposed  on  the  contour*  IT'  of  the  croaa-sactlon  of  the  waver— '.uide, 

2)  magnetic  or  cransverae-n-lactr lc  (H-vavea),  for  which  E^  *■  and 
”  "'£t*,y)e  f  where  la  the  natural  function  of  the  [boundary 

problem,  corresponding  ta  tChe  asms  differential  aquation  ( l “ -U  )  hut  with 

1.  See,  for  instance,  B.  ai.  Vedenskli  and  A.  C.  Aranberg,  Raiitto  Wava- 
guldea.  Part  I,  (M.  —  U..j  1946). 
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the  eomditlon  on  the  contour  r 
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(15-4) 


whom-  m  i is  the  normal  to  the  contour. 

LUit  tua  denote  the  natural  value*  and  the  natural  function*  for  K - 
uavea^,  respectively,  by  and  and  for  H-vav«a  by  and  . 

All  w.tunral  function*  are  orthogonal  between  thamaalvas  whoa*  normalisa¬ 
tion'  (tAoth  for  ep  and  Ip')  we  shall  sake  such  that 


r  /  &  5*  dx  dy  •  «5  S  . 
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vherr  £S  ils  ths  cross -sectional  area. 

Ths*  $«n«ral  solution,  consisting  only  of  those  waves  which  propa¬ 
gate  orr  attenuate  In  the  positive  direction  of  the  axis  s,  is  than  written 
In  the  ffota 
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tor  slapllclty  in  writing  v«  have  berr  aalttad  the  indices  m,  n  for  the 
function*  ^  Ch«  quantities  f£p  3C-,  (S' ,  yC ,  and  the  constants  A,  ft. 

An  easy  evaluation  (sas  Appendix  VI)  rives  the  tallowing  expression 
for  the  power  crossing  the  cross -aecc&na  of  the  wav# -guide. 

'«  •  x51*1'}'  (1V" 

Tba  prlne  <n  tha  suaaution  sign  indlcatcas  that  suaaac  ton  extends  only 
to  travailing  ("up-to-critical")  waver,  i.s.,  only  to  those  values  of 
■  and  n  for  which  /5  ini  A*  are  real  ([X  <  k  and  -jc'  <  k).  Thus,  it  is 
necessary  to  evaluate  |a|  and  ]b[^,  ett&rh  da  tv  mine  the  intensity  of 
individual  I  and  A  waves,  for  the  evaluierion  of  FtO-  To  this  end  one 
wuot  utilise  thu  boundary  conditions  )  on  tha  surface  of  the  plate 

V*  *,  >  y£»y  - 

(a  .  0)  '(15-0) 

V*-  *y  ' 


and  the  correlation  function  (12.13) 

(*\ y’)  -  ^  <$  £*-*■* )S(y-y*)  («*,£  ■  »,r). 

(159) 

uls  evaluation^  carried  o» ;  in  Appendix  WJ»  gives  the  following 
result: 
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Inserting  (lJ.lO)  into  ( 15-7)  end  substtraitli.j  the  value  (12.17)  for  (? 
(we  laaedlately  Halt  ourselves  to  the  aroe-quentias  doataln  %cl>  «  &  ), 
we  obtain 
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(I3.ll)  can  similarly  ba  rewritten  In  tha  font 


Ji&  V* 
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(15.12) 

It  la  not  difficult  to  underatand  tha  rlallarlty  of  fonsula  (I5.ll) 
and  exprasalon  (13.7)  for  tha  danaity  of  anergy  flow  f row  an  lnfinlta 
plana.  Evidently,  In  tha  1 lulling  cate  of  wcve-lengthe  ,  ao  avail 
cooper* d  to  tha  crote-eactlocal  dimension*  of  tha  wave  guide  that  tha 
approximation  of  geometric  optica  can  b«  aaauaad  to  ba  valid,  tha 
emission  of  tha  partition  must  coincl’a  with  tha  power  flow  which  would 
ba  sent  out  into  frea  half-apaco  by  a  plat*  of  tha  a cm  area,  material 
and  temperature  aa  for  tha  partition.  Lot  ua  convince  ouraalvaa  of 
thla. 

Within  tha  approximation  of  geometrical  optic*,  we  can  evaluate 
tha  Integral  radiation  from  tha  plate  of  area  S  into  half-epacs  by  alaply 
Multiplying  (13.7)  by  S.  By  further  aubatitutlng  tha  value  of  (?  '.«a 
(12.17)  into  (I3.7),  integrating  with  reapact  to  tha  azimuth 
(d XI  ■  ain£  d 5  d *f  ) ,  which  evidently  La  equivalent  to  Multiplying  by 
277#  end  using  relation  (14.10),  we  obtain  tha  following  axproaaion  for 
tha  integral  flow  of  posse?  from  the  plate  to  half -apace: 
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Tlii  first  pare  corresponds  to  wavaa  for  which  chn  slsctrlc  vector  ia 
parallel  to  the  plane  of  Incidence,  the  second  to  waves  for  which  this 
vector  Is  perpendicular  to  the  plane  of  incidence.  In  the  first  case 
there  exists  a  normal  to  the  plane  of  the  plate  constituting  the  vector 
E,  in  the  second  -  the  vector  H. 

Approaching  now  tha  examination,  under  the  suet  conditions  (small  X ), 
of  radiation  of  the  partition  in  the  wave  (vide,  we  ehell  take,  for  elm' 
plicity,  the  particular  case  of  e  rectangular  wav*  guide.  If  e  end  H 
are  the  sides  of  the  rectangle,  then* 


(-¥)*  ■  (4-V 


(15. n) 


for  X  «  ■  and  b  one  can,  in  (12.12),  go  from  eusnetlon  to  Integration 
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Further,  1st  us  introduce  new  integration  variables  d  and  <f  inataad 
of  a  and  n 


u  alndcos^, 


for  these  variables 


yl  ~  (  ■  coe  0,  dn  dn  -  ^  coa  6  sin  0d  £d^> 


Thus,  Integration  on  the  plane  (m,n)  over  the  quarter  ellipse  with 

2^  pu 

pcles  end  located  in  the  first  quadrant  ie  reduced  to  integration 

from  0  to  ^  for  <p  and  frem  to  0  for  &  .  In  the  result,  after  In* 

tegretlon  with  respect  to  f  (  i.e,,  multiplication  by  270  formula  (12.12) 

1.  BA.  Vsdenskll  end  A.  G.  Areuberg,  Kadio  waveguides.  Part  1. 
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gives  exactly  the  itet  expression  (I5.I3)  as  for  tha  radiation  of  a  plate 

loco  frea  half-spare.  Ttut  first  part  of  ( 1 5 .1 3 )  corresponds  thus  to 

E -waves.  the  second  to  H-vavas.  This  la  undsratandubla,  if  m  taka  Into 

-x 

account  tha  previously  Mentioned  disposition  of  tha  vector  K  In  tha 
waves  of  both  polarisations. 

Eraplng  in  m<»4  that  S  «  k^d  «  1(  the  Integral  entering  (15-13) 

can  be  evaluated  by  discarding  In  tha  denoninatora  tarns  not  contal&lng 

1-1  0^2 

■■gr  .  Then  tha  integral  equals  *-r—  and  we  obtain 
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(1515) 


It  is  this  expression  that  wr  had  referred  to  above  when  we  carried  ett 
the  estimation  of  thermal  radiant  power  of  a  cylinder  and  sphere  tor  the 
asymptotic  case  of  very  small  wavelengths. 

The  simplification  nade  by  us  in  tha  expression  under  the  inregrel 
sign  In  (I5.I3)  which  Means  that  in  (15.12)  we  preserve  only  the  lowest 
(first)  degree  In  &  and  in  (i5.ll)  --  the  blghaat  ln"\fs  ,  corresponds 
to  the  transition  to  the  limiting  for*  of  the  boundary  conditions  (I5.8), 
l.e.,  to  the  conditions 
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With  the  aid  ol  the  boundary  conditions  of  Leoi  covlch  (11.6)  It 
la  not  difficult  to  find  (see  Appendix  VI)  the  absorption  coefficients 
of  tha  partition  for  the  waves  E  and  I?  to  be.  respectively. 
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Therefore,  expression  (I5.ll)  fon  the  power,  which  the  partition  emits 
into  the  waveguide  at  a  frequency  U,,  can  be  written  In  the  form 


"NOTICE.  When  Government  or  other  drawings,  specifications  o< 
other  data  are  used  for  any  purpose  other  than  in  connection  ' 
a  Jefinitelv  related  Government  procurement  operation,  the  U.S. 
Government  thereby  incurs  no  responsibility,  nor  any  obligation 
whatsoever!  and  the  fact  that  the  Government  may  have  formul 
furnished,  or  in  any  way  supplied  the  said  drawings,  specificatio 
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in  any  manner  licensing  the  holder  or  any  other  person  or  cor; 
lion,  or  conveying  any  rights  or  permission  to  manufacture,  use 
sell  any  patented  invention  that  may  in  any  way  be  related  the 
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l.«>|  the  uyniiloo  la  reduced  to  tha  iam  fora  (10.21)  for  *to  for  tha 
casa  of  a  cylinder  or  aphara  In  a  fraa  apaca.  A  particularity  of  tha 
given  problem  ia  tha  flnita  number  of  Mutually  orthogonal  travailing 
v«vaa,  which  becomes  smaller  aa  tha  dimensions  of  tha  waveguide  croaa- 
aactlon  coaparcd  to  tha  wavalangth  becomes  anallar.  Hoamr,  tha  gaoarsL 
foraulatloa  of  tha  poaitloa  (10.21)  doas  not  solve  tha  question  what bar 
tha  union  of  tha  indlcatad  wavaa  la  flnita  or  infinlta.  Of  inportanca 
la  only  tha  fact  that  dlacuaaion  concarna  travailing  waves  (wavaa  parti¬ 
cipating  in  tha  tranaport  of  energy).  To  thla  ia  ralatad  tha  poaaibllitjr 
of  obtaining  (I5.I8)  on  tha  baala  of  claaaical  radiation  thaory  (section 
17),  aa  wa  ahall  aaa  latar. 

Lat  ua  also  nota  tha  following.  In  thla  chaptar,  all  derivation* 
ara  llnitad  by  tha  aaaunptlon  |  £  j  »  1,  l.a.,  thay  rafar  only  to  atrongly 
ref1  bodies  (mall  absorption  coefflc  Lenta  A).  Bo  waver,  aapraaalon 

(I5.I8)  ia  not  restricted  in  any  way  to  slxa-llMltatiooa  of  the  coeffi¬ 
cients  A  which  to  a  great  extent  appears  to  be  evident  but  will  ha  proven 
later.  Formula  (I5.I8)  remains,  thus,  valid  for  any  degree  of  agree- 
■ant,  also  whan  any  of  the  absorption  coefficients  is  equal  to  one.  foam 
confirmation  of  thla  can  be  obtained  in  tbs  analogous  fora  of  tha  result 
which  had  base  obtained  bafora  in  tha  radiation  precise  of  r  cylinder 
aade  of  a  arterial  with  arbitrary  alactric  parameters. 

In  conclusion  lac  us  axaalne  the  utility  of  foraula  (15.18)  In  tbs 
region  of  rather  practical  Interest  for  which  tbs  wavelength  is  com¬ 
parable  to  tbs  dimensions  of  the  waveguide  cross-section. 

If,  for  a  given  frequency  CO,  only  one  wave  type,  for  lcstaoce  H^q, 

Is  aubcrltlcal,  then  the  power  eaitted  on  this  wave  in  the  frequency 


Interval  dtdwlll  ba 


dW  -  MA*0df  (ul-2<f)  . 


In  tha  c^a#  of  a  concordant  radiator  (Aj^  -  l)  thla  power  Is  equal  to 
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Let  us  clarify  how  tha  summed  absorption  coafflclent 
< 

A  •  L  (A  ♦  A’  )  In  Chs  function  varlas  with  the  frequency  U).  In 

m  on 

m,n 

order  to  fix  all  characteristics  It  Is  sufficient  to  limit  one -self  to 
any  special  form  of  tha  crosa-sectlon  of  tha  waveguide.  Let  us  take  the 
rectangular  waveguide  with  a  *  2b.  Introducing  tha  parameter 
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For  copper  with  i  •  2  ci  wc  have 

§  106  . 


y  ■  6400  so  that  «  l  right  up  to 


Both  A  and  A' 
on  nu 


enter  the  game,  starting  with  a  xero  value  for 

2  2 

»  4n  .  But  •  he  absorption  coefficients  of  tha  H-waves  (A*  ) 
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grow  smoothly  while  the  absorption  coefficients  of  the  K'waves  (A  ) 


have  for  ^2  » 


2  ♦  Un2 


i  -  £/2r 

appearance)  a  very  pronounced  maximum  equal  to 


(practically  -  Immediately  after  their 


V5 


0.83.  In 


the  subsequent  decrease  in  A^  with 


yr 

view  of  the  very  large  values  ~y~  > 

increasing  £  Is  described  with  great  precision  by  the  corresponding 
(am)  terms  of  formula  ( 1 5 . 12)  If  In  itc  denominator  we  discard  unity. 
Concerning  the  coefflclenta  A^  (the  aecond  terms  in  (15-12)]:  in  them, 
for  any  value  of  one  can  always  discard  in  the  denominator  the  first 
term.  Thua,  the  approxbaate  formula  for  A  corresponding  to  the  boundary 


(condition*  (I5.I 6),  c*o  b*  written  In  tha  fora 


9  • 


»  • 


A  -  Y  (A  ♦  A'  ) 
mn  ran 

a,n 


t 


e'{  ,  ■  5  - 
“'"L  VS2  -  <-2  *  **n2) 


2  /  2 
t _ ~  1®  _ 


(15.20) 


v  ?  2  r 

othere  must  b«  taken  finite  and  equal  to  O.83  whan  •  a  +  4n‘( 

Let  ui  note  that  tha  difference  In  behavior  In  the  absorption  coeffi- 

(tdenti  of  B  and  H  wavea  when  varying  tha  frequency  la  related  to  tha  fact 

tt.+utt  In  the  purely  complex  £,  t.e.,  In  tha  material  of  the  partition, 

amly  electric  loaaea  take  place.  For  complex  /t-  and  real  £,  the  ab- 

swrptlon  coefficients  A  will  change  smoothly  with  frequency,  but  sharp 

rauudma  will  appear  only  for  the  coefficient*  A1  .  In  the  genari  1  caae, 

wHien  £  and  jjl,  are  complex,  the  picture  will  be  rather  complicated  alnce 

tube  behavior  of  A  and  of  A*  will  depend  not  only  on  the  thlcknaac  of 
ran  cm  r  7 

ttltie  akin-layer,  but  also  on  the  ratio  of  loaaea  of  both  forma. 

Jn  the  rectangular  waveguide  for  E  waves  not  one  of  the  indices  m 
anid  n  can  be  equal  to  aero,  but  for  H  wavea  only  one  of  the  Indices 
Oian  equal  aero.  Therefore  formula  (15.20),  upon  writing  out  eoow  of 
ertte  first  terms,  has  the  following  form 


A  J 


ji2  -  5  Vs2  - 0  t2-  «  ^ 


dn) 


<«2i> 


<V 


(Ki2) 


V^2  - 1  vn  -  4  Vg2  -u 
z  *  z  *  1  * 


<H10> 


<H0l> 


(Hn) 


£ 


I  •  • 


t  .  «*  ,• 


I.  .  •  -• 


L  *  • 


A.  A.  Vedenskll  and  A.  C.  Arcnberg,  Radio  waveguides.  Part  I. 


•4  Q 


’-03 


Doctor  ewdh  of  the  froctlonj  tba  vmc  Type  la  indicated  In  brackets. 

Fig.  5  attowa  th*  dependence  of  A Tf  an  B,  for  V  »  1000.  Under  the  abaciaaa 
are  lndiu^ated  tha  wava  types  beeomttng  "aub -critical"  for  corraspondlng 
values  otf  Tha  halghc  of  tha  shsetp  amxlina  equals  830 .  ♦  value  of  tha 

ava  of  ettw  remaining  tarma  for  a  givwm  Thus,  these  maxima  go  far 

beyond  cihe  boundaries  of  the  giuph_  Tba  dotted  line  represents  tj*a 
curve 

*/  • 

corr  as  poinding  to  tie  approximation:  «£  geometrical  optics,  l.e.,  to 
formula:  ((13.) 5).  In  the  cense  of  CE5-^5)»  this  curve  gives,  for  suffi¬ 
ciently  lLargt.  Bj  ,  tl»i  value  of  k¥  ewrraged  over  tha  Interval  which, 

being  highly  monochromat tc  (  A  £  «  ),  includes  at  tha  same  time  a 

large  another  of  tha  peaks  of  tha  svmcat  curve  A  Y,  l.e.,  a  large  number 
of  wava*  ttyrpaa. 

Section  j-cS..  Cylindrical  resonator 

In  dhe  previous  aection  wa  warm  Interested  only  In  tha  energy  flow, 
created  lln  the  waveguide  by  tha  "notary"  plats.  Thia  flow  la  entirely 
determtucitl  by  travelling  (aub -critic*! )  waves  and,  consequently,  if  tba 
croaa -tuuKt'ion  of  the  waveguide  Is  sot  small  that  at  the  frequency  tO 
under  acu«Uy  travelling  waves  are  lmpwmible,  emission  at  tha  wavelength  C O 
will  b«  aUuiont  ( F m  0) .  But  tha  p*crtltion,  besides  creating  t)w»  tra¬ 
velling  under  all  conditions  also  creates  non-uniform  (supra- 

crltlcal))  waves,  which  do  not  psrtlctpste  In  energy  transport  and  drop  out 
of  the  «rtor*reasion  for  .  The  unlaro  of  theso  non-uniform  wavea  does 
not  repra»ent  anything  else  but  a  cftarrmal  quasi -stationary  field,  com¬ 
pletely  analogous  to  tha  field  of  own-uniform  wavea  In  the  previoualy 
studl  ;ct  omsea  of  radiation  of  half  space  or  of  an  Infinite  plana.  A a 
waa  alr-mdy  mentioned,  everything  cornceming  this  quasi  -stationary  field 
lies  cowp.l«tely  outside  tha  bounds  o!  the  classical  radiation  theory. 

On  the  ai:.i»r  hand,  tha  energy  ralactnna,  connected  with  tha  travailing 


v«ve«,  can,  under  certain  circumstances,  be  obtained  by  classical  methods. 

It  la  thsrefora  of  a  certain  interest  to  study,  from  the  point  of 
view  of  the  fluctuation  theory  being  here  developed,  the  question  concerning 
the  structure  and  energy  of  the  thermal  field  of  the  "noise  making"  plate 
and,  in  particular,  to  sxamlne  the  relation  between  the  result  (I5.I9) 
a  i  the  theory  of  energy  distribution  according  to  degrees  of  freedom, 
l.e.,  according  to  natural  oscillations  of  the  closed  conservative  system. 
For  such  a  system  we  shall  take  a  cylindrical  resonator  *-  a  segment  of 
the  waveguide  between  the  partition  and  an  Ideally  reflecting  piston, 
located  at  acme  distance  f*om  the  partition.  Since  the  waveguide  walls 
are  assumed,  as  before,  to  be  Ideally  conducting,  vuch  a  resonator  will 
be  the  closer  to  conservatlvenesa,  the  higher  the  conductivity  of  the 
plate . 

And  thus  the  conditions  of  the  preyioue  problem  ere  changed  in  the 
respect  that  ec  a  distance  .&■  from  the  partition  is  located  an  Ideally 
conducting  piston  (Fig.  6).  In  the  space  between  the  piston  end  the  par¬ 
tition  e  system  of  waves  la  established,  which  it  made  up  of  a  superposition 
of  "straight"  waves  (I5-6)  (travelling  and  non-uniform]  and  "counter" 
waves  of  analogous  structure.  The  total  potentials  will  be  expressed 
by  the  sum  (15-6)  and  the  corresponding  terms  for  tlx:  counter  waves  which 
differ  from  (I5  6),  firstly,  by  an  opposite  sign  for  @  end  *  and, 
secondly,  by  other  constants:  Instead  of  A  and  B,  we  shall  have,  respective¬ 
ly,  C  and  D. 

The  total  field  energy  ,  contained  in  the  resonator  cavity,  la 

X 

457  ■/<**/  uti  d*  (16.1) 

V  0  5 

where,  according  to  (2.1i ) 

tt<0  “  iV  l  “*  *  ™*3  *  06.2) 

Since  all  the  evaluations  are  basically  a  repetition  of  those  carried 
out  in  the  previous  section  and  in  Appendix  VI,  we  shall  give  l*re  only  e 


general  description  of  the  avaluatlonal  procedure* 

Using  the  orthogonality  conditions  (15.")  end  formulae  (Vl.l)  end 
(V1.2),  it  cen  be  ahovn  that  the  energy  density  per  unit  length  of  re¬ 
sonator  Is 
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For  brevity  in  vrltlng,  the  Indices  n,n  have  again  been  dropped  in 
/9  ' ,  y,'  and  in  the  constants  A,  8,  C,  D. 

Tram  the  boundary  conditions  on  the  surface  of  the  partition 

(■  -0) 

•V^*y  ’  'VP'**  "  * 

and  on  tt<  eurfaco  of  the  piston 

I  -  B  -  0  (e  -X  )  , 

«  7 


The  following  value*  of  th*  ccnatant*  w«  determined: 


where 


A  -  k-^ZJu21.9^  ♦  1)  ♦  pVEt-21^  -1) 

A*  -  ♦  1)  ♦  Yift.{.21?'1  -  X). 


(l 6.k) 


Trom  these  expressions,  using  the  correlation  function  (lj.ll), 
wj  find 

m2 .  i^p  .21<  0  -  e*>  ,  ,T.  -  |7p  .2‘  . 

.  jdUBJjJ  ,  .2K  *>•-  ?■*)-«, 

«io.r 

*Ia  *1 

Substitution  of  these  values  Into  (16.3)  gives 


v  .l&Lfi 

<o  2  IT 


L  z  {•?££*( 

«,nL  i  a  i2  \ 


(2k2  ♦  (3(p*  -  £)J  cos  (0*  -  fS)(s  -£)  ♦ 


+  [2k2  -  ?  ( (3*  ♦  (3»  cos  (  0*  ♦  (3  )(i  -  £  ))  ♦ 

-l(  9  •*-  #*)£  / 

♦  * - ~2 -  (l2k2  ♦  P'(  0,#  -  p *)  1  «<>•  (  £’#  -  ?')(*  -£)  - 


■>}• 


‘  -  [2k2  -  jS’(  fT*  ♦  (S'))  cos  (£**  ♦  $*)(«  -£  ) 

Let  os  now  separate  the  teres  with  reel  values  for  {}  and  fi'  (sub- 
crltlcal  waves,  for  which  >*  end  are  less  than  k)  from  the  teres  with 
Imaginary  values  for  fi  sod  fl'  (ooa -uniform  waves,  for  which  "H-  and 


ara  grsatar  than  k),  ud  to r  tha  lattor  wa  afcall  introduce  tha  notation 


£  •  i«t  -  I'fiT*  -  k2,  p'  m  lot*  -  tyW2  -  «2  •  (16.5) 

Va  obtain 


%J  "  va>wav«a  +  V)  qua*  * 
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tovavaa  'TT*  „^n( 
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vhsrs,  according  to  (16A) 


_  K2  -  X,ggo.h  a 

i<n2  J 

(16.6) 


lAl2  -  ^co.^i^.in^2, 

1A*|2  -  ♦  lk1/Z*l*p*X!2, 

l^l2  •  k|k]^Teosh<*.4  -  lok^fr  ainhot^  |2,  (16.7) 

15*1  VTcoahoC^  -  kVE’ainh*'^  |2  . 


Lat  ua  axstalaa  first  tha  llnaar  energy  density  of  tha  quasi 'Stationary 
fiald  Tha  presence  of  tha  l<aally  reflecting  piston  doss  not 

Intro  dues  bar*  anything  principally  os v  and  only  complicates  tha  picture. 
Since  non -uni  fora  vmi  rapidly  voahan  with  withdrawal  frees  tha  "no  Isa 
producing"  partition,  vs  can  raturn  to  tha  caaa  of  an  unbounded  vs vs guide, 
lotting  J*  m  00  .  Press  (16.6)  and  (16.7)  «■  thcA  obtain 


Mquaa 
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k'V^”  i*Ycr  1  lat' -^ST-kyfc 


(16.8) 


Lat  ua  mind  ourselves  that  tha  douhla  pr Ins  on  E  naans  that  a 


tion 


extends  over  those  value*  of  -  end  n,  for  which  fC  and  )£'  are  greater  than 
k.  Thus,  the  sum  (16.8)  has  r.o  upper  boundary  and  this  permits,  for 
estimating  (16.8),  to  go  over  froa  susesation  to  integration.  The  corres¬ 
ponding  evaluation  is  done  for  a  rectangular  waveguide  (which,  of  course, 
is  immaterial)  in  Appendix  Vll  and  gives  exactly  the  same  result  as  was 
obtained  before  for  the  energy  density  of  a  quasi -stationary  field  in  the 
case  of  an  infinite  plana  boundary  of  a  well  conducting  medium  (Appendix  l). 
In  particular,  for  very  large  distances  from  the  partition  in  the  wave¬ 
guide,  when  kx  »  1  IS ,  where  6  »  k/od  «  11  the  approximate  expression 
v&>quas  Prove*  to  be  the  saws  a*  for  very  soul!  distances,  when  k x  «  S' . 

In  these  two  limiting  cases 


Wn)quaa 


U0(u 
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s 

0W  4 k3x^A*d 


(ki  »  l/S  and  ki  «  f  )  (16.9) 


In  the  domain  k*  «  S'  ^  the  increase  in  w,.  _  follows  the  law  ^»l/sJ 

W  <(UII 

[this  result,  established  in  Appendix  I,  cannot  be  obtained  in  the  approx¬ 
imation  examined  here,  l.e.,  by  use  of  the  approximate  boundary  condltlona 
(I5.8)],  and  for  distance*  comparable  to  the  correlation  radius  a  of 
the  lateral  field  ,  the  increase  of  ss  s  — p  0  Is  limited  by 

a  value  Inversely  proportional  to  a^. 

If  the  transverse  dimensions  of  the  resonator  era  so  small  that  for 
the  frequency  U)  under  consideration  travailing  waves  sr*  not  posslbls 
[the  sum  £  in  (16.?)  doss  not  contain  a  single  term),  then  only  a  thermal 
quasi -s tat lonary  field  will  be  present  at  this  frequency  in  Che  resonator. 
Assuming  this  case  not  to  take  place,  1st  us  now  examine  the  first  sum 
(I6.7).  The  energy  density  of  the  sub-crltlcal  S  end  H  waves  entering 
lt  Is  not  extinguished,  but  oscillates  along  the  resonator  axis  (standing 
waves).  Therefore,  the  total  energy 


U 


iv  waves 


w  da 

<*>  waves 


contains  a  term  proportional  to  the  resonator  length  which  Is  obtained 


109 


from  the  constant*  (independent  of  t)  of  the  Cora*  la  £  and  which  is 
predominant  at  ouff lclently  high  JL  .  It  equal* 

0  ,  ULLSJlI  e’/_i__+_i — \ 

*  **  -a-lUl*  |A*I  0 

or.  In  view  of  (I6.7), 

u  .  ullG?/,  £*/ _ i _ +. 

40  ^  *,n|  jk^coa  +  1  jff  V?  eln  (fl)2 

♦ - 1 - -V.  (16.10) 

\  p'yjZco*  P'£  +  Iky?  >ln  p*£-l  J 


A  chang*  in  CO  cauaa*  the  apectrel  density  of  th«  total  energy  0^ 
to  go  through  minima,  alternating  with  maxima,  which  correspond  to  tha 
natural  fraquancle*  of  tha  raaonator.  Tha  maxima  ara  tha  higher,  a harper 
and  cloaer  in  frequency  to  the  value* 

f^X  -  •ft,  •  eTT  (•  -  1,2,3,...), 


the  ataaller  the  attenuattoa  In  the  plate,  l.a  ,  the  clcaer  tha  whole 
ayatam  la  to  being  conservative. 

Let  ua  examine  tha  behavior  of  in  the  vicinity  of  tha  resonance 
of  any  wave  E^,  L.e.,  In  tha  vicinity  of  the  maximum  of  the  m,n-th  term, 
standing  In  (16.10)  at  tha  firat  place.  Since  the  wave  type  and  tha  value 
of  a  and  n  are  fixed,  we  a hall  for  simplicity  In  writing  omit  a*  before 
the  Indices'  n,a.  Let  Y  denote  the  quentlty 

*  •  &  -  r”/1  •  (■*)*  • 

Cue  to  Che  emallntac  of  S'  -  k^ud,  tha  quantity  Y  la  very  large  already 
at  very  email  deviation*  of  the  atudled  wava  from  tha  critical  frequency. 
If  we  uee  expression  (12.1;  )  for  &  : 


j'mai Tv  -hw; 


can  be  written 


Ch*n  the  ten  of  0^,  corresponding  to  the  wav#  1^, 
In  the  fona 


rrUu  i _ # 

k2 £  0t°  j coa  fi£,  +  (l  ♦  1)  Y ain  p£J2 


(16.11) 


Fot  1  "-je  Jf  ,  t be  raaooanca  marina  of  this  expression  ara  ao  sharp  Chat 
y'  a.'  l  it  :an  ba  considered  a a  conatanta  In  chair  vicinity,  and  only  tha 
variatl--  of  tha  argument  P^  of  the  aina  and  coaine  need  ba  takan  into 
account.  Maxima  occur  at  frequencies  for  which 

ain  2^./^  -  1/jf,  coa  Z  pi  1  -  l//2  . 

We  a hall  danota  tha  reaonanca  value  of  all  quant  it  lea  by  tha  index  0. 
Let  ba  ooa  of  the  reaonanca  fraquenciea  In  wboae  vicinity  wo  ara 
intaraatad.  For  brevity,  lat  C-P^  .  Cloaa  to  resonance,  i.e.,  for 
amall  £  -  (16.11)  becomes 

(  a*  ^jog) 

In  evaluating  tha  energy,  attributable  to  tha  natural  atandlng  wave 
of  frequency  Ct)Q,  the  laat  exp re a a  Ion  oust  ba  integrated  with  respect 
to  CJ  across  tha  width  of  tha  resonance  naxiaum.  In  view  of  its  sharp' 
eve  a  a  It  can  in  this  matter  expand  the  integration  Halts  from  -  CO  to 
+  oo.  In  the  limit,  in  tha  transition  to  tha  final  result  as  |gj-^OC 
(ideally  conducting  partition,  l.a.,  consecutive  system)  tha  error  will 
tend  to  xero. 

From  tha  relation 

5  '  £>  •  »£•*>><*  ■  <Va  ‘  Vk*  -  *?>/ 


1  ♦»*;<§ -fo> 


Consequently,  the  energy,  attributable  ttx>  tthe  natural  wave.  Is  aqual  to 
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of  the  "noisy"  partition.  Thaaa  results  main  valid  aven  In  tha  Halting 
case,  whan  tha  partition  la  ideally  conducting,  so  that  tha  raaonator 
represent*  a  conservative  system,  deprived  of  emitting  source*.  Tha  oqui- 
librlua  state  --  when  It  la  established  —  will  also  In  this  case  corres¬ 
pond  to  (16.12)  and  (16.13).  The  question  merely  consist*  of  this:  how 
much  time  will  be  required  for  the  establishment  of  equilibrium.  This 
time  can  be  estimated  as  follows. 

Let  us  assume  that  the  partition  is  covered  by  an  ideally  conducting 
screen  and  that  in  tlm  resonator  cavity,  now  entirely  surrounded  by  Ideally 
conducting  valla,  chore  la  no  radiation.  Let  the  screen  be  removed  at 
time  t  ■  0.  Radiation,  representable  by  superposition  of  K  end  H  waves, 
will  begin  to  propagate  from  the  partition.  Let  us  examine  the  establish¬ 
ment  of  the  E  wavs.  The  phase  and  group  velocities  of  this  wave  are, 
no 

respectively. 


(16.14) 


The  traversal  of  the  wsve  from  the  partition  to  the  piston  and  back 
requires  th*  group  time  m  m  2*/*^  -  With  each  reflection  at  tha  plate 
tha  energy  of  the  wave  decreases  in  the  ratio  (l  -  A  ):1,  where 

■m 

A^  *  2k6‘/(B|#a  l*  th*  limiting  (for  |  £  |  »  1)  value  of  the  energy  ab¬ 
sorption  coefficient  of  this  wave. 

Let  a  be  the  number  of  traversals  sf'er  which  the  v< /*  energy  becomes 
negligibly  small  compared  to  the  Initial  energy,  l.e.,  (1  -  A^)*  «  1. 
Evidently,  it  can  be  assumed  that  s  1/A^.  Thus,  the  ".ism  of  establlsh- 
sasnt  for  the  wave  E  according  to  the  order  of  she  quantity  will  be: 


Em  m  zL  .  .  A.  m 

-mn  ^ 


F 


i 

( 
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This  quantity  does  not  depend  on  m  and  n,  l.e.,  it  is  the  same  for  all 
types  and  cumbers  of  wevas  and  can  therefore  be  taken  as  tha  general  time 


m 


of  establlshmsat  of  chs  equilibrium  state.  Th«  order  of  T  la  the  iom 
aa  chat  of  che  claw  of  aatabllshment,  determined  by  the  taeen  quality  of 
the  resonator  (without  taking  the  wave  type  into  account).^ 


Section  11 


Wavegulc 


Klrchhoff *a  Law 


We  have  aeen  that  for  a  bounded  and  almost  conservative  system  -- 
for  a  resonator  —  a  theorem  is  obtained  in  the  asymptotic  case  £  »  X 
[when  In  (16.6)  one  can  neglect  the  lncerferancc  oscillations  of  the  en- 
eegy  density  along  th^  resonator  axis  a]  concerning  the  distribution  of 
energy  according  to  the  degrees  of  freedom  in  its  quantum  or  classical 
form,  depending  on  the  relation  of  1ft.  i  and  ty  .  An  important  requirement 
for  this  result  la  the  presence  of  sub-critical  (travelling)  waves,  ca¬ 
pable  of  forming  In  che  cloeed  apace  a  system  of  standing  waves,  which. 

In  turn,  represent  the  superposition  of  the  natural  clectraaiagnetlc  os¬ 
cillations  of  the  cavity  under  atuo'y.  It  is  not  difficult  to  understand, 
that,  under  the  fulfillment  of  the  Indicated  requirements,  a  reverse  path 
la  possible  --  from  the  theorem  concerning  the  energy  distribution  accord¬ 
ing  to  degrees  cf  freedom  to  the  law  (10.2)  for  the  emissive  power 


(17-1) 


l.e..  It  Is  possible  to  derive  this  general  expression  on  the  basis  of 

the  classical  theory  of  radiation,  whereas  this  expression  had  previously 

been  obtained  by  means  of  a  straight  electrodynamic  evaluation  of  the 

radiation  in  a  series  of  concrete  special  cases  - -  cylinder  (section  10), 

sphere  (section  14),  partition  in  a  waveguide  (section  15).  A  classical 

derivation  (I7.I)  of  this  type  can  be  given  if  the  Initial  derivation  of 

2 

Nyqulst'a  formula  is  generalised  in  s  corresponding  manner. 

1.  See  J.  Slater,  Electronics  of  ultra  high  fraquenctes,  p.  (Ed. 
"Soviet  Radio",  M.,  1^8). 

2.  H.  Nyqulat,  Phye .  Rev.  32.,  110,  I928. 


Let  u»  remind  ourselves,  thac  In  Nyquist's  4e rivet  Ion  two  ohmic 
reslstsnr.es  R  ere  examined,  connected  by  sn  ideal  double  transmission 
line  with  wave  resistance  ";/l/C  -  R  (rig.  7).  Thus,  energy  exchange 
between  the  resistances  takes  place  by  means  of  waves,  created  In  the 
lines  of  each  of  the  resistances  R  and  not  experiencing  reflections  In 
view  of  complete  agreement  of  the  lines  with  the  loads.  If  at  some  moment 
both  ends  of  che  line  are  shortened,  then  there  will  be  la  the  line  "cap- 
cured'4,  travelling  towards  one  another,  waves  with  different  frequencies  Uf . 
The  system  of  standing  waves  with  frequencies  lying  in  the  interval 
(<V,  tU  +  d(0)  can  be  looked  upon  as  a  superposition  of  those  natural 
oscillations  of  a  distinct  segment  of  the  1  It*.  £,  whose  frequencies  are 
contained  In  this  Interval.  Applying  to  these  natural  oscillations  the 
theorem  of  equl-parcitlon,  Myqulst  finds  the  power  which  is  sent  Into  the 
line  by  the  emitter  In  complete  harmony  with  it,  namely  (,  dut/2 JT  «  kT  df. 
This  expression  is  thus  proven  for  a  special  form  of  the  line  and  lor 
the  so-called  principal  waves.  The  problem,  in  essence,  consists  of 
proving  this  expression  for  lines  (single  channel)  of  arbitrary  form  and 
for  any  types  of  waves  possible  In  such  a  channel  end  not  only  for 
principal  waves  which,  in  the  general  case,  could  also  not  be  possible 
(wave  guide).  In  connection  with  this  It  Is  necessary  to  cake  into  account 
the  dispersion  and  the  difference  between  phase  and  group  velocities. 

Let  us  note  thet,  given  the  mentioned  proof,  we  solve  the  whole 
problem  since  the  validity  of  the  expression  F  ■  fi  A^/^TT,  or ,  in 
the  general  case 


P 

u/  mo 


21 r2!, 


QU) 


(17.2) 


for  the  power,  emitted  by  any  (non-harmonlced)  emitter,  can  Immediately 
be  derived  from  the  requirement  of  the  observation  of  thermal  equilibrium 
in  eecb  r. «ctr«l  interval. 

In  fact,  let  emitters  ba  placed  In  tha  cross-section  of  lines  A 
and  B  (Fig.  8),  completely  harmonised  with  the  lines  at  frequency  to  on 
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eh«  wave  of  some  typo  and  number  (m,n),  i.e.,  not  reflected  by  this  wave . 
Lat  ut  placa  batvaen  than  a  (ion-harmonised  emitter  C.  Let  the  power  emit¬ 
ted  by  It  at  frequency  to  and  on  the  wave  (a,n)  be  P^ ^  d  u),  and  lta 
reflection,  absorption  and  transmission  coefficients  be,  respectively, 

R _ ,  A  and  D _  (*  A _  +  D  •  1).  Let  us  examine  the  space  between 

tnn  on  am  am  am  mn 

the  non -harmonized  emitter  C  and  B.  From  B  wa  have,  according  to  assunp- 


tlon,  the  energy  flow 


d to.  The  energy  flow  from  the  non-haraon- 


ized  emitter  C  toward  B  Is  composed  of  the  power  F. .  d emitted  by  C 

(Own  u'  o-r,o. 


and  also  of  the  radiation  from  B  reflected  by  C.  l.e.,  R  •  — - — —  < 

'  ’  ma  k2 

and,  finally,  of  the  emission  from  A  transmitted  through  C,  l.e., 

2^0u) 

D  _  •  - - ^  dW.  At  equilibrium,  the  opposite  flows  must  be  equal 


“  {'• 


2Ti-2r 


.){  d m 


from  which  (17.2)  follows.  Thus,  the  problem  Is  In  fact  reduced  .0  the 
general  proof  that  the  harmonised  emitter  sends  into  the  line  at  fre¬ 
quency  U>  and  on  the  wave  (a,r)  the  power 

(i73) 

The  phase  and  group  velocities  of  travelling  waves  e^Wt  in 

any  Ideal  line  (waveguide  or  line  with  return  transport)  are,  respectively 


2  2  - 

.  i-  m 

v  CO 


Cl7» 


V2  2 

k  -  Ps  ,  and  yt>  Is  the  natural  value  of  the  double  boundary 
problem  (of  the  membrane  whose  fora  coincides  with  the  form  of  the  cross- 
section  of  the  transfer  line  and  which  has  either  a  free  or  fixed  contour) 
We  egaln  assume,  thst  In  the  cross -sect  Ions  of  the  line  A  end  B  (Fig.  8), 
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separated  from  each  ocher  by  a  sufficiently  larga  dlstanca  i,  ara  place** 
emitters,  completely  harmonised  with  cha  llna  at  a  frequency  on  the 
wave  with  the  natural  value  TC'  _  (abbreviated:  -wave). 

Ac  soma  moment  we  place  at  aectlcna  A  and  B  Ideally  reflecting 
acraana  and  the  raaultlng  union  of  opposed  travelling  waves  of  different 
types  and  Quasars  wa  regard  as  superposition  of  natural  oscillations  of 
the  created  volume  resonator.  The  natural  frequencies  of  the  resonator 
ara  distinguished  by  the  requirement  that  an  Integral  number  of  half 
waves  corresponding  to  these  frequencies  be  contained  between  A  and  B, 
l.e.,  by  the  condition 


P 


f 


k2 

*  anas 


^  (e  -  1,2,3,..-) 


whence 


-  -V ® 


♦  *. 


(175) 


(17-6) 


On  the  plane  with  coordinates  (3  m'iT s /£  end  )C,  an  imagined  point 
in  the  first  quadrant  corresponds  to  each  natural  frequency.  In  the 


direction  of  the  sals  of  abscissae  these  points  aru  distributed  with  a 
da  Q 

Concerning  their  abundance  in  the  direction 


constant  density  . 


of  the  axis  of  ordinates,  -•  it  is  easy  to  determine  it  for  sufficiently 

large  values  X-  from  the  asymptotic  behavior  of  the  natural  values  of 

the  "membrane".  Namely,  the  number  of  these  natural  values  afr  .  not 

2  ** 

exceeding  3 C,  approaches  with  increasing  x,  Sx>  AlTi  where  S  is  tbe  area 
of  the  "membrane",  i.a.,  the  area  of  the  crosa -section  of  the  transfer 
line. ^  If  we  take  into  account  both  forms  of  the  boundary  conditions 
for  the  contour  of  the  "membrane",  i.e.,  take  into  account  both  I  and 
H  waves,  then  the  mentioned  quantity  oust  be  doubled.  Thus,  in  the 
interval  d OC  for  large  -70  ere  contained  ^3.  d  -jc  natural  values,2  and 


1.  R.  Courant  and  D.  Hilbert,  Methods  of  Mathematical  Physics.  Vol.  I, 
.  Chapt.  VI,  section  4  (M.  -  L.,  l?5l). 


2.  It  is  not  difficult  to  understand  that  the  proportionality  of  the 


I 


hair  number  In  the  elamsnt  dptdp 


dZ  -  j^,xdx< U  . 

TC 


(I7.7.) 


According  to  (17 .6),  to  a  given  value  cu  corresponds  a  quarter  circle 
of  radius  to/ c  on  the  plane  (  lying  1“  tint  quadrant  (Fig-  9>- 

At  the  momsnt  we  are  Interested  only  in  wavea  of  the  X'mn-t7P* 
with  frequenc lea  in  the  interval  {u,*0+«a>).  The  number  of  natural 
oscillation*  for  fixed  OC  tor  which  the  frequencies  lie  In  the 

Interval  (CO,  tAJ  +  d to),  as  1#  clear  tram  Fig.  9,  1*  th*  n«ber  of 
Imagined  points  In  the  segment  dp.  This  number  Is  readily  obtained  by 
differentiating  (17-5)  «t  constant  76^ 


ds 


/  Hk 


IntroduciuB  ^re  the  group  velocity  W  ?ro*»  (17-1*)  **•  obtain 


dm 


•Jfw 


U7. 8) 


According  to  the  theory  of  energy  distribution 
oscillation*  correspond*  the  energy  £.(u),T)  - 
total  energy  Is 

W  * 

g,(u)  >T)ds  -  2 


,  to  each  of  these  natural 

1  kill  i  ,  so  that  their 
2  0  OJ 

k 


d  Oj  • 


gut  In  the  presence  of  active  harmonised  emitters,  the  reflection  of 
y,  -waves  is  absent,  for  this  resson,  the  e  pre.sloo  obtained  Is  the 
energy,  sent  into  the  llna  by  both  emitters  during  the  group  traversal 
time  of  ^,^-wavaa  through  the  dlatance  l.e.,  during  tha  time  '£*£/'* 

- density  of  natural  values  along  the  coordinate  x- to  ^  is  a 

con.. qua ncs  of  thair  uniform  distribution  according  to  m  and  u  for 

larga  a  and  n. 
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dimensions  of  the  11m  b«  oicMiiilly  vary  largo  coaparad  to  tba  war* - 
length,  Mvartbalaaa  It  anuaii  tba  fulfillment  of  condition  (l7.ll), 
la.,  it  haa  an  asyuptotlc  charactar.  Tba  possibility  of  a  claaalcal 
darivatlon  of  (I7.I)  la  ralatad  to  thla  fact  aa  vail  aa  to  tba  fact  that 
tba  lina  contain*  travailing  vavaa  at  all  [only  to  tbaaa  dona  (17.1) 
rafar.] 

Besides  tba  theorem  concarnlng  anargy  distribution,  va  utlllsad 
In  thla  derivation  only  tba  estimate  of  tba  nuafeer  of  natural  (tranavaraa) 
oacillatlona  of  a  boaognneoua  continue  la  tba  frequency  Interval  (to, 

CO*  dUJ).  Haoca  it  la  claar  that  expression  (17.1)  tsuat  ba  valid  not 
only  for  faedera  but  alao  for  any  unlfons  coupling  of  Mutually  orthogonal 
wave a.  It  1*  because  of  thla  that  va  arrived  at  the  same  result  (17-1) 

In  th«  problem*  of  cylinder  and  sphere  radiation,  in  which  concern  voa 
with  radially  propagating  vavaa  In  cylindrical  and  spherical  coordlnataa, 
respectively.1  although  (17.1)  thus  embraces  a  rather  larger  claaa  of 
problems,  than  those  of  radiation  propagation  In  vava  guides,  naverthalesa, 
faking  Into  account  the  Motioned  "uniformity"  of  thla  result,  it  My 
sMka  sanaa  to  call  It  the  vava  guide  fora  of  Kirchhoff's  lav. 

It  should  bo  noted  that  It  le  precisely  the  veve  guides  who  Make  It 
poeelble  to  distinguish  wave#  of  Individual  types  and  numbers,  dvo  to  which 
toe  Individual  tor m  In  (17.1)  bacons  of  direct  Interest.  Since  the 
condition U 61) «  6#  la  satisfied  for  corrsapoodlng  frequencies,  (17  2) 
be  corse  e 


W 


(17.12) 


Thus,  to  ceiculeta  t*  %  thermal  power  7^, ^  It  le  Mceeeery  to  knot* 
only  the  temperature  of  tba  aalttar  and  lea  absorption  coefficient  for 
the  weves  of  Interest,  l.e.,  tba  quantity,  which,  for  tba  case  of  nc*n- 
crenspavent  radiation  (D^  -  0),  can  ba  directly  Measured  by  the  corree- 


1.  We  could  have  derived  (17. 1)  by  tba  classical  Method,  by  examining 
not  a  eecsseot  of  the  transfer  line,  but  the  epece  between  the  surface 
of  an  emitting  cylinder  and  a  coaxial  cylindrical  Mirror  or  batvaau 
a  nphare  ana  a  concentric  spherical  Mirror . 
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ponding  coefficient  of  standing  vavas  (CSV) 

It  the  emitting  ar.angesmnc  la  partially  transparent,  than  the  «- 

perlawntal  determination  of  A  require*  measuring  both  the  reflection 

on 

coefficient  1  (by  CSV )  and  the  transmission  coefficient  0  . 

■**  VQ 

Naturally,  by  absorption  coefficient  A  of  «  given  arrangement  one 

an 

must  understand  the  quantity  which  r.haracterlae#  the  whole  arrangement 
and  not  only  ita  absorbing  elements.  If,  for  Instance,  we  are  talking 
at out  a  semi-transparent  thin  plate,  placed  Into  a  wave  guide  at  some 
distance  JL-  from  an  ldsslly  reflecting  piston,  then  the  absorption  co¬ 
efficient  lu  of  such  a  system  will  ba  a  periodic  function  of  Jtf  (with 
the  period  A^/2).  With  a  decrease  In  the  transparency  of  the  plate 

(let  ue  say,  by  increasing  Its  thickness)  the  dependence  of  A  on  JL> 

HI 

will  become  weaker  end  In  the  limit,  for  an  opaque  plate,  A  will  becowe 

ton 

equal  to  the  plate* a  own  absorption  coefficient. 

The  wave  guide  form  of  Kirchhoff’a  law  leaves  aside,  of  course, 
everything  that  la  concerned  with  chn  total  energy  density  (to  which  the 
quasi 'Stationary  tharmal  field  makes  Its  contribution),  aa  well  as  with 
all  lnterrtranca  phenomena  In  systems  whose  extension  in  the  direction 
of  propagation  is  comparable  to  the  wavelength.  But  the  evaluation  of 
the  power  of  Chennai  radiation  of  any  source  Is  considerably  simplified 
and  reduces  tc.  In  accordance  with  (17  1)  and  (17.2),  the  evaluation  of 
energy  absorption  coefficient*  of  a  given  source  for  those  mutually 
orthogonal  wave*  which  form  the  entire  system  of  waves  for  the  problem 
under  study.  The  application  of  an  electrodynamlc  evaluation,  utilizing 
the  lateral  fluctuating  field  1  or  becomes  for  the  given  problem 

superfluous  since  this  evaluation  embraces  not  otly  thst  which  la  of 
interest  to  us  --  the  establishment  of  the  form  of  the  coefficients 
Amn  ””  hut  also  the  proof  (lj.l)  In  each  concrete  case.* 

1.  Radlatlcn  of  a  sphere  or  of  cylinder  le  the  same  la  ell  radial 

directions.  But  for  a  disk,  for  instance,  it  will  have  s  definite 
diagram  of  directions  ( indicat rice)  and  the  clarification  of  Ite 
form  for  various  ratloe  of  disk  radius  to  wavelength  can  in  Itself 
be  of  Interest.  In  such  cases,  when  we  are  not  talking  about  the 
total  energy  flow,  but  about  Its  angulsr  dlstrioutlon,  the  advantages 
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For  welE  conducting  bodies  the  calculation  of  the  coefficients 

Aan  la  conai4i*3'*bly  simplified  due  to  the  possibility  of  utilising  the 

approximated^  thsundary  conditions  (11.6). 

As  an  example,  let  us  examine  the  thermal  radiation  of  the  walls  of 

a  feeder  (waver  guide  or  coaxial  line)  assuming  the  conductivity  of  the 

walls  to  be  sufficiently  high.  In  this  case  It  Is  possible,  as  is 

known,  to  convilder  the  waves  In  the  real  line  to  differ  from  the  natural 

C  and  H  waves)  of  .the  line  with  Ideally  conducting  walls  only  by  the 

exponential  atf&enuat Ion  multipliers.  Let  Y  t  *n(*  JT  ’  be  the  energy 

extinction  coefficients  of  the  waves  C  snd  K  .  The  absorption  co - 

urn  mn 

efficient,  lett  «ua  say  of  the  Em  waves.  In  the  line  segment  from  s  «  -  £ 
to  s  *  0,  will!  the,  evidently 


-  1  -  e 


rm& 


<*«,  ■  »>• 


In  accordance1  iKlch  (17.12),  the  thermal  power,  sent  on  the  wave  E 

n 

by  the  mentioned  line  segment  through  the  section  s  ■  0,  Is 


(1  -  e 


(IT- 13) 


The  total  emtsu-llve  power  at  frequency  (a)  is 


E  (i 


e  ♦  1  -  e  ) 


(IT  .11*) 


where  sustention)  extends  over  all  subcritlcal  waves. 

If  *  then  we  obtain  tho  emissive  power  of  the  walls  of 

the  semi -Inf lasAe  line 


F  ■  ~6—  « 

?co  ?r 


(17.15) 


where  H  Is  the  dotal  number  of  E  and  H  waves,  which  arc  subcritlcal  at 


of  the  elaori'ti'dynamlc  fluctuation  calculation,  relying  on  regular 
methodlam  of  boundary  problems,  again  comet  Into  the  foreground. 
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frequency  a,.  As  cO  increases  —  in  the  region  of  geometrical  optics  -- 
formula  (17.15)  must,  evidently,  give  the  radiation  from  a  "black" 
aperture,  having  the  arcs  S  of  the  cross-section  of  the  line.  Acccording 
to  the  Rayleigh -Jeans  law,  the  intensity  in  the  case  of  a  "black"  eper- 


ture  is 

is 


Qtu 


4fT3' 


and  the  emissive  power  of  the  aperture  therefore 


P 

CO 


SI 


0  ju 


*<177  2 


cos  0  d 


ijcfs 

41T3 


<7?  2 

2ir  /  cost's  in  £d6> 


AS 

A2 


(17-16) 


By  calculating  the  asymptotic  (as  ft  ->  oe  )  value  N  in  (I7.I5)  for 
any  concrete  shape  of  the  line  section.  It  is  possible  to  convince  one¬ 
self  that  (17.15)  doas  in  fact  become  (17.16),  although  this  will  be 
shown  belot;  in  a  more  general  way. 

In  the  case  of  a  coaxial  line  the  principal  wave  E^,  too,  enters 
the  E  wave.  With  the  help  of  the  boundaty  conditions  (11.6)  it  is  not 
difficult  to  establish  that,  for  a  round  coaxial  line,  whose  central 
wire  alone  has  a  finite  conductivity,  the  extinction  coefficient  of 
the  principal  wave  is 

*00  '  ^/2“  ln  ^ 

where  &  -  k^id  (d  is  the  thickness  of  the  skin-la>  .•),  and  a  and  b 
are  the  radii  of  the  central  wire  and  the  external  cylinder.  As  is  usual 
for  coaxial  lines,  let  the  critical  frequencies  of  a’’  waves  of  the  wave¬ 
guide  type  be  greater  than  and,  consequently,  only  the  principal 
wave  is  propagated.  Further,  let  only  the  segment  of  the  central  wire 
of  the  length  X,  have  a  finite  conductivity,  ani  let  the  temperature 
be  distributed  along  this  segment  according  to  the  law  #  (r).  Since, 
according  to  (17-13),  the  elementary  "belt"  of  width  d 1  emits  the  power 


dv 


2tr 


ds 


ttM  local  power  fro*  iiptnt  JL  will  b« 

* 

.  / 

'*>  •  w1*™*™* 


or  --  If  n  consider  to  bn  Independent  of  &  : 


-  - 


1<U>  2TT 


jg*y 

^Te  lnlb/ej 
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This  formula  le  useful,  of  coo*;.*  also  In  the  case  when  all  ewr faces  , 
have  a  finite  conductivity,  but  the  tewperature  of  the  segment  /  of  the 
central  wire  la  considerably  higher  than  that  of  other  surfaces,  so  that 
their  emission  can  be  neglected. 

In  conclusion,  let  us  note  the  following.  In  the  derivation  of 
117.3)  we  did  cot  utilise  the  eaynptotlc  behavior  jf  X  tinea  the 
nuaber  of  natural  values  (17*8)  wee  determined  for  a  fixed  ft.  However, 
alnce  thia  7t  could  be  arbitrary,  the  result  is  valid  for  all  ■  end  n, 
starting  with  tha  smallest. 

Taking  Into  account  the  asymptotic  behavior  of  and,  corres¬ 

pondingly,  of  the  natural  frequencies  (17.6),  i.e.,  going  over  to  tha 
approximation  of  geometrical  optics  (when  tha  dimensions  of  the  Ifne 
aactlon  are  elso  large  compared  to  the  wavelength),  one  can  very  readily 
obtain  aome  reaulte  which  had  been  previously  found  either  indirectly  or 
by  mesas  of  dlrsct  evaluation  for  concrete  special  cases.  For  this,  it 
Is  convenient  to  Introduce  polar  coordlm tea  (fig.  9)  on  the  plane  (jff,Hd)’ 


tm  *“ ■ 


^  sin 

c 


to  thase  coordinates,  (17 >7)  takes  the  torn 

2*in  <f> 

a  - 

"3T  c' 


(17. 18) 
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Lee  us  evaluate  Che  power  In  the  Interval  da>,  which  la  emitted 
Into  the  line  by  the  radiator,  harmonized  with  the  line  on  wav«?a  of  all 
typea. 

For  natural  frequencies,  lying  In  the  surface  elements  (U  AsJA  t»  , 

2  7 
the  group  velocity  la  vv  ■  «  c  cos  £>  and  the  group  t lmo  of 

traversal  ~C  equals 


X  - 


(17.19) 


*  C  r.o*f  * 

During  this  time,  two  harmonized  r&dlators  send  into  the  volume  si  the 
energy  £d2,  i.e.,  each  one  of  them  gives  the  energy  ddz/2't'  la  one 
second.  Substituting  here  the  expressions  (17-18)  and  (I7.I9),  we  obtain 


0  <tz  to  _ 

~fp "  =>  no — ala  if  cos  <f  A  f  . 

2JT  c 

In  order  to  take  into  account  In  the  interval  AiO  waves  of  all  types, 
this  expression  must  be  Integrated  vitb  respect  to  from  O  to'Jf/Z.  Us 
obtain  thus  the  formula  (I7.I6) 


Y  d4L> 
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To  find  the  energy  of  equilibrium  radiation,  contained  in  the  volts je 
si,  one  must  evidently  multiply  (17.18)  by  £  and  integrata  with  res - 
pect  to  <f  from  0  to  0(72.  This  gives  formula  (16.13) 
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CHAPTER  IV.  EQUILIBRIUM  RADIATION  U  AN  ANISOTROPIC  XKDIUM 

Section  18.  Formulation  of  ths  Froblem 

la  this  chapter  v*  glvs  ourselves  the  probleat  --  to  find  an  ex* 
press  loo  for  the  energy  Intensity  add  density  ot  equilibria**  radiation 
In  a  transparent  anisotropic  medium,  1.#.,  to  find  an  expression  which 
Is  a  generalisation  of  the  lavs 


1Uf  “  106>n 


at 


*W°3' 


(18.1 ) 


referring  to  a  transparent  isotropic  aedlua.  The  second  of  these  laws 
assumes  absence  of  scattering.  Thus,  we  arc  speaking  of  asyaptotlc 
relations,  which  characterise  the  energy  field  of  travailing  (propagating) 
waves  In  a  non-absorbing  aedlua.  This  iaacd lately  adduces  the  possibility 
of  obtalulng  these  relations  by  aathoda  pf  the  classical  theory  of 
radiation. 

The  assumption  concerning  the  transparency  of  the  anisotropic  aedlua 
permits  us  to  look  for  the  solution  of  the  given  problem  by  aeans  of  the 
general  last  Ion  of  the  usual  derivation  of  ( 18.1 }  from  reflection  and  re¬ 
fraction  of  plane  wavee  on  the  boundary  of  the  two  media.  In  the  case 
of  Interest  to  us,  one  of  the  amdia  should  be  taken  as  the  anisotropic 
aedlua  to  b*  studied  and  the  other  medium  could  be  considered  to  be 
Isotropic  or  a  vacuum. 

On  the  other  hand,  the  fact  that  we  are  interested  in  asyaptotlc 
law*  for  the  wave  field  permits  us  to  apply  another  classical  method  based 
on  the  aaymptotlclty  of  the  natural  magnitudes.  Having  detsralnsd  in 
sobs  volume  V  the  asymptotic  (as  cu-+-co  )  value  of  the  number  dZ  of 
natural  field  oscillations,  whose  frequencies  11s  In  the  spectral  inter¬ 
val  ( u),  ui  \  d  at)  and  by  aultiplylng  then  ~  by  the  average  energy 

T)  of  the  oscillator,  vs  can  obtain  the  general  expression  for  the 
equilibrium  density  of  energy  uco'  u,inb  Chen  tb«  optical  laws  of  ani¬ 
sotropic  madia,  we  can  then  obtala  the  general  formula  for  the  equilibrium 


l.  Under  anisotropic  we  also  Include  magnetoactive  media. 


rjaamaoniuanemri  m  i«- 
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intensity  from  11^. 

The  first  of  Che  mentioned  methods  requires  only  e  few  calculations 
less  than  Che  elactrodyneeu<c  nut hod  which  utilises  Che  concept  of  the 
lateral  fluctuating  field.  The  second  net hod  brings  us  to  cur  goal  by  a 
much  shorter  path,  since  the  asymptotic  expression  in  dZ  begins  to  operate 
in*as'*ia£ely.  Nevertheless,  we  shell  construct  the  exposition  In  the  seme 
manner  es  wo  did  la  the  previous  chapter.  We  shall  flrat  examine  that 
solution  of  the  problem  which  Is  obteir.able  by  applying  the  electrodynemic 
fluctuation  theory  (sectlona  19*22),  then  we  shall  expound  the  rleasical 
method,  using  the  asymptotic  value  of  d2  (section  23),  and  then  we  shall 
discuss  the  final  results  (section  2k). 

Within  the  freuework  of  electrodynemic  fluctuation  theory  too, 
different  paths  can  be  followed  towards  the  establishment  of  laws  which 
generalise  (l8.l)  for  the  case  of  a  transparent  anisotropic  swdi«aa.  We 
shell  lndicata  here  two  methods,  of  which  the  first  presents  Only  in  prln- 
clple  an  Interest  for  the  problem  equilibrium  radiation  within  an 
anisotropic  medium. 

Discussion  now  concerns  itself  with  the  gene*--!,  last  Ion  of  tb» 

_x 

correlation  function  of  components  of  the  lateral  field  K  to  the  case  of 
an  anisotropic  absorbing  medium  in  order  to  obtain  an  expression  for 
and  uw  within  such  a  medium.  As  had  been  clarified  in  section  8,  is 
order  to  have  these  expressions  finite,  it  is  necessary  to  exemlne  thu 
correlation  with  a  radius  different  from  aero.  5y  asperating  out  those 
terms  in  1^  end  uw  which  are  Independent  of  the  correlation  r/adlua  end 
by  passing  to  the  limiting  case  of  no  attenuation,  we  would  obtain  the 
sought  expressions  for  and  u^,  in  a  transparent  absorbing  stadium. 

One  can  see  that  this  path  la  extremely  complicated  from  the  evalua¬ 
tion  point  of  view;  but  the  basic  difficulty  Is,  of  course,  due  to  re¬ 
nunciation  of  the  .''-correlation.  The  general  last  ion  of  the  correlation 
function  for  t!«  cava  of  an  anisotropic  medium  by  preservation  of  the 
£ -correlstlcn  appears  to  be  relatively  simple.  It  Is  evident  that  one 
must  go  from  the  function  (3-3) 


•  « 


9  .  •• 


...  •  .  • 


•  • 


•  * 


y  v 


<•*** 


m  ,v*  I  —  .«*  M, 


(1E.2) 


to  the  more  geru;r*l  function 
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where  C  i, ,  le  the  constsrt  symmetrical  tensor.  For  the  determination 
of  the  poles  of  Its  components  It  Is  necessary  (in  a  way  similar  as  chat 
la  section  6  for  the  determination  of  the  coastsnt  C)  to  refer  to  rc  i lo¬ 
tion  of  the  anisotropic  medltsa  under  study  into  the  exterior,  for  Instance 
to  investigate  the  emission  of  a  half-space  filled  with  such  a  medium. 

But,  as  has  been  said,  this  would  not  advance  as  in  the  solution  of  the 
problem  formulated  above  since  it  la  necessary  to  examine  e  correlation 
radius  different  from  zero  for  the  determination  of  I  and  u.  with. a 
an  absorbing  medium.  The  generalization  (18.?)  can  no  longer  be  reduced 
to  the  replacement  of  by  C but  requires  a  significant  com¬ 

plication  in  the  form  of  the  function  r~ itself,  since  the  correlation 
radius  can  be  different  for  different  directions. 

It  should  be  noted  that  although  the  determination  of  C  ,  in 
(I8.3)  doe  1  not  permit  us  to  find  If.  and  within  an  absorbing  aniso¬ 
tropic  modiun,  It  nevertheless  can  be  of  interest  for  problems  concerning 
the  radiation  of  such  «  medium  into  outer  epace. 

The  second  method,  on  which  we  ehsll  base  ourselves.  Is  considerably 
simpler.  It  docs  not  require  the  generalization  of  the  correlation 
function  and  ia  a  natural  coneequonce  of  previously  obtained  results. 

From  the  start,  we  consider  the  medium  of  interest  to  us  tc  be 
transparent;  and  we  shall  take  Isotropic  bodies.  In  which  the  fluctuations 
have  already  been  studied  by  us,  as  emission  source*  for  equilibrium 
radiation  in  this  medium.  S'nee  we  are  talking  about  equilibrium  radia¬ 
tion,  the  result  will  not  depend  on  parameters  character izing  the  sub¬ 
stances  of  the  emitter  sourc*.*.  We  cen  therefore  take  a  body  with  such 
a  large  value  for  |f.|,  that  the  utilization  of  boundary  conditions 
(11.7/  will  be  valid.  Thereby  we  shell  be  able  to  examine  only  the  field 
of  Interest  to  us  In  the  anisotropic  medium  Itself. 
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Further,  H<n|  the  systems  capable  of  giving  equilibrium  radiation 
It  lc  expedient  to  ebeoee  Che  geometrically  moa t  staple  one,  Dai>!«.  the 
plana  waveguide  we  had  already  ueed  in  eectlon  7.  Ae  was  done  there, 
it  is  sufficient  to  consider  only  one  of  the  bounding  planes  of  the  system 
as  the  emitter  end  to  take  an  ideal  mirror  for  the  other  plena.  Since 
the  desired  lews  have,  as  in  (16.1),  en  asymptotic  character,  we  must  con¬ 
sider  the  distance  between  the  planes  to  be  sufficiently  large  and  we 
auar  average  over  JL  the  energ,  quantities  to  be  obtained,  which  results 
in  a  sneering  of  the  interferential  effects  (aee  section  7)* 

Finally,  we  dlapoae  of  the  posaibllity  of  orienting,  in  an  arbitrary 
fashion,  the  exes  of  the  anisotropic  medium  with  respect  to  the  waveguide 
and,  consequently,  we  can  arrange  the  direction  o'  these  axes  in  such  a 
way  as  to  simplify  the  evaluations  to  the  greatest  extent  possible. 

And  thus,  the  problem  is  formulated  in  the  following  way.  The  apace 
between  the  emitter  plane  s  ■  0,  at  which  the  boundary  conditions  (11 .7) 


■  m 

era  satisfied* 
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(18A) 
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and  the  Ideal  mirror  which  is  located  st  the  plana  s 

m  £  and  at  which 

*1  -°* 

*2  “  °s 

(18.5) 

la  filled  with  e  homogeneous  transparent  anisotropic  medium  (Fig.  ?'. 

The  magnetic  permeability  of  this  medium  will  be  taken  equal  to  unity. 

Its  dielectric  permeability  la  expressed,  in  the  general  case,  by  the 
Hermits  tensor  g,  with  components 

£lk  -  e  •  <18-6> 

*  ki 

1.  W«  shall  convince  ouvr  ’ilvae  latar  that  tha  boundary  conditions  cannot 
be  taken  in  t!.,  11  form  (11.8).  Tha  material  of  the  "noisy'* 

wall  is  assumed  c r.\-.  sic,  JJ*m  !• 


The  f  ieldl  aquations  In  the  Mdlua  have  tha  fora 
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(18.7) 


i.e.,  tha  <nuaq>onenta  of  tha  vactor  of  alactrlc  inductance  D  -  £E  ara 
equal  to> 


}i  "  ^  *ik 

k-1 


^  (l  “  1»2,3). 


Our  Unit  1*1  ala  will  ba  to  find  tha  average  value  of  components 
of  tba  enavtfly  flow  density  of  wavaa  going  from  the  "noisy**  aurfaca  to  tha 
mirror.  Speaking  of  tha  average  value,  wa  have  in  alnd  an  averaging  In 
two  sense*.-  Tlret,  an  overall  averaging  by  meana  of  tha  correlation 
function  ((A2.13)  ot  the  components  of  or  of  the  correlation  function 
(12.11)  off  t£he  component  Fourier-conjugate  to  g 

~  tfiUL. 


(Pl  "  P,)^(P2  '  PP’ 


(18.8) 


Second,  avottaglng  over  the  waveguide  width  & ,  which,  beforehand,  la 
considered!  tic  be  large  compared  to  tha  mextmue  wavelength  In  tha  eedliae. 
Due  to  tht^  -assumption  and  the  averaging  over  ,  we  paaa  from  the  general 
express lon>  tier  ^  to  tha  asymptotic  approximation  which  Is  the  only 
thing  that  -M*  are  interested  in  in  the  formulated  problem.  Subsequently, 
we  find  thr  <e*prasslon  for  the  Intensity  I ^  Iron 

In  that  iw.xt  section,  wa  shall  establish  soma  general  expressions. 
Independent  i»f  any  assumptions  concerning  tha  nature  of  anleotropy,  ex¬ 
cept  for  Owe  basic  assumption  (18.6)  and  tha  as  yet  unused  possibility 
of  choosing;  tebe  direction  for  the  axaa  of  syiam try  of  tba  msdlia. 

Section  13..  Cawyal  Salat lonf 

We  itw! J  look  for  tha  particular  solution  of  equations  (18.7)  in 
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This  la  tha  *o -cal lad  acatnterlng  a]uatlcm  which  ralataa  tha  frequency  k), 
oa  which  da  pan  da ,  tan  ffiha  components  of  tha  wavagulde  vac  for  p^f 
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raal  coeff lclents. 


<=  ±{,B  fourth  degree  with 


If  tha  sain  axe  a  (arr  autea  of  synaatry)  of  tha  stadium  ara 


to 


co  Inc  Ida  with  tha  coordlmaia  axe  a,  than  tha  tensor  for  uni-  and  dl- 


axlal  crystal  a  becomes  dlaiponal,  and  for  a  magneto-actlva  wadlum  in  a 


•agnatic  field  dlractad  along  tha  c-axls  only  o(12  among  tha  oon-dlagonal 


components  la  dlffarwnC  Cram  aero.  Pot  all  tbaaa  raaej  aquation  (19-5) 
bacoaaaa  bl -quadratic 


Ij*  2 
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and,  conaequantly.  Its  rontta  appear  in  pair#  not  only  with  raapact  to  tha 
conjugataa  hut  with  raapaott  t.o  sign.  If  wa  da  not  a  tha  two  root  a  corras- 
pondlng  to  waves  which  are  (propagating  (or  aia  extinguished)  In  tha  dlraction 


from  tha  "noley"  wall  to  cihe  mirror  by  p^  and  q^,  than  tha  othar  two  roots 


will  ha  -p  and  -q  .  Lae  uw  'therefore  lntroduca  four  wava  vectors  p,  q, 

a*  *41  ^  ^ 

a  and  t  auch  that 


p^  -  q^  -  w^  -  for  -1,2 
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Let  us  further  denote  tha  amplitudes  of  the  electric  field  for  each  of 

4,  Jk  •*  — ^ 

these  wavaa,  respectively,,  ll>y  u,  v,  0  and  V.  Then  tha  general  solution 
of  aquation  (18.7)  can  ha  wctittan  la  tha  fona 
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where  for  each  wave  vector  and  lea  corresponding  amplitude  aquations  (19.2) 
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an d  thw  c— wfu<r.t  relations  (l?.%)  are  satisfied^ 

T  m  vector  tor  Che  energy  flow  density  for  waves  directed  toward 
Che  lira*  will  be 


*  dpjdp^.lpjdp^  ♦  complex  conjugate 
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We  ere  IsjDerested  only  in  component  5^^  for  which,  taking  (19*7)  inen 
account  r  nee  get 
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where 


P  »  (p_  #  +  u2ug)  ’  **1^ULU3  +  ufu3^  *  P2^U2U3  "■  U2U3^  » 

Q  -  (q3  ^  «*§>( Vt  +  VS'  "  pl(vlv|  +  V1V3)  *  P2(v2v|  *  "F?  '  (19-10) 

R  -  (p^  >  a!*)(u1v*  +  U2V|)  ~  Pl^l^  +  u3vl^  '  v2^2''l  *  U3V2^  ' 

the  meaa  '-wdiies  entering  (19.10)  ere  proportions!  to  $  C -p£ )  5 (pg-pj)* 
so  that  v*»  c~an  consider  Chet  In  the  multiplier*  of  these  o  -function* 

pj  -  Pl  **£  -  P2- 

The  ra>£4ts  p-,  and  q.  correspond  to  waves  with  two  independent  polar!- 

>  J 

satlooo  —  ' iaeariy  orthogonal  between  themselves  in  the  case  of  simple 
anisotropy  said  all  lptlcally  la  the  case  of  a  magneto-active  medium.  Thus, 
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these  waves  ere  nut  coherent  end  in  view  of  this  the  expression  R,  in 
which  they  ere  combined,  Bust  always  become  sere.  The  direct  evaluation 
carried  out  below  gives  precisely  this  result. 

Let  us  now  return  to  the  boundary  conditions.  In  accordance  with 
(19  8),  we  utilize  the  expansion  of  the  lateral  flald  on  tha  plana 
z  ■  0  into  e  double  Fourier  Integral 
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Substituting  this  expansion  and  (19-8)  Into  tha  boundary  conditions 
(18  <•)  and  (18.5)  and  taking  again  into  account  (19*7)»  ***  find 
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where  the  following  notation  la  introduced 

ip,-t  iq,/. 
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Equation  (19  2),  written  for  each  of  the  four  roots  p^,  q^  Sj  and  tj, 
leaves  exactly  four  Independent  components  (out  of  twelve  couponents 
TT,  "vy  u  and  k)f  which  are  determined  by  and  ^  with  tha  help  of 

tha  four  aquations  (19.11). 

The  evaluation  of  enargy  flow  (19  9)  could  be  carried  out  for  tha 
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general  case  whan  oil  tha  diagonal  elements  of  the  tensor  of  ->  k  £,  are 
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distinct  and ,  besides,  “  0.  However,  the  evaluation  then  bicoaii 

exceedingly  cumbersome.  It  Is  therefore  expedient  to  exsalne  particular 
fonss  of  anisotropy  separataly.  In  the  next  section  we  shall  present 
the  complete  derivation  only  for  an  uniaxial  crystal,  but  for  the  mag¬ 
netomotive  medium  and  for  bl-axlal  crystals  wa  shall  adduce  only  the 
original  relations  and  the  final  result. 


Section  20.  Asymptotic  Expression  for  Equilibrium  Energy  flow  In  an 
Anisotropic  Medium 

In  the  case  of  an  unl-axlal  crystal,  if  lta  axis  be  directed  slung 
the  s-sxls,  the  tensor  aC  assumes  the  fora 
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Equstlon  (19-6)  deccmpujes  Into  the  multipliers 

M3P3  -  ^(0^3  -P2)][p^  -  (Wj  -p2)]  -  0 

where 
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Thus 
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Ths  roots  p3  end  s^  -  -  p^  correspond  to  ordinary  waves  and  ara 
degenerate,  i.a.,  they  render  not  only  the  determinant  (19.?)  saro, 
but  also  its  minors  of  tbs  second  order.  Consequently,  for  these  three 
roots  onl*  one  of  the  three  aquations  (19*2)  remains  independent,  for 


example  the  iirit.  Using  the  expression  for  p^,  It  la  not  difficult  to 
convince  oneself  that  thle  equation  reduces  to  the  condition  of  trans¬ 
versal  lty  for  the  electric  potential 

(p2  ♦  P3  '  "  PlP2u2  *  P1P3U3  *  *  Mplul  *  P2U2  +  P3U3^  "  0  * 


Pro*  bare  end  from  the  condition  of  transversal tty  for  electric  Induction 
(19 A),  which  now  has  the  fons 


o<l(pi«|  «■  P2u2)  ♦  ®<3P3'J3  *  °. 


It  follows  that 


o  ul* 

p2 


u^  ■  0  . 


(20  A) 


Analogous  expressions  for  the  ordinary  reflected  wave,  l.e.,  for 
Sj  -  -  Pj  and  U,  $lve  a  stellar  result 


^Ul'  °3’0* 


(20.5) 


Let  us  now  examine  the  roots  q^  and  t^  -  *  q^  which  correspond  to 
the  extraordinary  waves.  These  roots  do  not  render  the  minors  of  the 
second  order  xero,  1.3.,  they  leeve  two  Independent  equetlons  (19-2) 
which  permit  us  to  fted  the  relations  of  component*  v  for  q^  and  of  V 
for  t^.  We  ahall  express  ell  components  In  terms  of  and  : 
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y2  “  PX  Vi  * 
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(20  6) 


(20.7) 
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■  v  •-/.  .  -V- 

.V  I*.  > 


In  tha  «c*J  all  components  art  expressed  in  Cama  of  four  u^,  v^,  0^ 
and  V^. 

It  la  easy  to  convince  ooaaalf  that  tha  orthogonality  of  polari¬ 
sation  In  ordinary  and  Extraordinary  wave*  and  tha  Tandaring  of  tha 
coafficlant  R  in  (19.10)  saro  follow  from  tha  axpraaalona  found  batwaan 
tha  components.  Coocarning  tha  coefficients  P  and  Q:  by  virtue  of  (20.4) 
and  (20.6)  thay  ara  conaidarably  simplified  and  tha  axpraaalon  (19*9) 
for  S^_  takas  tha  following  fora: 


+  a Of  p  +  p*  - 


a  0  J  ♦ 


+  i*)  V*  ‘  )  ’2  <1Pl  dt>2  ^  *** 


whera  the  first  and  sacond  terms  give  tha  anargy  flow  of  ordinary  and 

extraordinary  waves,  respectively.  Since  p^  and  can  be  either  real 

(travelling  waves)  cr  purely  Imaginary  (standing,  non-uniform  waves) 

•  11 

for  which  y.  4  k  ■  0  and  — -  +  -  0,  integrals  will  remain  in  S. . 

J  J  Rj  q3  3 

only  over  the  domains  of  real  p,  and  raal  q, .  Let  us  denote  these 

domains,  respectively,  by  0  (ordinary  waves,  p  ^  c/^)  and  a  (extra¬ 
ordinary  waves,  p2<«3). 

Then 


c  I  7V  — r 

*A13  *  2*^1  i  2  *1  *2  '  Vl  S  + 
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To  find  it  is  tbu*  necessary  for  us  to  avaluate  and  v^V| 
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Substitution  of  (20.3)  •  (20.7)  loto  the  boundary  c  cod  It  loti*  (19-H) 
transforms  6 ha  latter  to  tbs  form 

IPjlUj  -  Dj)  k yfj£  (Uj  a  Bj)]  ♦ 

♦  jT1^:  -  VkV*("x*V  “  *kV^^i 

pJ(p3(w'  -  op  •  vVelUi  +  0j)1  - 

•  4  Rj  ("i  -  v  ♦  “Vti*!  *  vi>J  •  tv«y2 

»i  •  'f\ 

whence 

.  .  >JdL .  hh  • 

1  »2  kyie  (1  -  cr2)  ♦  p^(i  ♦  cr2) 

P)k^g  *  Po^g _ 

*2  k-^cd  -y32)  *  ~  u  ♦  f2) 

With  the  help  of  the  correlation  frnctlcn  (18.6)  we  obtain  from  the 
abu'ue  expressions 

w“*  .  5(*i  -?{><$(»? 

V;Wl  (27t)2p2  |kV*U  -tr2)  *  P3(1  a  p'2) I2 
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2k(Y£*  ♦ 


Barr,  by  eho  way.  It  can  be  sa«u  that  tha  utilisation  c t  the  Uniting 
fora  of  (he  boundary  condition*  would  have  given  in  tha  denoaltatore 
under  the  integral*  only  terms  with  sin  £  and  ala  ^  ,  l.e.#  It  would! 
not  have  permitted  averaging  with  respect  toi*  . 

Dim*  to  averaging  with  respect  to  ^  and  we  finally  obtain 
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(20.10)) 


We  do  not  evaluar.e  the  eleoentary  integrals  entering  thle  expression, 
since  we  are  not  lr  targeted  in  tha  energy  flow  value  but  in  teprm*- 

saturation  of  the  flow  in  a  fora  which  would  pom  it  the  determination  off 
the  intensity  lw  (section  21)  of  equilibrium  radiation. 

Turning  now  to  the  magiwttoactive  medium,  we  shall  concretely  hav.Y 
In  wind  an  Ionised  gee,  e  sedlus  of  the  ionosphere  type,  located! 

In  the  constant  magnetic  field  For  such  e  medium,  the  relation 

between  the  Induction  B  end  the  electric  field  potential  K  la  given  try 
the  formula1, 

i  2 

-a  1  ’  nn  f  -*  ^  —*  n  ^  -a  h 

»  -  r.  - - -SH&,  B)  -  ,  «)} 

l  -XL*1  ' 


where 


-i}. 


liL 

mere 


(ao.irj) 


■  Is  the  electron  concentration,  e  end  m  are  the  charge  end  nas*  of  tb* 

1.  S*e,  for  lr.stBnc«c  V.  h.  hloeburg,  Theory  of  Radio— *^e  Propagation* 
la  the  lo  'vjsrb're,  p.  58  (M.-L.,  ij49). 
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HO 

electron.  Tbua,  ia  the  ImUx  of  vat>actlo«  at  the  laotroflc  Mditaa 
whan  •  0,  and  JuU  La  the  ratio  at  tho  gyrMMgnatic  fraquaacy  to  tba 
fiald  frequency  A><  If,  along  with  tba  gyruaagnattc  frequency  <4^  w 
introduca  tba  natural  f truancy  (U^  of  the  piaeaa: 

%  m  ^  (20.12) 


than 


(20.13) 


Aa  in  the  caaa  of  an  unt -axial  cryetal,  It  la  exyodiant  t •>  direct 
tba  ayanetry  axla  (l.a.,  tba  auignatlc  field  *$£)  aloug  the  a-nxla.  Then 

2*V 

tba  tanaor  *  k  (  taka  a  the  font 


where 


(20. H) 
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Formally,  11  V'  do  ^'t  taka  Into  account  that  <*j,  aa  vail  aa  j3,  wary 
with  change  In  Jft,  we  obtain  from  (20.1b)  for  ^3-0  the  tanaor  <X  for 
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An  uni -ax  IaI  crystal,  1.*.,  vs  return  ta  the  case  axaelnad  above. 

In  the  biquadratic  Aquation  (19-6) 

ap*  ♦  bp3  +  r  m  0  (20.16) 


for  tun  a aaa  when  the  tensor  <j<  has  the  fore  '20.1’+),  the  coefficients 
«re  expressed  In  the  following  manner: 


*  ■  0(y  b  m  (c(  l  +  <^3)p2  ~  2af t 

^  -  (p2  -  O^JWjP2  -  ♦  £2)  ,  (20.17) 

2  2  2 

where  the  notation  p  ■  p^  +  is  used  as  before.  The  roots  of  equation 
(20.16),  which,  for  {9-0,  become  the  corresponding  root*  (20.3)  ioT  ■*» 
uni-axlal  crystal,  are 


(20.18) 


is  before  ue  shall  call  tbe  waves,  corresponding  to  these  roots  and  polar* 
ired,  in  the  general  case,  along  an  ellipse,  "ordinary"  and  "extraordinary" 
Both  roots  (20.18)  are  not  degenerate  and,  therefore,  for  each  of  then 
equation*  (19.2)  determine  the  relations  between  the  components  of  the 
electric  vector. 

The  subsequent  evaluation  is  carried  out  according  to  the  sane  ictus* 
ss  was  used  for  an  uni -axial  crystal  but  Is  auch  more  unwieldy.  The  ex* 
prssslon  for  the  energy  flow  from  the  "noisy"  vsvega Ids  well  likewise 
ha*  the  for*  (20.10)  in  the  aaymptoclc  ' sae  (after  averaging  according 
to  /,).  The  distinction  from  the  uni-axial  crystal  case  consists  in  tbs 
fact  that  the  domains  of  reel  valves  of  p^  end  q^  (the  domains  0  *nd  e) 
now  have  a  mors  complsx  form  and  vary  appreciably  with  the  relation 
between  the  parameters  (20.13).  However,  there  la  no  head  to  axes tine 
these  changes. 

la  the  case  of  a  bi -axial  crystal  the  tensor  o(  is  diagonal,  but 


“VWS. 


■onwmir  in  mi  m 


ft  • 


•  ■ '  >1  • 

^ •  »  -  *» ‘  — 

ft  • 


all  three  uln  values  are  distinct.  The  coefficients  of  the  biquadratic 
equation  (20.16)  are 

*  ■  c/j*  k*  "  ^  ^3^  *  1*2^  2  +  ^  -^g)# 

C  -  (p2  -  -XjM-X  jpJ  +  j<2P2  *  ^‘1^2) 

and  the  roots  (20.18),  which  for  become  the  roots  (20.3)  for 

an  uni -axial  crystal,  are  not  both  degenerate.  Once  again,  (20.10)  Is 

the  final  formula  for  energy  flow.  Here,  if  >  ,  >  '/  9  >  then  the 

2  2  £  J 

domain  0  is  bounded  by  the  ellipse  ,/jPj  +  gPg  "  *  1  A2  th* 

domain  e  by  the  circle  ■  .j(,, 

thus,  the  expression  (20.10)  for  energy  flow  la  the  sane  In  all 
caeee  and  only  the  boundaries  of  the  domains  0  and  c.  In  which  p^  and  q^, 
respectively,  are  real,  are  different.  In  the  next  section,'  after  es¬ 
tablishing  some  general  relations  valid  for  an  anisotropic  smdlum,  we 
shall  obtain  from  (20.10)  formulae  for  equlllbrlusi  intensity  1,^  and 
energy  density  u& 

Section  21 .  Derivation  of  Formulae  for  Energy  Intensity  and  Pina It y 

Aeong  the  very  general  assumptions  concerning  the  properties  of  a 
non -absorbing  medium  we  can  introduce  the  concept  of  group  velocity  w.  The 
direction  of  energy  flow  then  coincides  with  the  direction  nf  v  *  end, 
generally  speaking.  Is  distinct  from  the  direction  of  the  wave  normal, 

1. e.,  the  wave  vector  fT.  Xu  en  anisotropic  medium  this  takes  piece  even 

when  the  medium  la  homogeneous  and  has  no  scattering,  l.e.,  the  teuaor  £ 

2 

does  not  d*pend  on  the  frequency  .  Tor  this  reason.  In  energy  quan¬ 
tity  relations  containing  the  group  velocity.  It  Is  necessary,  in  general, 
to  distinguish  between  group  *r,d  phase  velocities  not  only  with  respect 

H  S.  M.  Rytov,  JITT  1J,  930,  I9V7. 

2.  The  group  velocity  In  anisotropic  media  is  the  seme  as  the  bems 
velocity  usually  Introduced  in  optica. 
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to  magnitude  (chi*  suffices  for  Ch*  com  of  a  homogeneous  isotropic 
nadlun)  but  *l*o  with  respect  to  direction. 

Thu*,  for  Instance,  Ch*  ml  at  Ion  between  energy  intensity  and 
density  of  aquilibr  iun  radiation  must  not  bo  established  by  naan*  of 
formula  (9.9) 


la  which  the  coinciding  of  cha  direction*  of  group  and  phase  velocities 
la  assuaed  (d  SI  solid  eagle  aleannC  with  axle  along  cha  wavn  aonal), 
buC  by  naan*  of  cha  no  re  general  fomula 

ijA.  1  dXX 
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l6>  m  *0*  V 


(21.1) 


where  IQ  and  I0  are  Che  lnteneltlea  for  Che  wave*  of  both  independent 
polarisation*  which  are  possible  la  Che  given  asdlvaa,  wQ  end  w^  are 
the  group  v*  loci  Cl*  a  of  these  waves,  and  and  dX\#  are  the  aolld 

eagle  elenanca  with  axes  along  .he  group  velocities  wQ  end  v<.  Oeder 


XI.  Q  end  we  understand  the  do 


line  of  those  directions  w„ 


which  correspond  to  the  propagation  of  (travelling)  plane  waves  (see 
below). 

Similarly,  concerning  the  detemlaetlon  of  la  tens  It  lea,  the  *s* 
press Ion  for  tbs  density  of  energy  flew  through  a  unit  surface  with 
noraal  H  la,  la  general,  given  not  by  fomula  (5.7) 


valid  only  for  ee  Isotropic  nsdlua,  but  by  the  general  lead  fomula 
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Vtk 

where  and  ^  art  tha  angles,  formed  by  tha  group  velocities  and 
with  tha  nonul  I  to  tha  surface.  ^  and  In  (21.2)  one#  again 
denote  thoaa  rag Iona  of  tha  directions  of  wQ  and  w^  which  correspond  tc 
tha  travailing  vara  a,  bat  no  only  within  tha  bounds  of  a  position  htal  * 
sphere,  l.a.#  for  acuta  anglas  £  and  In  this  connection  It  la 

nacaaaary  to  emphasise  tha  following. 

Up  to  now,  wa  had  baan  assuming  for  simplicity  that  If  tha  dlractlon 
p  lies  within  tha  Halts  of  a  poaltlva  haailsphara  (pH  ^  0,  l.a., 

0^6-^  TftZ),  than  tha  aoargy  tranafar  through  tha  aurfaca  In  tha 
dlractlon  of  tha  normal  >  la  charaby  assured.  In  othar  worda,  wa  lmpll- 
cttly  adalt  that  to  tha  lndlcatad  dlractlon  "p  corraaponda  tha  direction 
of  w*,  similarly  dlatrlbu  within  cha  limits  of  tha  positive  hemisphere 
(w^lpO).  However,  a  case  la  possibla  whan  this  la  not  ao,  l.a.,  to  tha 
positive  direct Iona  of  tha  group  velocity  can  correspond  waves  whose 
phase  approaches  the  surface  under  consideration  (pR-€  0).1  Evidently 
cha  determine* ion,  given  abova,  of  the  region  of  Integration  for  SL Q 
and  _fi  ^  In  formula  (21.2)  la  more  general  and  one  must  keep  precisely 
this  determination  In  mind  If  the  energy  flow  la  rspresentea  ay  weans  of 
soma  othar  variables  and  one  needs  to  establish  tha  region  of  integration 
in  Caras  of  these  variable#. 

The  problem  now  consists  of  obtaining  expressions  for  tha  equili¬ 
brium  intensities  and  Tg  of  waves  of  the  two  Independent  polarisations 
by  transforming  tha  energy  flow  expression 

‘m  m  *2  “»*}  <2,  3> 

found  abova  to  the  for*  (21.2).  In  this,  wa  ehall  limit  ourselves  to 
madia  with  axially  syanetrlc  anisotropy  and  shall  consider,  es  had  baan 
dona  In  tha  problem  on  radiation  la  a  plana  waveguide,  that  tha  axle  of 
symmetry  coincides  with  the  coordinate  axis  x.  Since  the  following 

1.  This  la  tha  case  of  tha  so-called  negative  group  velocities.  In 

another  connection,  the  possibility  of  such  phenomena  was  pointed  out 
by  L.  1.  Kandelatadt  (Collection  cf  Complete  Works,  Vol.  II,  p.  33k, 
AM  USSI  ad.,  19^7 j. 
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reasoning  and  derivation*  for  each  of  the  polarisation*  are  the  sane,  '.w 
shall  adduce  then  only  for  one  of  the  polarisation*,  for  inctance  for 
the  ftrat  part*  of  romilae  (21.2)  and  (21.3).  To  simplify  writing,  we 
■hall  temporarily  drop  the  index  0  for  tne  group  velocity  w^  and  the 
«n«le  rQ. 

It  is  not  difficult  to  see  that,  for  nxially -symmetric  anisotropy 
and  for  the  orientation  of  the  surface  Ko  be  studied  (the  normal  H  la 
direct*  along  the  x-axis  --  ehe  axis  of  symmetry),  integration  with 
respect  to  all  direction*  of  the  wave  vector  p  within  the  Unit*  oi  the 
positive  unit  hemisphere  Is  equivalent  to  integration  with  respect  to 
all  direction*  of  the  group  velocity  similarly  within  the  Unit*  of  a 
hemisphere  --  positive  or  negative  depending  on  the  dispersion  law. 
-lovaver,  we  are  also  restricted  by  the  condition  of  renlness  for  p^ 
(travelling  waves)  which,  generally  speaking,  1*  satisfied  not  on  cho 
entire  hemisphere,  out  only  on  aorae  parts  of  it  (axially-symmetrlc  cones). 

Let  us  denote  by  e~  and  -  the  polar  angle!  and  the  azimuth  of  the 
wave  vector  p  * 


*  **  8ln  "  co*  f  ,  pc  "  r  ,ln  ''  *in  r  >  P3  ■  00*  £■  ,  (21.4) 

and  by  and  r  the  polar  ar gl*  and  the  azimuth  o£  the  group  velo¬ 
city  w 


w  a In  *  coa 


w^  «  w  ain 


•  in 


■  w  cos 
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Evidently,  for  real  p^  ». .*  p (in  the  previous  section*  we  did 

Indeed  use  reel  p^  *nd  p^)  the  condition  for  realness  of  p^  reduces  to 

*-4e  fact  /hat  the  angles  —  *nd  y  and  the  modulus  of  the  wove  vector 

t  must  be  real.  The  domain  0  introduced  by  us  earlier  and  determined 

«*  tbi  domain  of  tha  changing  variable*  p.  a,;d  p  in  which  p  1*  real 

.  .  1  *  3 


and  j>o*itive,  therefor*  is  transformed  into  some  domain 


fer  real 


1.  The  modulus  of  the  wave  vector  p  would  also  have  to  be  written  with 
the  Index  0  which  we  are  temporarily  omitting. 
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angle.  £  ^  X/2  and  f  (from  0  to  21T),  la  which  P  la  real.  But  taking 
into  account  ‘-he  above  indicated  poaeitility  of  casea,  when  the  sign.  of 

P3  *nd  *3  *r*  d,ff«"tt,  we  nuat  reject  the  requirement  p  >0  and  replace 
it  with  the  condition  v3  *  0.  Thua,  by  ilj  ve  auat  under.tund  the 
douali  of  angl«  f  and  f  corraaponding  to  real  P  and  w  ^  0.  After 
thla  it  la  clear  that  in  the  later  going  over  from  the  integration  variablea 
£  and  <f  to  the  variablea  §  and  £  wh a  region  la  transformed 

precisely  into  the  region  ~Tif)  which  we  bad  introduced  in  (21.2). 

Tran. forming  (21 .3)  to  the  for.  (21.2),  -  c  ,t  take  Into  account 
the  acattering  equation  (19.5),  which  wa  .hall  vr.te  in  the  general  form 


*(«.*’ p)  -  0. 


(21 .C) 


If  we  aubatitute  (21 .h)  here,  then  thia  aquation  can  be  represented  In 
the  form 


U.  -  (t ,  f)  r  m  *(  (x\  ©,  <f>) 

For  fixed  frequency  <*',  in  view  of  (21  .h)  and  (21.7),  we  have 


(21.7) 
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where  dSi.  ie  the  element  solid  angle  in  the  direction  of  the  wave  vector  p 

d-Ti  -ainf-d^d^  (21.5) 

end  where  we  have  Introduced  the  abeoluu  value  a  lgo,  ainse  dp,  dp  >0 
Therefore.  1  2 


•  •  • 


f  dpj  dpj  ■  /  |  F  ^ P  co*  &  ♦  Bln  6^  |  d_') 


(21  .10) 


*  •  w ’  Jv  *" ,.n  *v,«  **  * 

• ' >\ '/  -v" 

,  *\  *V  *  v*  .>  »SY  V  'V  V.  A 

|«  <1  «  '  '  W,  ,.T  -«».  :  '  .  •.  .  "  -  »1  ~  *i*>*'«** 


Now  w«  must  go  from  the  solid  angle  d  -X  to  the  group  (beam)  solid 
angle  d.  lg.  For  this,  d  — 1-^  (and  at  the  same  time  also  the  group  velocity 
w  which  will  be  required  later)  must  be  expressed  in  terms  of  <  ,t  aiA 
f  or  of  P  and  of  It#  derivatives  with  respect  to  <l,  f-  and  *  ,  since 
P(t<  ,  /  ,  j  )  is  known  from  (21.7). 

In  the  determination  of  the  group  velocity,  we  have 


t  .  .  9  -t 


L  ..  •. .  • 


r,U> 

w  »  — 

i 


(1  -  1,2,3) 


or,  in  vector  form 


»  -  /,*- 


Therefore,  in  polar  coordinate#  P,  &  and  ^ 


©  P  ' 


L  „ 

F  oft’  f 


1  ?<*.- 
P  sin  £  c  v 


(21.11) 


L 


«*ri 

V  . . 9 


Differentiating  the  scattering  equation  P  =  P['<  (P,  t  ,  y  )  f  .  <f  J 
with  respect  to  P,  r1  and  (p ,  we  obtain 


1  -  0 

cf  eP  * 


.  .  k±  o 
040  «*/  ol  ’ 


7  +  <•/ 


From  here  and  from  (21.11),  it  follows  that 


P  r  F* 

co, 


L-^a 

w  .  .  E_jl£  w 
4  4-T  f 

Go; 


1  p  P 

tin  ‘ft  c/f* 

j£JL 

».  a 


(21 .12) 


-/  2  2  2 

W  "  VWP  +  W6  * 


tVt  ,  '  , 

(21.13) 


:  L  •..  . 
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f.  r,  *  s.  ■.  ■/  ■ 


i48 

I>i*  we  obcajim  the  expreaaion  of  the  required  fora  for  w.  It  remains  £ht 
u*  t>»  express  elementary  »oltd  Angle  d -.1Q  in  term*  of  AJTX,  P  and  dariiM*- 
clvee  of  P.. 

According  tfco  (21 .3)  and  (21  9) 


Frew  (2I.12J)  atnd  (21. 5),  we  have 


>  k  (£.  *?  ) 

*  Jr,  /) 

1  +  cos  J  coa  £■ 

.  i 

V 

•  coa  ^  ala  £ 

.  ^ 
V 

,  UJL _ 

l 

(21..JW*)) 


jJP 

(r 


(21I.J15)) 


a  8  in  &  <0  tp 


For  fixed:  *req uer.-.y  U. ,  equation*  (21. 1?),  of  which  only  two  ere 
independent,  determine  £  and  ^  11  1  function  of  &  end  (f  end,  thera- 
fore,  penile  ertw  determination  of  the  Jacob lan  contained  in  (21.14). 
Carrying  out  o«  Che  evaluation  in  the  general  form  la  naceasary,  however,, 
only  for  a  blawtJUl  cryatal.  For  media  with  axial -aytame trie  anisotropy,, 
if  the  polar  asrie  la  made  to  coincide  with  the  axle  of  aymetry,  P  doe* 
not  depend  on.  c*»  arlauth  rj  .  Equation  (21. 13)  then  rakee  th#  form 


(21.16)) 


and  equations  fSSl.lj)  give 


i 


Thu;, 


P  coa  ^  ♦  ~oS"  •*,n  £ 


Substituting  In  (21.10)  the  expraaalon  P  coa  ^  t  SUL  Bjn  a 

<*  0 

fro«  (21.17)  and  the  expreaeion  for  d-TL  in  tenaa  of  d-O-^  fro*  (21.18) 
ve  obtain  (  |  -  *  -  *Q) 


/  dp,  dp  -  /  — — 

0  _sL 


V/^  *  roa 

1'Pq  coa  0  +  P^  aln£^ 

J 


whara,  aa  had  already  been  Mentioned,  the  region  correaponda  to 

real  PQ  and  w^  >  0,  and  the  prlnea  indicate  the  derivative  with  reaf-ect 
to  & .  If  thla  ia  Introduced  into  the  flrat  ter*  of  formula  (21. 3) 
and  then  eat  identically  equal  to  the  flrat  ten  of  (21.2),  then  we 
ahall  convince  curaelvee  that  for  real  P. 
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*0  " 


XQ6. 

2k* 


•  “l/p^  +  p' 

OJLIQ  *  po 


^Jfa 

1 


0  +  V«io  fr 


P0  COB  6  +  P  '  til  Sr 


li< 


p2  +  p»2 

0  +  *0 


i 


(a.  19) 


Th«  Intimity  l#  li  inilngouily  i.priM.d  by  the  eicond  toot  p  (a)  $  0 

<a.6).  Cnmumntly,  tta  toll  .^UlbtU. 
r .diet  ton  intimity  .  hom.tmom  ml  In.  »,th  „ui lc.1  ml- 
BOtropy  iB 


V?**? 


P,/Py: 


,.2 


a  r ?,  cob  e  +  pj  Btn  & 

*6  l 


u  v,  Introduce  the  Indices  of  refraction  of  "ordinary- 

waves 


(21 .20) 


*V 


p 


kn 


•od  "extraordinary 


(21.21) 


then  (21 .20)  takes  the  for* 


Co 


hsULlH £ 


— _a 


a  jnQ  cos  4>  ♦  sin  (, 


d& 


(  ft 


♦  a 


.2 


i 


(21.22) 


w  2 

.2 

n 

\/n  ♦  n- 

• 

»  e 

e 

^  n#  co*  £■  +  «ln  6 


i/TT^5' 

i  •  • 


1J1 

(21  £2) 


For  the  cut  of  an  Isotropic  medium  for  which  the  indices  of  re¬ 
fraction  n  «  ■  n^  do  not  di,i«nd  on  $  ,  we  obtain  from  (21.22)  Che 
first  formula  of  (18.1) 


Caving  the  expressions  for  the  intensities  IQ  end  i#  at  our  dis¬ 
posal,  we  can  now  transfora  foraula  (21. l)  for  the  energy  density.  Sub¬ 
stituting  into  It  1Q  fro*  (2I.I9),  v  2£  wQ  from  (21.16),  d-fl^  from 

(21.18),  and  similarly  IjT  the  analogous  expressions  fur  1  ,  v  and  d-Q-  , 

c  a  a  a 

and  taking  Into  account  that  Iq^  *  a0C0t  **  °*>t**B 


Ui 


-  ^{/ 
1*1 


0*V 


iii 

OCC  ' 


d_a.  + 


/ 

jft, 


d-O- 


] 


or.  In  terms  of  the  indices  of  relrection  n„  and  n 
’  0  a 


to 


j 

a  tr 


/  «V 

n,  c 


Ct>C< 


dJi  ♦  /  «£ 


.n. 


9“u) 

■> 

• 

d_n 

e)co 

.  (21.23) 


Hire  -1 .  and  .fl  _  are  the  regions  of  the  directions  of  the  wave  vector, 
*  d 

corresponding  to  those  regions  XI  ^  and  SI  of  the  directions  of  the 
group  velocity.  In  which  n^  and  n^  are,  respectively,  real;  end  here  ell 
regions  are  taken  within  the  lla.ts  of  the  entire  unit  sphere. 

For  an  Isotropic  wadiias  (  JD  ^  we  obtain 


2  d  n  ill 

41  ■  t]  Q  '  **'  ■ 

'K>  OCo  diO 


(21 .2U) 


«  »  •  * 


In  ch«  absence  of  scattering  (a  independent  of  Co )  this  goes  over  to  to 
the  second  formula  of  (ld.l) 


-  fca“J 


Section  22. 


value#  In  the  space  of  wav#  vector#  p  (distributed  for  large  p)  la  ml* 
form.*  In  other  words.  In  the  coordinates  p^,  p.y  the  natural  values 
are  represented  by  the  nodes  of  rhe  space  grid  whose  eleeemtary  r»|l 


volume,  In  the  region  of  sufficiently  large  p^,  p^,  p y  La  constant  end 
equal  to  •},  /V,  where  V  le  the  volume  of  the  region  under  consideration. 


Thus,  the  itued>er  of  natural  oscillations,  included  In  a  to  1  urns  of  the 
jf-apsce  /  dpj  d Pg  dp^  and  corresponding  to  any  one  of  lbs  two  Independent 


polarisations  possible  la  the  given  ttediur,  Is  asymptotically  equal  to 


2  -  *~T  J  dp  ■ Sp  dp 

ir3  1  2  3 


To  find  the  equilibrium  electromagnetic  energy  density  In  the  spec¬ 
tral  Interval  ( tC,  ado.' ),  on#  must  tvslusts  Chs  nuabmr  dZ  of  natural 
oscillations  (of  both  polarisations*  i'raquenclss  lls  in  this 


R.  Coursnt  and  D.  Gilbert,  Method*  of  Mathematical  Physics,  Pol.  I, 
Chapt.  VI,  Section  k  (M.-L.,  I55I). 


The  asymptotic  expression  (21 .23)  was  obtained  as  A  result  of  the 
solution  of  the  problem  of  aquilibrimn  radiation  la  e  plaae  wave  guide 
with  a  "noisy**  well.  Let  us  new  show  that  the  classical  method  Indicated 
in  Section  IP,  based  on  the  estimation  of  the  nuaber  dZ  of  nstnrnl  field 
oscillations  In  e  sufficiently  large  volume  V,  leads  to  the  saue  expression. 

Let  soms  region  of  space  be  filled  with  an  homogeneous  transparent 
anisotropic  medium.  It  Is  easiest  of  ell  to  imagine  tbs  boundaries  of 
this  region  to  be  Ideally  reflecting  walla  but,  generally  speaking,  this 
Is  not  necessary.  For  very  general  assumptions  concerning  the  properties 
of  the  medium,  the  sh^pe  of  the  region  end  the  form  of  the  boundary  con¬ 
ditions,  It  can  be  shown  that  the  asymptotic  distribution  of  the  natural 


.  j 


•  . 


•  • 


( 


i,,  N. ,  . 


Interval.  To  each  of  these  oscillations  corresponds  the  energy  £ ( o',  T)  -- 
the  mean  energy  of  the  oscillator  of  frequency  00  at  temperature  T,  given 
by  formula  (5.I).  Thus, 


u^dto  -  £.(*>,  T)  ^  . 


\  •  • 


l»  * 


-L..'-  1*  W  i--*-* 

•  . 


Since  the  equilibrium  energy  density  in  vacuum  ia  related  to  £(«>,  T) 
by  the  relat  ion  [see  (5.1)  and  (5-3)J 

ouj  -  ir  «<  <*  T>' 

IT  e 


j 

t 

i  ^ 


•  • 


the  preceding  formula  can  be  written  in  the  fora 

.  .  >  <2c  dZ 

ttwd^  -  Mooi  • 


Let  ua  Introduce  into  the  p -apace  the  polar  coordinates 


(22.1) 


P|  -  P  •  in  B  coa  ,  p,,  •  P  ain  £  a  in  ,  p^  •  P  coa  &  .  (22.2) 

If,  instead  of  p^,  p^t  p y  ve  take  LO,  &  and  as  the  Independent 
varlaMea,  then  we  obceln  for  the  elementary  volume  of  the  p^-apace 

c5(P,,  P2,  pJ 

dPldp2dp3  -  fj*0*f**>' 

vbara  tba  Jacobian  eotarlr^  Kara  will  b«#  according  to  (22.2)  and  (21-7), 


IT*  -  ■  "  - - 

. -*• 


•  ..  .  -• 
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d(Pi#  P2v  P^) 

cfTuj,  a ,  p) 


*~z7  ain  &  cos  £  — r  —  sin  B  sin  £>  -¥--  cos  f) 
do  7  <yu)  7  cuO 

&P  sin  y  -  «Ird  .  .  ^P  coe  6 

-* - L  cold  — r~ — *-  a  In  4 

oB  7  d*  7  d& 


a  in  P  -£t"*  coa  & 

d<f 


.v.v  \*.v 


P  • 


,  <A. . 

•  "*>i 
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let  us  cots  that  tbs  condition*  for  tbs  rsslnss*  of  and  v^  coins Ids 
with  tbs  conditions  for  ths  rsslnsss  of  tbs  corresponding  sad  fjt 
Lot  us  initially  advlt;  €  ^  >  0  And  £  >  0.  Za  this  csss  Pq  sod 
P  sr*  rssl  for  sll  (r ,  '}•  m  <p  sad,  sines  s  ch*4$*  la  ^  Crew  0  to  #72 
corresponds  to  s  change  In  sad  £ ^  vlthln  ths  raws  Halts,  tbs 

xsgion*  -O  sad  ..‘3  coincide  vlth  tbs  regions  j  sad  jflg. 

Substituting  (23.3)  into  tbs  {omuls  (21.20)  i-X  tbs  Intensity,  vs 


2  ain2fl  ♦  t? 


alo26-  *  «•-  ess2^ 


)'J 


(23.6) 


Ths  first  tern  glvsr  ths  equllibrluw  Intensity  of  ordinary  verse,  ths 

second  thst  of  ths  extraordinary  onsa.  For  £,  •  ,f?_  -  F  (isotropic 

*  ^  o 

aadlun)  vs  obtain  tbs  usual  expression  l(v  •  •>  IQ/  n  .  Carrying 

(23.3)  into  (21.22)  vs  find  for  ths  equillbriua  easzgy  density 


/  (po  +  ^  d-a  * 


(23.7) 


-  ^  - 4^ 

4  0  (  1  l  £j  ala2*-  ♦ 


cj  eos2£ 


•  In  t  d('  * 


-  Y  I*?*  *  • 


When  f .  -  .  * .  m  £  t  this  goes  over  Into  ths  usual  foray 1*  for  ths 

1  ■*  3/0  3 

Isotropic,  non -scat  tiring  asdlua  u^  •  •  s^  *  • 

1st  us  nev  turn  to  ths  cssss  (not  rssl  lx ab Is  la  ths  cowoo  crystals, 
but  presenting  Interest  for  vhat  is  to  follov},  vhs*  tbs  components  f  ^ 
sad  £ ^  here  different  signs  or  vhen  both  are  negative. 

1st  Fj  <  0  and  f  >0.  la  this  esse  i ^  is  lasglnnry  for  sll  angles. 


"NOTICFj  When  Government  or  other  drawings,  specifications  < 
other  data  are  used  fcr  *ny  purpose  other  than  in  connection 
a  definitely  related  Government  procurement  operation,  the  U.S 
Government  thereby  incurs  no  responsibility,  nor  any  <>bHgatio 
whatsoever)  and  the  fact  that  the  Government  may  have  formu 
furnished,  or  in  any  way  supplied  the  sa^s  drawings,  specificatic 
or  other  data  is  not  to  be  regarded  by  implication  or  otherwis 
in  any  manner  licensing  the  holder  or  any  other  person  or  cor 
tion,  or  conveying  any  rights  or  permission  to  manufacture,  use 
sell  any  patented  invention  that  may  in  any  way  be  related  th« 
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•«  that  tht  lattulty  «n4  density  of  aairo  of  orilwty  vmi  in  agual 
to  soro.  The  second  root  F  la  reel  for  ^  £*  -<  >T  -  (  ^  ,  where 

#TT*  la  this  rag  ton  of  valwee  of  (*  t  according  to 


^  ala  •“*t« 


(23.3)  and  (23.5), 


F  «  fcn 


|/jc  j|  Oia2^  -  coe2t 


|r  t|t  . 


-  c 


2  ein2^  ♦  f  2  coo2£ 


JL 


\c'x\  al«2^  -  =3  coo2,*) 


f. 


and 

Figaro  10  ihoio  Imi  ^  and  w#  vary  la  magnitude  aad  l»  «i tract  ton  whoa  6 
▼aria a  within  the  Indicated  llalta.  Tho  total  lnta natty,  which  la  tho 
cum  wador  study  todwcaa  to  tba  la  to  natty  of  tho  oxtroordlaary  wavoa, 
la  expressed  00  follow* i 


r.  _  war  la*  fna  f 


■In 


to 


'ala* 


arctgt 


c . 


V  ■ 


1  ^  '|=^|  ala2  £»  •  tj  coa2c y 


2j£ 


for  0  <:  &  <  & 


for  £b1b^  ^  ^  ^ 


H  -  t-«u  <  ^  ^  >T  * 


■la 


da  t-  approach**  tho  Halting  angloo  0^a  and  It'  -  6aln,  tho  Intensity 
lacroaaaa  oo  rapidly  that  tho  expressless  for  tha  flow  and  tbs  density 
of  energy  diverge. 

If  c  j  >  0  end  <  0,  then  the  Intensity  of  ordinary  waves  la 
expressed  so  before,  as  la  (23*6).  F@  is  ’<w  teal  wUea  0^  ^  ^ 
aad  77  -  £-  <  if,  whsr*  •  arctg'' j |  £  •  For  tha  so^laa 

1  ,  lying  within  thass  Halts,  wo  have 


rf*.  •'iVa&eaa**- 


» i  > 


t  ■  kn  •  k 
•  a 


2  *  * 


|e3!  eo •*&  -  £l  ala  $ 


I""  t\  min2 6  *  t  \  c oag0 

"|f  flU3Kl€3l 


.f2*)  ' 


?.  f 


wham  a  changa  la  ^  l tom  TT"  to  IT  -  f  evmtfontfi  to  a  changa  la 


frow  0  to  d  ,  with  f  -  aret* 


Thu,  wa  bm  han  fra* 


ciaaly  that  caaa  for  which  tha  group  velocity  la  negative,  i.e.,  ta  tha 
4  tract  Ion  p^  with  >  0  cormapanfo  tha  direction  w#  la  tha  direction 
of  tha  negative  heal* p her a  (fig.  11).  Ua  afctale  for  tha  lntenalty 

+  _1-Y ."g*  * J\  }fat046<6 


•a*  1 


<  &  <ir  -  &a 


Tha  energy  flow  rad  tha  energy  denlty  of  extraordinary  waves  ara  alallarljr 
for  thla  caaa  infinite. 

finally,  for  fj  <  0  aa4  <  0  hath  fQ  «u*d  f#  (l.a.,  tha  ladlcse 
of  ra fraction  n^  and  n#)  ara  alwaya  1 wag In try.  Corre*pendlagly,  -  0 
and  a,^  -  0. 

■capita  tha  fact  that  tha  caafflclaata  of  tha  ecettaring  agnation 
(23.1)  for  a  w«MtoMtiva  m41m  ara  only  a  llttla  worn  coaplos  than 
tha  caafficlanta  of  agnation  (23.2)  for  »*n  mil -axial  cryatal,  all  mint  Iona 
•nd  faronlaa  ahtalaahlo  with  tha  half  of  (23*1)  ara  ouch  *»ra  cwflUttal 
and  wawl«14y . 

Tha  root*  of  agnation  (23.1),  which  kacoaa  tha  roots  fQ  sad  P#, 
respectively,  of  egvatiaa  (23.2)  for  ^  ■  0  and  o Ijioti  "Of  j)  >  0 


«*K«  mr«— aipdrarj  'mv.-.x-fir 


X  60 

«n  uyniMj  «a  follows 


.2  ±7tt iK"^)*  ?2J2*1*^  ^*32eo«26 

^  A  .  *  A 


21  -  <^3)  *!•** 


(83.8) 


Hulas  that!  mti  «ti  th*  «|Mtioo  (23,1)  ItMlf, 
faUavlai  foraula  for  th*  *3*11  Ik  r  la*  iataaalty  (i 
th*  half  of  (21.19)t 

,  .  5wS. 


u>  obtain  th* 


▼XXX)  with 


»2  .  »2  .,^2#, _ _2a  i2 


|(0  -  ■  co#2£  )(*>(»  -  B  eo*2$  )(»  •*■  ■  ala 2G)  ♦  flA2  F2  BC  ai*26co*2  0  ]| 


x  .  2aa5 

2k2 


(23-9) 


:2  eiB2t  co«2  M2 


|0  ♦  C  co a2  9  )[D(D  ♦  C  eo*2t  )(B  -  C  ai*2£)  -  8A2  F2  BC  ala20eoa2£ ]| 


Aire 


A  -  (</l  -  ofj  ala2P  +  oU* 


(23.10) 


c  -  Ia^j-  ^3)  -  ^3a2(o/l  •  »iM*&  -2dJ|S2T(J<l  -  a ty* 

M 


0  -  2AS,  1  -l/UjCdj  -  d3)  -  ala’^  ♦  M2^2  co»*6 


Xt  is  aot  difficult  to  cmlaM  ommIX,  that  for  £3-0  th*  M^mcioM 


Ui 


(23.9)  Win  nifMtlwly  tha  flrat  m4  ncoo4  Unu  of  fvrawlc  (23*6) 
for  tit  UttMUy  of  tfslUlfflia  racist  Lorn  la  «a  aalHoial 
Still,  la  on— lotf  NilatlM  la  0  MjatUMtlv*  aUlaa  it  la  oxjMiSioot 
to  aaeova *  tha  aoaiilt  loota  at  ct  ^  u4  ^3,  with  tM  tla  of  oayroMlof 
all  niltaSu  la  tana  of  pcraaator*  which  tkartcUrlio  Slxwctly  an wk 
a  ao4iaa,  aaaaly  tla  ututl  frofaoney  of  th*  flacat  la  tha  abMiwa  of 
tha  aapatl*  flail  (<yQJ  aai  tha  gyronaatla  frafaoaey  (4^)> 

Aooorilag  to  (39.1;),  w  kata 


Lot  w  aaa  tha  cjraaaofaotle  frtfMocy  COu  as  a  «alt  <arf  lot  aa  latiataa 
1  * 

tha  00 tat loo 


(X3.ll) 


Thoa 


„2  ** 


(23.12) 


Wo  a  hall  forth**  aaa— a  that  tha  natural  fratfwoncy  la  laaa  tbaa 
tha  nrraaiuttc  frafawnry  i.a.,  o<  <  1.  Kith  thia  aaaa^tla*  It 
la  not  poaalhla  to  tuolaa  tha  paaaaga  to  tha  ahaoooo  of  tha  aagnatla 
flail,  a  Inca  «a  nova  4/  ^  — ►  0  «w»4  ot—^co  rhaa  -+•  0  5  aorar- 
.halaaa  tha  aaio^tlM  ctma^ntli  ta  coacrota  eoa&itloaa  la  tha  toooayhor*. 
Zo  tha  t  Ifcyar  of  t$a  lanct^ksn  at  aa  alottroa  eoneaatratioa  of  »  •  10^ 

IT  Jo  tha  loaooghcra  O.J  aantili.  Ta  tha  fra^oaacy  t>8  torraoyoaSa 

for  fe'sta  th*  tMfalar?  h  of  aM*t  2lh  a.  lot  aa  aota,  that  tha  para- 

*» 5. £"  tr.v;  t-ri  ^y  ««  «x«  related  to  tha  yoreeMisra  a  a*4 

v  *,:»..*%  arm  *m-*»  Vj  »,  4*  Gla-’iwir#  la  bil  hook  "Tfcaosy  of  lalla  owl 

Pk-c^isttiao.  La  tU  laaoeyfeara”  la  tha  following  aa/ 1  •  J,  C*  "a* 
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the  corresponding  td  Ct>.  ccc,eti«;ut«9  about  330  a,  ao  that 

2/3.  W 

If  «m  yahstitut*  (23.12)  iota  axpreaeloa  (23.8)  for  tha  root*  of  tha 
scattering  agwatioo,  w  obtain 


£Z2l«2ain26  -  g(^2  -  o(2)(4;2  -o(g  » 

2{o(2  a  in2 Q  -  (£2  -  *2){£2  -  i)} 


<A2  ago  '(£  2  -  l)l/eia*£ 


2  _  2* 


eoe2$ 


2jjA2  al»2d  -  (£2  -ot2)(£2 -  1)} 


HjI t iplyiag  mwator  and  denominator  by  Che  Multiplier  which  cca^lawnti 
the  amorar.ox  up  to  tha  difference  i«  e<ju»r««,  v  rid  owreolvoo  of  tha 
radical  la  the  nwwrator  ami  *t  tha  ssa »  tine  wo  bring  tha  expraaeione 

for  Tq  aad  P2  to  tha  for*  which  contain*  tha  angle  6  only  la  the  da  bom-  . 
inator 


A  ^2 


o(2  eio20  -  2(£2  -  <A2)(  £2  -  <*2  ~  l)  ±  «t2  .*«,  <£2  .  i)V~ 


*%  >  k  .  * 

>~11V  4  -  (2Q»< 


;2  +  <*k) 


wham 


f 


(23.13) 


*H£l=jd!£  co.2^  . 

4T* 


ut  w«  MManhar  that  dirieio*  of  p2  #  by  k2  .  x2  £  2  girwe  the  egnarw* 
°f  the  indicaa  of  refraction  ^  * 

^  nwnarator  of  (23. 13)  b*co*ee  aero  for  tha  following  valaoa  of 
^  *“  which  wo  preeent  la  tha  iaereaaiog  order* 


s 6$ 

TVa  hahavlor  of  the  4owln«tari  of  P2  and  la  nor*  eoaplu>  Maaaly> 
tfco  danoalaator  of  p2  la  aagatlva  la  tha  latarral a  £2(0,<*2)  and 
la  tha  lntorral  (o(  ,  £  2)  It  la  poo it Ira.  Tta  daaoalnator  of  P^  la 
■agatlwa  la  tha  lntorral  £  2(l  ♦  ^  2,  CC  ),  poalelra  in  (a(2,l),  and  ia» 
tha  latarral a  (0,<X2)  aad  (1,  1  ♦  ot2)  tkla  danowlaator  eaa  go  through- 
■oro  for  tha  anglo  &Q  glran  by 

*ia2  -  c^.2  :.<^gK?2--.U  ,  (23a^ 

C>( 


Taking  Into  account  that  £  2  <  ol  2  <  1  <  1  ♦  at  2  <  £2  ,  wo  obtain 
la  oi—mry  the  following  distribution  of  sign*  for  F?  and  p2  (aad  tlno' 

”  2  *  g 

aloo  for  tha  aquaraa  of  tha  ladicoa  of  ra fraction  aad  n#)» 


latarral  of  valuaa 
for  2 

Slga  of  P^ 

Sign  of  P^ 

?a< 

- 

♦  for  d  t  d0 

?*<=(* 

♦ 

♦  for  0 

i 

BD 

♦ 

♦ 

l<  £2  <  1  +o(  2 

a 

♦  for  0  ^  &Q  \ 

1 

1  ♦  ot2<  £2<  £2 

♦ 

! 

z\<  c2 

♦ 

♦  1 

Tha  latonaltlao  of  aquillbrlun  radiation  aad  ora  dlffiiraat  fraw 
aaro  solj  la  tha  ragioaa  of  raal  a^  aad  aft  (aoa -art lag* taking  warns). 
Tharafora,  wa  bars  1^  ■  0  la  tha  latarral  £  2  <  aad  ■  O  la  tha 


laterval  Wot2<£2<£|i*  which  b2  is  m  gat  It*.  At  sufficiently 
fr*qu<acl4U  <  £  »  $2),  •ccorAla*  to  (23.13),  F§  ^  tZTU£  * 
■  k  ,  &*«.,  th*  «4la  Mumt  ilk*  a  rscwm  «d,  correspondingly 

**ml0  m  huj/2' 

Mwtltvtlm  of  (2.).12)  Into  (23.10)  gl**a  the  following  u^nulM 
for  th*  quant  It  1*  a  A,  1,  ate.,  appearing  la  th*  fonola  for  tka  la  tan- 
•UUs  (23 .9)  s 


*2o<2 

>-2  , 


£{■ 


•ia2d  - 


I'aia2  0  -  2(4  2  -  e*2)  ±  Ij}  (23.1*: 

M2  {„..  .  s 


*1  *“  **a  (  $2  ”  1)  ^Si*^  0  ♦ 


co*2*  . 


kith  tha  aid  of  thaa*  axprassioas  and  fonaala  (23.9),  *•  shall 
construct  graphs  for  tha  angel a?  aqailihriue  intensity  dlserlhwtloaa 
*0  x-  ,  L. 

*0£t»  *****  (**§•  12*22).  0*  tha  right  is  ebom  th*  tread  of  , 

o*  th*  left  th*  trend  of  — "2”  .  Th*  angle  &  la  reckoned  fra*  tha  dine* 

y>(v 

***■  of  th*  aagaatie  fi*l<i  <#.  With  respect  to  the  plan*  ^  .  90*  tha 
oX  Jq  1#  1*  eyanstrical.  tha  graph*  ar*  ceutnclad  for 

«<  *  f  (0)Q  "  f^H),  c  otto*  ponding  to  $J-J#0fa-*,le*(2-iJ# 

^2  “  ”5  •  Tkaaa  nakert  (as  mil  as  £ 2  «  l ar*  the  Halts  of  iatar** 
▼als  shewn  la  tki  preceding  tahl*.  Th*  graphs  ar*  emutrated  for  those 
kowoAny  raises  of  £  2  a»d  for  lb#  iaterral  t*1;»ss  £2  -  |,  |  , 

3  *■*  2-  °®  •***>  **«ph  sre  give*  along  with  th*  valws  of  £*th* 


****trr**(  ~ir*9**a 
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corresponding  relation  (in  breccia)  b«C«Md  Cbe  wtw  fraqissncy  CL  end 
tbs  frt^tMacUii  a  ^  and  .<  ^  durMCcrUini  tbe  madlun.  In  tfcm  lamer  parte 
of  cba  drawings  la  shown  tba  era  ad  of  (raal )  Indices  of  refract  loo  n^  and 

n  . 

a 

For  £  <  *  ,  tha  talaaloft  ia  completely  polarliad,  si.ee*  1^-0; 

1  la  different  f  rr.„  aaro  only  for  tba  limiting  angla  £ wh  1x3t  m& 

•  2  1  2  ^ 

-  y*.  la  6' -2°  and  dacraaaaa  with  increasing  <  to  ser»  l mt 

^  -  0.  Beginning  with  4,^  *  ^  ***•  intensity  1^  appear*  and  Ir 

different  from  aaro  for  all  angles  (  .  Whan  increasing  value#  of  £ 
approach  the  value  ^  2  ■  j  (i.e~,»  - >  0  Q),  the  Intensity  tends 
coward  tbs  ssae  distribution  Iy  »  Lj,  y  2  as  In  vacuum  and  the  laeetsity 
I#  decreases  to  aero  evexyvhere  except  In  the  narrow  cone  drawing  together 
toward  the  direction  of  the  magnetic  field.  In  the  transition  tl'.rovgb 

n  L 

i]  «  *  the  picture  changes  eteparise,  since  too  assumes  a  uniform 
distribution  -  Iq ^  /2  ;  this  case  (4  2  •  ^  ♦  0)  la  presence*  in 
Fig.  15.  ' 

For  further  lncressss  in  4  both  intensities  are  different  from 
taco  for  all  angles  &  right  up  to  ■  1 ,  In  creasing  this  value  the 
mlniuom  limiting  angle  appears  in  1^;  this  angla  grows  frGn  *og 

4  ^  •  i  to  90°  for  4"^  *  1  ♦  1  ^  ^  (i-e.,  for  4  -  I'*®  *  k 

Also,  up  to  4  ^  *  ‘"2  *  *9^  the  emission  is  again  complstely  polav-lxed, 
a  Inca  only  f  0.  Starting  with  ^  ^  ^  ,  I#  again  appears,  an*<  <•* 

both  intensities  ere  finite  for  all  angles  and,  as  £  increase*  {i.e., 
as  tha  frequency  (,  increases),  they  tend  to  the  •quillbrlum  diecrbbution 

*o  •  *.  ■  *0  ./*  • 

The  iur'  nt*  peaks  of  Iy  and  have  the  following  origin.  Ti*ty  occer 
at  the  aajilea  b  •  (.  0  for  which  the  d*r<  ulustori  ia  formulae  f?3-5>) 
becoow  into.  Ia  accordance  with  (°1.17)  sal  (21. X9),  tl?;s  deuo«i-»wLure 

repret-i't  cothiog  ale  but  J  j  *  sin  ■-  J  " — *■  J  .  The rc l-sre,  sero 

dtruniMiora  aii ti,  correfifwiidirie.y,  infinite  peaks  of  the  tntenelt la*.e . 


e-VWiWiw«-i  - 


r 


3  4* 

«orr*wj»oo«*  ?«*  althar  #ucai  *&  th*  mm  '*at.tot  (tfct  a«$l*  #  ) 

for  which  eta  gc-owp  wslaeity  1?  4i.r««t«4  i!<m^  tha  sujMt  ie  <i*.l4  f[  £  •*  0), 

or  *»  the  aajtla  #  to  which  »  0,  i  ■•»«,  *  chaaga  la  the  4ir®ctio«  of 
eta  mxv  swms*l  4oo*  not  aatrala  a  twntlo,}  of  tta  grew*  'eciwelty  wttw. 

Tho  baum  sol  14  angla  Ls  nlaui  to  tta*  aomol  #*l  14  aagla 

•inmaot  4 XL  by  flu  avlutast  ttagcatloat 


4X1 


0,* 


ulaJL  &JL 

•  i'j  £  4  £ 


4  , 


tW,  5»r  tta  «njU  ^  for  which  |  >0  or  J-*-  “  ®#  *  tklctaolH 
of  eh*  r«7»  li  produce 4  which  cmmi  tta  lataaaicy  la  tta  coos  fxata 
rfl»l  Do  uelo  to  tar  lx fin Italy  groat*  On  tta  graphs  tta  UUHitjr 

foots  cacwd  by  ij  *  0  or  -  0  or*  dtaot<4  by  tta  clgn a  0  or  i,  (••• 

poctSaaly. 

lx  cm  bo  I#**  froa  tta  graphs  that  vtaomr  tho  corvo  of  tho  ra- 

frostiw  <«!n  go**  to  Infinity*,  cha  o^u  11  lb  visas  iotooslty  is  also  la* 

4  i 

flnisniy  las  go  rr.4  is  cnt«4  by  tho  fact  that  tha  itrlntln  jy*  bseowaa 

*ar o„  art  la  tout  latorroli  of  £  In 'Isa  to  pecks  of  intensity  ocatr  also 

for  sm£»  anglas  0 ,  for  which  tta  trao4  of  tha  rofractioa  lotas  la  float 

(IQ  «*  fig.  lb,  16,  17,  21}  I#  so  fig.  12  *r4  13). 

Tta  ovdwoto  t’.v#  ««£ullll>r<»ai  aacrpy  taooity  o*a  naat  ssabrtltota  la 

(21.23.  tha  axprssalotu  for  *»4  o*iaa  frees  (23. 13).  Tala  givos 

vary  cas-v  !  lcct«4  Ir.Cagrclo  w*»ich  ecousot  l>#  nvalc«c*4  la  closo4  Horn.  Oaa 

2  2 

cosa  hawMir  oaevrt  tV.t,  Cor  f  Us  its  ®0  ead  n  ,  i.a.,  for  all  ton*  wboa 
ttan  Ls  no  crlcictU.  OKigis  ^  (Intervals  <  i  o«4  1  ♦  «(2<  ^2), 

tt*o  «»  of  also  is  finite.  In  tlsa  pracssca  of  tho  critical  aegis 

tta  r^cUio  rtoa;*ltt#^s  «Z  tha  c*rx*opo/*41ug  La  dr*  of  refractions 

^  •  1  /  2 

i acrssMi*  as  |  0  -  ^  q  j  ortara  £  bat  tha  bahavlnr  of  tha 

J  d O  i  a^O 

lnt»£'-wy«r  la  (21,23),  c^iilntota  *l*o  r.ha  4crlretle«a - n-id  , 

_  doJ  otd 

.  V-  j  In  ^0*0 Ibis  t*  • ( ■  -  -.»  of  tin*  a'.- #ca  of  (tboorpi  Ina.  In  t»£s, 

a "  i.  -«sg^s  b/  »  jo  ;!  from  ♦  o  ro  -  uO  sc  tU«t  fr-TtiMt  «a  e  id  Itsfi-tL*.- 


1 


16? 


requires  additional  uaiMtloa.  Ia  connection  with  this,  it  (hoald  be 
noted  tUt  the  intervals  ^  U  2  mad  1<  £  2  <  1  +  o<  Ln  which  for 
th*  Halting  sagl*  ^  occvrt,  ars  exactly  tboM  lnttrvtll  tlar*  fth* 
sign*  of  the  coefficient*  end  of^  era  distinct  [ses  (23.12)].  2* 

the  cam  of  tie  u*l<aUl  c  ryot  el  the  difference  la  signs  of  mad 
gave,  um  lw«  sees,  also  a  difference  tor  the  critical  angle  la  the 
distribution  of  the  lateaalty  end  Chi*  eaaMd  there  an  Infinitely  l «r$* 
value  of  the  energy  deaelty .  We  can  aspect  la  the  cm—  of  e  eigwttoestlw 
nedlun  under  study  that  the  energy  density  (as  also  la  the  case  of  an 
isotropic  nediuw)  will,  in  the  presence  of  infinite  branches  for  the 
refractive  lade*,  aieo  ho  infinitely  large,  la  the  absence  of  absorption, 
when  the  resoneoce  increase  of  the  oscillation  energy  of  adcropert teles 
1*  not  limited  by  anything,  ewch  e  result  does  not  contain  la  itself  any 
oetradictions  whatever. 

Let  a*  nots  la  cencleeioa  that  in  practice  see  does  not  deal  with 
equilibria*  rad  let  toe  vital*  a  nsgaetoactlvti  wsdltas  but  with  the  radiation 
of  such  a  tudlus  to  the  exterior  (radiation  of  ionosphere,  ewe  spots). 

The  results  studied  hers  are  of  Interest  sun  inly  because  they  can  he  of 
advsatag*  la  ths  exeeiast  toe  •>«.  this  lsst  quest  Lae  which  la  the  peasant 
work  we  shell  not  touch. 


•  9  « 


•  •  • 


\ 


#  • 


'  wMt' 
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CRAMS*  V.  E1JCTAIC  ftOCnUTIOWS  i'R  A  Q«m -STATIONARY  R*G10R 
Sectloa  2.V.  .Vomulatlon  of  tha  Trebles; 

l»  the  j-*gie«  at  iw  f  r*qwe»c  las  m»,  when  rha  dimension*  of  tha  bo«U«* 
i.md«t  study  *r*  mtc.it  sisal  ler  t(u«  f.h*  vavalangth  la  t  !i*  ourroondlup  apse*, 
tb*  Mature  at  tha  questions  esead  o t  theory  change*.  As  a  rule,  our  lntumt 
Ho*  no  longer  la  radireioM  Seat  la  the  f luctnut  tom  of  the**  integral  mag¬ 
nitude#  vita  which  the  a  tat*  of  electric  aystec* a  i«  tha  qcasl  -stationary 
region  cat  b*  described.  In  practice,  of  special  importance  la  fha  cm* 
vi  a j- » taws  which  represent  «l«cr.tlc  nutwota*  of  auff Lclently  Chla  (quasi- 
wires*  f  cJw  ructeKlsad  fcy  ceossanftra.tai  iapadstacc  j .  W*  then  speak  at 
fluctuations  of  tha  total  current.  sirenath  In  **y  W*nt h  of  auch  a  network, 
or  of  fluctuations  of  the  poUoCUl  oa  iImm  or  thoaa  of  it*  Uspedsacea. 

Thu  theory  of  quasi -& tat lonar?  current*  la  networks  vltfc  concentrated 
pares* ’’era,  operating  with  th*  generalised  UrcUoff  equation*  for  thaa* 
current*.  La  a  coo**  queue#  of  the  gaiwtal  field  aquat  too* .  But  tha  theory 
of  fluctuations  j*  auch  aatvorka  follows  from  elec  trod  yarn*  Ic  operation* 
containing  the  lateral  fluctuation  field  K.  Tha  presence  of  this  flald 
cause*  tha  appearance  in  th*  corresponding  Circhboff  aquation*  of  fluc¬ 
tuating  electro-propulsive  fore**  localized  la  tha  active  resistances  of 
tha  network,  tnua,  to*  fluctuations  of  all  tha  Integral  character 1st ica 
of  the  network  state  —  atrangth  of  currants,  charge*  or  potentials  -- 
are  completely  determined  by  the  lmpedaocv*  of  the  network  and  the  Integral 
fluctuates  emf'e.  Therefore  th*  question  of  gr**l**t  physical  internet 
la  the  question  concerning  the  relation  batvaan  th*  integral  random  emf'a 
which  enter  tha  (ttrebooff  aquation*  for  alternating  current*  and  tha 
potential  which  determine*  their  lateral  fluctuating  ftald  K  distributed 
over  th*  volts**  of  th*  conductors  which  const  it  tit*  th*  network. 

If  the  conductance  or  eaceode  by  many  tines  tbn  frequency  CO,  than 
on*  can  neglect  the  current  perturbations  inside  the  conductors.  We 
then  hers 

e  ■  ■  i*"«  l  €|  »  i  (s*.i) 


{.£  i,f 


■***m*r+*"  r**  * 


Yyn**r se- swast"  w  r.»  w  .?**■*••  ‘"T'W l 
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and  tbs  baa  Sc  field  aquation*  tat  Ida  the  conductor* 

curl  .  -  -  lk^iH 

^  -*  •* 
curl  U  -  lkc*  +  lk(£  -1)6 


m«m  the  for* 


1 


curl  X  ■  lk yJA 

-»  hST-* 

curl  H  ■  ~  J 

T  -  <r(*  +  *)  • 


(24.2) 


Her*  the  v*lu«  of  tb«  constant  C  In  eh*  corr*l«tlon  function  of  the  cow- 
pon*nta  of  the  lateral  field  6,  t.t  long  aa  w*  can  consciously  consider 
H*J«  #-,  1.*.,  starting  fro*  £**•  6*yl«lgh-J*«n*  law,  will  b«  (aa*  (6.17)J 


C  ,  iir  ^ -J — ^  ^  Lf.i  i  ^  i£  t*L_ 

OJ  iv^\£  -  1 J  a;  lw  e  fcOhr- 


.JSL 

A  S 


(24.3) 


It  1*  thl*  value  of  C  which  had  b««n  previously  found  In  the  work  of 

2 

M.  A.  Laontovlch  and  of  tha  author  la  th«  atudlea  of  electric  fluctuation* 

_* 

and  of  correlation  function*  of  6  in  th*  quaal-ecst lonary  region. 

The  determination  of  the  spectral  intensity  of  the  integral  mml  £ 
la  divided  Into  two  stag**.  Tha  firat  atage  la  purely  electrodynanlc . 

It  la  oncaraary  to  ceteb  lsh  how  th*  tnf  £ t  acting  la  a  part  of  tha  net¬ 
work  (or  in  the  entire  closed  network),  1*  expressed  In  tens*  of  tha 

_k 

lateral  field  K,  arbitrarily  distributed  over  th*  entire  voliaw  of  the 
conductor*  constituting  tha  give*  part  of  tha  network  (or  the  entire  net- 

1.  Let  us  note  thnfc  aa  e  result^  of  neglecting  the  perturbation*  by  th* 
currents  the  lateral  field  Y  now  enter*  the  clwpl*  Ch*'e  law  and. 


tb- refer#,  colne id**  wit*  uo*  lateral  field  ^  which  we 
vlo^sly  discuerisd  in  Section*  1  and  6.  1 


have  pr*- 


2.  H.  A.  Uo.tovicH  end  3.  H.  Rytov,  J.X.T.F.  23,  246,  1952. 
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work).  If  lueh  an  Mpmiloa  is  found.  than  Char*  rusuias  a  second  part 
of  tbn  problem  —  tha  astabllahswnt  of  cha  (ora  of  Cba  a  pace  corralatloa 
fuse  Cion  of  tha  ccmponants  of  K.  Itvlai  tha  expression  for  £  ia  tana 
of  K  and  knowing  tha  corralatloa  fuaettoa  of  l,  ve  can  lssnedletely  f lad 
tha  apactral  iataaaltlaa  of  tha  floctoatlooa  of  cha  enf  £  as  wall  aa  of 
tha  magnitudes  dr  cam  load  bp  It  (corraat  strength  ate.) 

In  tha  cltad  work,  tha  axpraaaioa  for  £  la  taraa  of  t  h-ul  baaa 
derived  for  tha  caaa  of  a  network  of  wary  apacial  fora,  namely  --  for  a 
closed  Sal lx  of  round  cylindrical  wira.  Concerning  tha  correlation  function 
foe*  tha  longitudinal  (ax la  along  tha  wira)  component  of  K:  la  tha  aaaiMptloa 
that  tha  S  -corralatloa  taka#  place,  tha  coafflclaot  C  waa  ohtaiaad  from 
Xyqulst 'a  formula  for  tha  spectral  intaaaity  of  tha  integral  saf £ 


Jf  ^  sjk  | 
Tr 


(2*  A) 


Now  it  la  posaibla  for  us  to  go  backwards,  tinea,  aa  a  raault  of  tha 

investigation  of  thermal  radiation,  tha  corralatloa  function  of  tha 

ponenta  of  K,  Including  tha  value  (2k. 3)  for  the  correlation  constant  C, 

are  already  known.  Thus  also,  wa  need  only  tha  expression  of  £  ia  taraa 
Jk  2 

of  K  ia  order  to  find  •  !">  the  next  section  wa  shall  give  tha  «o- 

lution  of  this  laat  problem  in  tha  general  fora,  following,  with  Minor 
changes,  the  derivation  of  A.  V.  Gaponov. 

Let  is  not  a  a?,  a  in  chat  tha  admittance  of  tha  S  -corralatloa  for 
the  components  of  1  relies  on  the  ewallaaaa  of  the  factual  ccrralatioa 
radlua  a  ir>  comparison  to  tha  camvcctioMl  area  of  tha  conductors  aa 
wall  aa  to  akin-layer  thickness 


r<r^oa> 


(2k-9) 


Aa  far  aa  tha  relation  between  the  croa a -sectional  dlaaaslos?  and  4  la 
coacsrasd,  it  la  not  fixed  in  any  way,  l.e.,  tha  results  swat  embrace 
tka  caaa  of  uniform  current  distribution  over  tha  section  (sufficiently 
low  fraguanclee)  a a  well  aa  tea  caaa  of  akia-effects  of  any  strength  whan 
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d  Is  much  smaller  than  the  faction  d Isaak  loaf  (but,  at  before,  d  »  a). 


SxprjMtoa  for 


For  simplicity  we  shall  first  study  an  unraalfled  network  so  that 
the  aquation  for  tha  total  quaal-atatloaary  current  1  nust  be  singly  the 
integral  Ohsi's  law.  It  can  ba  obtained  by  us log  the  energy  determinations 
of  the  resistance  and  of  the  total  inductance  of  tha  network.  These  mag¬ 
nitudes  depend  on  electric  and  geometric  parameters  of  the  conductors, 
as  wall  as  on  the  current  distribution  in  then,  l.e.,  In  final  accounting  — 
on  the  distribution  of  the  lateral  field  K.  The  magnitude  representing 
the  integral  emf  also  proves  to  be  dependent  on  K  not  only  explicitly, 
but  through  the  current  distribution  determined  by  the  given  K.  It  is 
evident  chat  such  a  determination  of  tha  Integral  amf  la  not  uaaful  for 
the  problcma  Intereating  us,  alnce  it  does  not  maks  It  possible  to  find 
the  apactral  intensity  of  ths  emf  vlth  the  help  jf  the  correlation  function 

-  h 

components  of  K.  Nevertheless  we  shall  adduce  the  appropriate  derivation 
since  the  latter  heLpa  to  narrow  down  tha  proMsm  formulation. 

Equation  (2b. 2)  can  be  extended  to  tbs  ectlra  spaca  assuming  that 
outside  the  volume  V  of  the  conductors  (la  vacuo?)  -  1  and  <7-  -  0. 

We  thereby  completely  exclude  from  the  examination  currents  of  pertur¬ 
bation  In  ths  extsraal  fisld  (outs  Ids  tbs  conductors  curl  H  ■  0)  and, 
therefore,  we  exclude  the  presence  of  condensers  la  the  aatwort.,  l.e., 
we  are  exa-ilning  s  closed  conducting  network. 

Tha  passing  from  (2b. 2)  to  the  generalised  Ohm”*  law  can  be  done 
as  follows.  We  multiply  the  third  equation  of  (2b. 2)  by  j  and  integrate 


over  the  volt 


V  of  the  conductors 


dV  -  /  i  JdV  . 

V 


(25-1) 


t  i*  1 

Ths  density  of  Joule's  heat  la  q  ■  $  so  that  in  tha  network 

2  o 

1.  The  evaluations  ara  carried  out  for  discrete  harmonic  oscillations 

of  fraq>teacy  CO ,  as  s  result  of  which  tbs  coefficients  la  the  bilinear 


-.4 wss km  k ed4*» •*  .« 


mi  _stanc«  K  correspond fag  a jo  :he  energy  (ietamlnat  ion  we  have 

/  qd*  -  HI*  (25-2) 

h 

it* «  (25.3) 

ft 

i«M  la  all  croia  •actions  3,  slnca 

dlv  J  -  0). 

Let  us  now  find  the  frjyf.al  Magnetic  energy;  for  this  we  shall  integrate 
J4,  H  H  over  tha  antlra  spous*.  Using  the  first  two  aquations  of  (24.2), 

wa  gat 

fau  »  dV  -  -  /  *  curll  curl  1*  4  (Slv  [I,  «]|  <fV  - 

-  -  ^  J*  dV  ^  ^  1*j  M  dX  -  -  *“f/  *  J*  *N.  (25.4) 

X  * 

Wa  took  into  account  ham  erJnnt  tha  space  integral  sxtende  only  over  tha 

conductor  volirea  V,  but  chat  surface  integral  over  tha  infinitely  distant 

surface  E  equal,  for  tha  qm-wfi -stationery  plana,  to  aero.  Surfaces  cf 

-  » 

conductors  are  not  special  since  tha  tangential  cowponentr  of  K  atfd  ri  on 
then  are  continuous. 

In  accordance  with  tha  *>aargy  deCsrainat ion  of  tha  total  laduction  L 

wa  have 

U  -  41  -  li-§-  .  (25?) 

fro*  (25-4)  and  (25-5)  It  fc*ll*we  that 

fit** a  -  *  ^  l  I*  •  (25-6) 

f  c 


/  -  2 

▼  a 


where 


la  tha  total  currant  itrwgtb  (the 


expressions  are  four  t  Ums  ewaller  than  in  the  corresponding  forwwlae 
for  overall  avereged  ay*n-t-rnl  intensities. 
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Substituting  (25.2)  and  (25.6)  Into  (25. 1)  and  us Ss«  expression  (25,3) 
lor  I*,  vs  obtain 


a 

/  *  i 

i(*  ♦  l-^r )  -  * 


dv 


•sms 

J  dS 


C*^5  -7) 


'^,*oc*  follows  that  the  right  hand  aids  la  tha  laitgnl  «sf  at  fra* 
qusncy  o>-  As  had  bssa  said,  this  « of  as  wall  as  tha  total  aetwot* 

Impedance 


Z  -  *  ♦  (25.8) 

c. 

dapand  oa  tha  distribution  of  tha  lataral  -laid  1C  la  tha  conductor  volume 
directly  as  wall  as  on  tha  distribution  of  j*  as  determined  >jr^,  Wa 
ara  however  interested  In  aaothar  At termination  of  the  anf  1»  which  tha 
latsral  field  K  would  enter  explicitly.  -Such  a  deteas, nation  can  ba 
obtalnad  with  tha  help  of  tha  reciprocity  theorem. 

let  us  Unit  our ss less  now  to  tha  case  of  a  clo.  sd  unr rifled  mat-' 
work,  consisting  of  quasi-llnear  conducto~s.  Let  us  separate  n  sedl 
ssgnaat  A  (Fig.  23)  whose  layedsnca  is  negligibly  small  compared  to  tha 
i«p# dance  of  tha  whole  network.  Along  with  tha  case  la  which  wa  ara 
Interested,  when  tha  lataral  field  &  is  distributed  ia  th<j  volume  of 
all  conductors  sad  equations  (24.2)  apply,  we  shall  study  another,  aurl- 
liary  case  whan  the  lateral  field  is  constant  over  tha  cross -section 
and  acta  only  In  tha  segment  A.  Wa  shall  denote  all  nagnltudaa  corres¬ 
pond  log  to  these  conditions  with  tbs  Index  0: 


-»  _a 

curl  CQ  -  -  lk/*l^ 

curl^  -  *~T0  {25.9) 

?0  '  a-  (t0  ♦  . 


Fr<»  tha  first  of  the  equations  (24.2)  and  (25-9)  it  follows  that 


■»»*- •*'«***»•*».<*  :»*«*«  ..•nn  n  1—  4».iM>.iiarnai'^ai»a»wJM  i-ewur  ir.i 


m 

curUaf  -  It  cuii  -  0  .  (?5*10) 

On  tht  othar  hand,  using  tha;  mcqmI  and  third  of  tha  aquations  (2k. 2) 
and  (259)#  v*  gat 

curl  K  -  H  curl  —  it  murl  <•  diw  [E,  -  Eg  curl  H  * 

-  dlv  [B0,  H)  -  (3%  -tQt)  ♦  di*  I  [E,  l£)  -  [X0,  Bj]  - 

“  c  (,:oj  ■  kw)  •* dt*  f i*»  v " 1  v  al !  • 

Intagratlng  this  oral  tha  ancliu  xiald  and  nor  Ing  that  tha  lntagral  from 
tha  first  tarn  axtand*  only  amr  tha  vcIum  V  of  conductors  and  that 
tha  auriaca  lntagral  vanlshaa;  ((tha  aurfacas  of  tha  conductors  naad  not  ha 
cons  Ida  rod  in  via*  of  tha  continuity  of  tha  tangantlal  consonants  on  tha«), 
wa  obtain,  in  view  of  (25.1)*, 

/  £Jd*v  -  /  dV  -  (25.11) 

V  V 

Lot  us  danots  by  ~m  tha  limit  vac  tor  along  tha  axis  of  tha  quasl- 
llMir  conductor  snd  by  ds  anuulvwant  of  length  along  tha  uxla.  u Inca 

-X  — l 

J  “  •  J,  J0  «  sJQ,  dV  ■  4adS  and'  tha  field  KQ  la  constant  over  tha  sactlon, 
(25-11)  takea  tha  fora 

l  -  /  «b.  Jds  -  ^o1  -  /  V»d*  * 

aut  (£  o  *  zoV  *h‘r* 

!0  -  /  Z0 

(Z^  la  th>i  network  lnpadanca  wltth  "any ty"  wtree,  i.s.,  not  containing  a 
lataral  field,  calculable  with  tths  ha  lp  of  Jq).  Tharafora, 


/  *.VV 


rut-  -  tf 
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125.12) 


The  deterwlnat  ion  of  th«  equivalent  Integral  wf,  giving  (25*12), 

a 

Is  of  the  type  which  we  had  wantad  to  obtain:  ^7  depend*  oa  K  only  expli¬ 
citly.  Thla  ex»f  £  permits  ua  to  find  the  correct  value  of  the  current  1 
If  we  use  the  wire  Impedance  which  doe*  not  conta4*-  lateral  fielda. 

At  vary  low  frequencies,  when  can  be  considered  constant  over  the 
wire  aeccion  (absence  of  skin  -effect ),  we  have  /  Jq&>  «  JqS  »  1^  «  const, 
and  £  takes  the  fora  ** 


£  -  f  1 1  Vs 


(25-13) 


where  T*  Is  the  contour  of  the  axis  line  of  the  network.  In  the  case  of 
a  wire  of  conatant  cross -sect Ion,  (25*13)  gives 

£  "  s  f  dS  Ks  **  (25*1*0 

T  _> 

l.e.,  £  represants  In  this  case  value  of  the  circulation  of  K  averaged 
over  he  cross -sect  ion. 

If  K#  Is  constant  over  the  wire  section,  which  Jj  the  case,  for 
example,  for  Induction  In  the  axterral  field,  then  (25*12)  become*  the 
usual  expression  for  the  emf 


s  ■§ 


»,ia. 


(25*15) 


The  formula  for  £  ,  utilized  in  the  previously  «**ot lotted  work  of 
M.  A.  Leontovich  and  of  the  author,  refers  to  the  special  case  of  a  round 
wire  of  constant  cross -section .  In  cylindrical  coordlnataa  r,  jp  ,  a, 
tinea  j  /-c*  jA-x-r),  ohara  J  In  the  tassel  functioa  of  sero  order,  and 


2i/d 


we  then  have 


•  •  • 
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Section  26.  Hygulst’s  fonwU 

Having  formula  (25-12),  which  gives  £  la  farm*  of  the  strength 

-J 

of  the  lateral  field  K  and  having  the  correlation  function  for  the  a  -component 
of  K 


S<*>:  <*i>  -  -T^^'i 


(26.1) 


It  la  not  difficult  to  obtain  the  spectral  intensity  of  C  .  According 
to  (2-9),  the  spectral  Intensity  decomposed  with  respect  to  positive 
frequencies  CO  Is 


e£  • 


Substituting  in  hers  (25.12),  we  find 
2  ~  - 


^  U  r.  *1  <r2>  j0  <rl>  J0  (r2>  dvi  "2 


0  0 


Using  then  (26  l),  we  obtain 


tS- 1  Vo  «  . 


But,  according  to  (25.2) 


^VJ’  0 


’  ^  *  ■  WJ 


which  finally  gives  •yqulst’*  forwule 

C  2  .  fc- 

L  o.  .c 


(26.2) 


r 

i 


*  i  #,*»*  V  — 'n  V.  rr^  -*v»  <p  •*♦•  »*pv?v ;  >■*  «•** 
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In  sow*  cases,  whan  v*  arc  talking  of  waves  propagating  in  tha  wire a 
and  tha  formulation  of  tha  problem  adblta  the  introduction  of  distributed 
<juaal -stationary  parameters  (tha  usa  of  tha  telegraph  aquation),  tha  linear 
density  of  a,  can  be  of  advantage,  i.a.,  emf  par  unit  length  of  wire 


c£ 


The  correlation  function  for  £  *  will  then  ha  as  follows 

C  (•l)£,*(«o)  -  -^-rc'K  *  O 
2  'trj-  1  2 


(26.3) 


(26.4) 


where  j- *  la  tha  conductivity  of  unit  length  of  "empty”  (in  tha  sense 
given  above)  wire.  Pbr  tha  apectral  intent ity  of  tha  total  amf  In  a  wire 
of  length  C,  (26.2)  follows  from  (26-3)  and  (26 A) 

el  -  *7?  ■ 

As  is  known,  formula  (26.2)  la  not  restricted  to  the  special  assump¬ 
tions  made  during  its  derivation.  Derivations  of  ££  baaed  on  general 
premises  of  thermodynamics  and  statistics1  give  (26.2)  independently  of 
why  and  how  the  active  resistance  depends  on  0) (ramif lest  Ion  of  the  net¬ 
work  made  of  conductors  of  any  asctlon,  praasnea  of  capacity,  ate.). 

The  akin-effect,  to  tha  trust  thst  it  Influences  the  magnitude  of  the 
active  resistance,  is  taken  into  account  automatically. 

furthermore,  our  derivation  rafars  to  the  case  of  good  conductors, 
within  which  current  oerturbatlon  can  be  neglected,  i.e.,  (2b. 1)  takas 
place,  end  for  which,  too,  magnetic  losses  era  ebtent  (  u,  real,  lateral 
magnetic  field  M  —  0).  From  general  thermodynamic  cons iderst Ions  it  is 

1.  H.  Nyquist,  Pbys .  Rav.  32,  110,  l?28;  J.  Bernamont,  Ann.  da  phye.  "J_  , 
?l>  *9 37;  C.  J.  Bakkar  eud  C.  Heller,  Physica  £,  2t>2,  1939;  5.  S. 
Solcaoo,  J.  appl .  PUys.  ^3,  109,  193-2.  For  derivation  to  quant im 
dexnain,  see  H.  B .  Callen  «ud  Tb.  A.  Walton,  Phys .  Rav.  3V,  I95I, 
and  alao  V.  L.  Glnsbur,\  U.F.H.  396,  19*S2. 
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clear  chat  both  assumptions  *r«  not  essential.  In  fact,  baaing  oursalvas 
on  alactrodynsalc  aquations  (1*3)  or  (1.9),  which  refsr  to  tha  general 
caae  of  conplax  £  and  ^u.,  and  on  tha  expressions  for  tha  correlation 
function  of  K  and  H  (•action  9)«  wa  can  show  that  fomula  (26.2)  ia  valid 
for  any  conductor  paramatara  or,  ia  batter  worde,  for  tha  "noisy"  pattern, 
einca  tha  latter  nay  be  cloaa  to  both  tha  dielectric  and  tha  magnetic  and 
can  control  loataa  of  any  origin.  Understandably,  tha  expression  Itself 
for  tha  anf  of  £  au«t  la  a  corraaponding  aansir  be  generalised  in  order 

_i 

to  include  also  tha  lateral  field  M. 

2 

the  dependence  on  frequency  of  /  can  b.  govern*  r1  not  only  by  the 

u 

parametara  and  tha  an^ftwet  of  tha  network,  but  elao  by  the  dependence 
on  frequency  of  tha  permit tlv’ tics  &  end  u,  and  therefore  by  tho  corre¬ 
lation  constenta.  For  instance,  ia  the  caae  of  good  conductors,  when 

C  -  — - —  ,  the  unit  conductivity  X  nay  depend  on  the  frequency.  Taking 

>r  jt 

into  account  of  the  finite  tlaw  of  free  travel  of  an  electron  In  ewtal 

X  "  a/v  ( m  la  tha  frea  path  langth,  v  la  tha  thermal  velocity)  leads  to 

a  dieperaion  of  X ,  as  a  result  of  which  the  fluctuating  current  spectnen 

is  cut  off  at  frequencies  Oj  ■ — s  l/X .  In  practice  thle  effect  In  which 

e  tiro  correlation  fluctuation  of  the  current  appears  for  tine  intervale 

lasc  than  C  dose  nut  ploy  any  role,  eiaci  under  ordinary  conditions 
•6  8 

e  10  cm,  v  10  cn/sec  for  almost  all  metals,  and,  therefore, 
l/X  10^  sec  * .  It  should  be  noted,  however,  that  these  frequencies 
era  precisely  of  such  an  order  that  the  "classical’”  skix-leyer  (?’  >) 
becomes  comparable  to  the  free  path  length  (d  -  -  e).  Meanwhile,  the  authors 
of  the  work  mentioned  above  consider  electrons  as  particles  reacting  with 
a  grid  (in  momentary  acts  of  collision  witk  !«»»*/,  and  do  net  taka  into 
account  chair  magnetic  field.  Am  a  result,  Che  ekln-effect  drops  out  of 
the  picture.^ 


1.  C.  J.  Bakknr  end  C.  Heller,,  Phi  sice  <±,  262,  1939- 

2.  At  low  (helium)  t*-»pu  recurs#  s  ten  already  le  the  region  of  radio 
freq  jecc  ler  (<_  >  I0*u)  exceed  ccr.aldsrAbly  tha  cbic*"*JS  of  the  SO  - 
celled  *ktn-leyer  of  electro<tynmlcs  .  See  V.  L.  G  1m  bur  j,  CPU 

333.  19.30 ;  A.  A.  Abrikneiv,  *6,  k3,  I9V;  C.  J.  Grebeakewpar  and 
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Nyqulst'e  formula  la  also  valid,  of  couras,  for  ultra -cooductora . 

A*  a  result  of  Iik  tecsperaturas  and  of  a»all  magnitude*  of  losses,  tba 
,cnolae"  leva!  mutt  be  vary  low,*  which  wee  recently  confirmed  by  atraight 

p 

experiment.  With  th*  precision  used  in  the  experiments  (at  frequency 
5.6  me,  band  10  kc),  it  was  not  possible  to  uncovar  the  "noise”  of  the 
ultre -conductor .  It  is  of  interest  thac  "notes"  is  absent  even  then  when 
a  vary  strong  currant  (about  100  amperes)  is  circulating  in  the  ultra¬ 
conducting  ring. 

A  term  of  the  potent  let  type  can,  in  the  general  caue,  be  present 
in  the  correlation  f tract  lor.  component  of  K,  According  to  (3*3)  “•  heve 
for  the  longitudinal  (along  the  wire  axis  r)  component  of  K 

v0  -  ■  4  (*■> + ^  t26^) 

* 

whare  r  -  jr^  -  r^J,  1  •  •  *2-  This  erp resaiom  is  valid,  however,  only 

for  points  removed  from  the  conductor  surface  by  a  distance  greeter  than 
the  correlation  radius.  In  ths  surface  layer  of  thickness  of  the  order 

of  e,  F  will  be  anisotropic  and,  in  th*  general  csss,  nothing  can  ha 

sa 

said  about  It . 

If  the  conductor  is  closed,  the  )  (r)  and  vj  (t)  will  ha  periodic 
even  functions  of  s^  -  *2,  with  period  equal  to  the  length  i  of  th*  social 
1  Ins  of  the  conductor.  Ju  this  cass  the  potential  type  term  does  not 

o 

give  any  contribution  in  Che  expression  for  «*'  and  can  therefore  be 
thrown  out-  If,  however,  the  conductor  ia  opened,  then,  generally  apeak- 
log,  the  appearance  of  Additional  terms  in  'in  (26.2)  ia  possible 

j.  P.  Hagen,  Phys .  llev.  6S,  673,  1952;  A.  B.  Pippard  and  R.  G.  Chamhare, 
proc.  phys.  Soc .  (A,'  955*  1952. 

1.  See  V.  L.  Cinzburg,  UIH  46,  346,  1952. 

2.  K.  S.  tool  and  J.  Vo  gar.  Physics  !£,  46,  1953* 

3.  Ssa  M.  A.  Leootovich,  DAg  33,  115*  1946  concsrning  the  influence  of 
the  surface  on  the  fora  of  the  correlation  function  la  ths  concrsts 
problem  of  the  density  fluctuations  of  e  charge  in  alactrolytlc 
solutions. 
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due  co  the  potential.  t»r*  Its  (26-5 ),  12  m  consider  this  formula  to  wmI# 
valid  Tight  up  to  the  host  ®a/i  a£  the  conductor,  sad  doe,  M  trail,  to  the 
factual  difference  of  fro®  (26.5)  in  the  surface  laysr ,  However, 
additional  toms  do  wok:  d*jMs«d  on  th«  leagtn  J&  of  the  conductor  end  can, 
therefore,  give  s  correction  to  <£'  ^  to  n*  order  tor.  lower  than  */-£. 

tfy 

Looking  upon  the  4 ads  of  the  conductor  us  condensers,  we  would  then  ob¬ 
tain  a  correction  of  tin  same  order  too  for  the  total  nUcttlc  energy  of 
this  condenser 

OO  •  'C®  ^  ^  a  p  p  p 

0  -  /  V(vic°  “  ZC  ^  \oial  *  ,“h*M  ■  2|q|  -  £-^1^  lrl  ♦ 

Tha  Vyqulst  ewf  (26.2)  le.st'a,  «*  is  known,  to  tbs  valua  "J  -  fr, ' *  ,l  The 
correction  tsm  of  the  order  mtf,  does  out  cootrsdlct  macroscopic  thamno- 
dynamlca,  sines  a  Is  a  nlcroqi-ant tty,  but  tha  question  about  tbo  nature  of 
suck  a  correction  term  esquires  a  separata  lavs stigat ion. 

Sect  ten  57.  Integral  emf  and  Bad  let  low 

Tha  concept  of  integral  fluctuation  em£  can  be  utilised  also  la 

questions  rslatad  to  thurenl  radiation,  provided  si  1  tha  dimenslorn  of  the 

emitting  network  sea  swell  compared  to  tha  wr volougth  In  ourroundiog  sp oca. 

We  shall  study  in  this  section  only  one  txwylc  wa  shall  show  bow  Ryqulsf’s 

form's  can  b«  obtained  from  tha  condition  of  thermal  squil  thrives  b«tv;*« 

ms  elawsntsry  helix  (aegnutlc  dipole)  erA  tbs  emission.  Tbe  idea  of  the 

2 

derivation  belongs  to  M.  A .  Loootovich. 

Lot  us  surround  tbe  elementary  coil  with  a  closed  surface  £,  According 
to  Poyntlng’e  theorem,  tbs  spectral  iatenslty  of  anargy  flow  through  this 

1..  for  R  independent  of  a).  See  C.  C.  Gorelik,  Uf*  3J>  L- 

Clasburg,  UR  K&,  398,  1952. 

2.  In  J.  Slater's  hook  "Ultra -short -wavo  Transfer"  (W.,  19^6),  la  section 
3**»  contained  sons  not  very  consequent. tel  discussions  concerning 
tbemal  equilibrium  la  eateana  systsne,  ieevlcg  the  question  of  ohmic 
resistance  and  ri.dlat lorn  resistance  unclear  (p.  286). 
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surface  la 


*vi- 


M  <£  -  -  /  (j  8*  ♦  j*~i)  dv 

V 


The  vo J uu  Integral  extends  only  over  the  region  j  jl  0,  i.s.,  over  the 
volume  of  wire  o#  which  the  coll  Is  made.  Since  this  Is  e  quest-linear 
wire,  we  ran  wrtlrf 


(I  c  *  4  I*£  ) 


(27.1) 


where 


<£  a  Ale  is  the  e*f,  caused  In  the  coll  by  the  field  2. 
•p 


Lot  the  co^U  i>«  pieced  in  a  given  equilibrium  (and,  therefore,  isotropic) 

field  R  ;  created  by  exterior  sources.  Then  the  field  8  in  the  presence 
u'  — *  _» 

of  the  coll  Is  csjrwsed  of  8^  end  the  field  BJf  creeted  by  the  current  I 

coursing  in  the  e-v  11 .  Since  the  presence  of  the  coll  must  not  disturb 

ChentMtl  equii  lJ»r£ .«*»,  tb«  aunnad  field  8  must  also  an  equilibrium  ".Aid 

and,  therefore,,  fmotropic.  Therefore  the  average  energy  flow  P(f(  through 

Che  closed  surfac*  Z  must  equal  sero 


H'  ‘  ♦  1  € 


(2?,2) 


In  accordance  with  tlw  decomposition  of  B  into  8^  and  E^,  let  ue 
slsllerly  decomtvie.#  the  total  ervf  £  into  the  em f  £  qp  ceuaed  in  the 
coll  by  the  field  of  external  sources,  end  the  emf  £  ,  which  dstsrwlmss 
la  the  coil  the  jj'r.'rsence  of  resistance  of  radlatiot  j-  end  of  the  'jts» 
ductaeK.e  L 


f  ♦  <•  i  *  £im 

Substituting  (27. lDto  (27,2),  w  obtain 


■(ff) 


(Zf  o) 


iei*  i*£0  -  zf  ij 


(27-*») 


~  I-Jh  fr  **,  \1»rUS 
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Thl.  •'juatioa  naans  that  tba  „ork  of  th4  „t#rnal  £  cov.rg  fchg 
Io*#M  ot  MdUtlOB  Of  chx  COil. 

If  *  la  tha  ohalc  r«ai#ta»ca  of  tha  coti  at  fraquaacy  then  tha 
gaoaralUatloa  of  Ohn'a  law  can  b«  vrlttaa  to  eb«  fora 

«  -  £  *  £„.  <^-5> 

wltot.la  l.  latroAjc.4  toa*  Uuctu.'lon  ««f  ,  vhich  auic  IM  Fkhtd 

up  la  such  .  .ay  that  tto  radiation  of  tha  coil  doaa  not  dlaturb  aquilibrUas, 
i.a.,  that  (27.2)  «r  co r ra. pood lag ly  (27^)  taka  flaca.  Carrying  (27.3) 
into  (27-5),  ira  obtain 

21  ‘  £0+  ££K  (27.6) 

vfeara 


X  ■  K  i 


(27.7) 


i«  tha  iapadanca  of  tha  coil. 

Substituting  tha  currant  I  from  (27.6)  into  (27. k)  and  taking  into 
account  -hat  tha  axtaraal  anf  gQ  And  tha  ’’local"  fluctuation  omt 
nr**  not  corralatad  briTraaia  ttwnaalves,  *■**•# 


0  ^  1 1 .  "  ^0  &  1 1 .  "  0 


(27.6) 


cn  i’J  nd 


J1**1 


(27.9) 


Lat  us  no.  study  |  (f°  Q|2.  Lat  d*not>»  tha  coa^txsant  normal  to 
cha  coa  tvrUcm  ot  tbs  ta^gsatlc  fisld  of  irtinul  sourcas.  Than 

ij  i  fij 

0  ™  ”  "V  »  ulara  S  Is  lha  coil  arcs.  Const<ju«atly 


I  Sol2  • 


(27.10) 


Hrv- 


0~'  nf-yv-'V*'*  >w» 


»uc,  according  to  condition,  the  radiation  of  external  eourcea  la  Inotropic, 
ao  that 


"t.12  -  Hl'ol2  *  l-V,!2}  ■  *?  “ocU  ■  (27-11) 

•hara  va  have  uaad  tha  Eaylelgh-Jaana  lav  (5.4): 

“oW^rfl'ol2*  l^l2}  ■ 

Froai  (27-10)  and  (27. 11),  introducing  the  raalataaca  of  radiation  of  tha 

4  2 

•  lament ary  coil  f>  -  &£-$-  1  M  oktala 

3c-5 

«£7  -  “¥  •  *f£  •  I/5-  (27-i2) 


According  to  (27-9)  «*4  (27.12),  tba  apectral  intent lty,  Introduced 
Into  Ohm 'a  lav,  of  tha  fluctuation  mf  la 


^fi.oi  "  2*<^fiJ2  “  "  '  (27-13) 

Thua,  for  £  n  ^  cova  to  Vy^v'at'a  formula.  Gaderetandably,  thla 
derivation  can  ba  rararaad  nod,  conaldaring  Ryqulet'a  formula  to  ba  known, 
tha  Rayleigh -Jeaaa  law  can  ba  obtained  from  (27-9)  and  (27. 11). 

Multiplying  (27.3)  4y  I*,  taking  tha  real  part  and  util la  lag  (ZJ.2), 
It  la  not  difficult  to  convince  otutilf  that 


n.  "  21  I1*5 


(27-U) 


l.a.,  tha  work  of  tha  fluctuation  «nf  &  ^  la  apant  on  perturbing  Joule 
loeaaa  in  tha  coll. 

1.  J.  A.  Stratton,  "Theory  of  Iloctromagnatian, "  Section  8.6  (M.,  1948). 
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TW  derivation  given  rail**  on  tha  confirmation  In  (27-®)  of  tba  *b**nc« 

of  apse*  correlation  between  the  anf  £  determined  uy  ch*  field  of 

external  sources,  and  £  ^  .  If  wo  imagine  that  rha  coil  f m  surrounded 

by  a  cloacd  conduct  In*  envelope  and  Chat  the  antlra  ay* tan  la  *t  thermal 

equilibria*,  than  1C  In  not  difficult  to  aatabllah  that  (27-Si>,  generally 

apeaking,  do* a  not  taka  placa.  la  fact,  tba  currant*  In  tbm  auevalope  ara 

-a 

partially  conditioned  by  tba  flald  g^  of  tba  coll  currant,  mmi  eh  la  currant 
la  partly  corralatad  to  £  ^  .  Tbaraby,  a  corrolation  banana  £Q  and 
£  fl  axiata.  Uovrrir,  aa  la  clear  from  ^aaral  thermodynamic  reasons, 
tba  raaalt  (27.13)  mu  at  not  ba  ralatad  with  tba  alsctrodynawiuc  paranatar* 
of  e.xtarwal  bodlaa,  aloe*  v*  ara  talking  about  an  equilibrium  condition. 

W*  can  tbarafor*  aaaona,  chat  external  bodla*  (or  tba  envelope  in  tba 
adduced  example)  are  abaolutaly  black,  la  tbla  caaa  It  la  aridaat  without 
factor  ado  that  the  flald  IQ  craatad  by  the  envelope,  since  ft  fser  not 
reflect  radiation  froai  the  coll,  can  ba  considered  fixed  and  chat  tba  emf 
£  0  is  not  corralatad  with  £  . 

Let  ua  now  euppoae  that  the  coll  emit*  into  fra*  a  pace ,  f.e th* 
uon-aqull Ibrlun  atata  la  atudiad  for  which  (27  ')  doaa  not  esfce  place. 

■  k  ^ 

The  flald  and  tha  ref  (*  ^  ara  equal  la  thia  caaa  to  aaro  ead  Cha'a 
law  (27*6)  taken  tba  form 

11  -  d'n. 


whence 

X£J1#  ♦  I#<?  fi,  -  2(*  +  f)\l\2.  (27-1?) 


Thu* ,  the  work  of  tha  fluctuation  anf  cover*  the  loaaae  for  cbw  Joule  heat 
aa  wall  aa  radiation.  Ualng  Myqulat'a  formula  (27-13),  **  fled  Chat  tba 

power  equal* 


CO 


2/lxl*  "  2fITT2'li- 


2&P  g 


£  (f  ♦  a)2  ♦ 


.  (27-16) 


'TT 


C 


9 


u 


t 


I 


C 
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Multiplying  DiMiiCor  and  (knowlMtor  by  jlf^A  ,  whara  I  ia  the 
harmonic  current  of  frequency  O-  aod  of  iom  arbitrary  amplitude,  and 
t.Vlng  (25.2)  and  (25.5)  into  account,  (27.16)  can  be  expreeaed  in  tanas 

of  energy  magnitude#  —  the  power  p  .  emitted  by  current  1,  the 

corresponding  Joule  heat  Q  a  -  and  the  energy  of  the  quasl-atatlonary 

magnetic  field  D  .uni  f 
*  4c2 


.  .  2iL _ pq 

"  or  ip  ♦  qj2  +  v  * 

91 


(27.17) 


This  for*  of  vrltlng  la  more  convenlcrt  lr.  the  cases  when  we  talk  of 
radiation  from  systems  email  coshered  to  the  wavelength  but  factually 
are  not  an  elementary  coll,  for  inata»ce>  radiation  fro*  a  small  well - 
conducting  sphere.  The  evaluation  of  P,  Q  and  for  this  latter  case 
(se«  Appendix  IX)  brings  (27.17)  into  the  for* 


-  a*. 


♦  1 


(<*  -  fc /id,  ^  -  ke).  (2?. 18) 


Since  *  «  -X  «  l,  we  can  nsglact  the  first  tarm  In  tto  denominator 
(tha  lorf,sp  »f  magnetic  energy  ere  considerably  greater  for  a  period) 

and  than 


p  .  i££dl. 

a  -Tt' 

It  la  to  this  axpreeslon  that  tha  straight  evaluation  of  ld  section 
14  for  a  small  sphere  (formula  (14.12))  had  brought  ua. 


cowxusiote 


Tha  theory  of  electric  flt*ctu\t lots*  presented  bar*  cons lets  of  tin 
unification  of  Macroscopic  electrodya*Mlcs,  vhlcb  describee  electric  and 
aifattU  properties  of  bo41as  with  Cha  ha? p  of  paraUtlvltiai  £  and 
with  ipK<*eomUtioo  etetlatlea,  which  relist  oe  cba  representation  of 
lateral  f la Ida  Introducible  Into  the  general lead  Ota* 'a  lew  la  one  or  the 
other  of  lte  form*. 

The  elect rod yaewlc  aide  of  Cha  theory  la  thua  general  and  Methodically 
regular  to  the  a ana  extent  aa  la  the  tuual  theory  of  the  macroscopic  field. 
The  particularity  of  flwctuation  boundary  problem  cooe lata  of  tha  fact 
that  oat  mu at  alwaye  deal  with  either  non - homogeneous  differential  aqua- 
tiona  or  with  non -homogeneous  boundary  conditions  da pending  on  whether 
the  volute  or  the  surface  lateral  field  la  utilised.  the  problems  of 
tha  second  type  are  considerably  simpler,  alnce  It  la  not  necessary  te 
oratliw  the  field  within  radiating  bodies  in  such  problems.  This  simpli¬ 
fication  la  admissible  In  tha  prasence  of  a  sufficiently  well -developed 
akin-effect  end  la  echiov»d  by  Mena  of  the  generalised  approximate  boundary 
conditions  of  M.  A.  Laoctovlch  (sect Inna  11-13). 

The  statistical  pert  of  the  problem  le  In  may  cases  taken  cate  of 
by  tha  eatwnptloa  of  a  apace  $  -correlation  of  the  letarel  fields.  This 
nsatwapcion  la  sufficient  for  problems  concerning  the  radiation  of  bodies 
inte  external  space  and  for  problems  concerning  the  fluctuation  integral 
electric  ongaitudee  is  quaai -stationery  networks. 

for  the  cm  of  a  transparent  er terns!  Medium  (In  particular  —  v  ecu  urn) 
the  thermal  radiation  Intensity  li(j  la  everywhere  finite,  despite  tba  S  ~ 
correlation  cf  the  leterel  fluctuation  field  In  the  interior  of  the  iwlttlst 
body.  This  is  a  consequence  cf  the  fact  that  If  related  only  to  travel¬ 
ling  wavs*.  To  Ifj  corrwsponds  everywhere  the  finite  energy  density 
Bo r.t  beside  the  wave  field,  the  emitting  body  also  creates  the  quaai-etat ion- 
ary  t hemal  field  (mox-ualfovw  standing  waves),  localised  at  tha  surface 
of  the  body.  In  tbs  transparent  external  leadlum  the  quasi -stationary 
field  does  not  lnfiwence  but  ita  energy  density  depends  on 
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a  In  the  Jjmeedinte  vicln  ty  of  Civ*  *urf«c*  --at  distance*  of  the  order  of 
the  corrugation  radios  a  of  tba  lateral  field  —  and  when  a  — f  0  tends 
to  infinity  aa  1/a^  (asctions  6,  16). 

In  tba  case  of  an  absorbing  sxcermal  medium,  11  tba  conditions  of  the 
problem  permit  neglect  of  its  o on  tharnal  emission,  it  is  similarly  possible 
to  find  tba  energy  flow,  created  by  the  emitting  body,  end  to  determine 
tba  corresponding  intensity  1  (u-  Tba  latter  weakens  as  tbs  distance  from 
tba  surface  increases  not  only  because  of  geometric  factors,  but  also  as 
a  result  of  absorption.  Since,  in  tba  absorbing  me  dicta,  there  is  not  any 
rtharp  division  between  the  travelling  end  non-uniform  waves  (in  tbr  creation 
of  energy  flow  tba  entire  field  sets  together  ss  one),  tba  indicated 
intensity  can  oo  longer  be  related  In  s  simple  w«y  to  the  reflection 
coefficient  (section  6). 

A  finite  correlation  rad.^a  is  necessary  mot  only  for  the  determi¬ 
nation  of  the  energy  of  the  external  quasi -stationary  field  In  vo liases  V 
adjacent  to  the  body  surface,  but  also  for  the  finding  of  energy  magnitudes 
within  tha  absorbing  medium.  A  definite  meaning  can  be  given  to  that 
part  of  these  quantities,  which  refers  to  radiation  and  is  independent  of 
tha  correlation  radius,  only  in  the  approximation  into  which  it  Is  at 
all  possible  to  Introduce  tba  concept  of  radiation  ability  and  Intensity, 
l.e.,  with  a  precision  vp  to  tbs  second  ordar  with  respect  to  tba  coefficient 
of  attenuation  (sections  J,  6). 

In  the  quasi -stationary  region,  tha  finite  correlation  radius  of  tha 
lateral  field  in  the  case  of  opon  networks,  generally  speaking,  can  in¬ 
fluence  tha  spectral  intensities  of  tbs  fluctuating  integral  electric  mag¬ 
nitudes,  bat  tba  corresponding  corrections  --  if  they  exist  --  era  know¬ 
ingly  very  smell  since  they  nrs  related  only  to  the  surface  layer  of  a 
thickness  of  the  ordar  of  n  (section  26). 

Tbe  solution  of  fluctuation  problems  on  general  elsctrodywnmlc 
basis  permits  very  closely  to  express  tbe  asymptotic  nature  of  tbe  laws 
of  claaslcal  radiation  theory.  If  tba  cavity  dimensions  are  not  large 
cohered  to  tha  wevalength  A  and  if  the  spectral  interval  aX  under  con¬ 
sideration  is  not  very  broad,  then  the  equilibria*  radiation  is  mot  uniform 
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and  isotropic.  Under  coat r ary  conditions  vbaa  intarfareuca  affects  ar* 
t  -oothed  (tad  approximations  of  geometric  optica  bacons  applicable,  Mj*f 
tot ir  lava  of  c lexical  radiation  theory  eater  Into  force  { *ect loot  7, 

16,  20). 

For  an  Isotropic  traaaparc=t  medium  the  passage  to  tha  asymptotic 
cpproxlmatlon  (co  — V  O©  )  brings  ua,  la  tha  rasa  of  a  teal  refraction 
Index,  to  tha  usual  leant  Cor  Inteuelty  and  dnesltjr  of  aquillbrlua  radlatioa 
energy 


&a<Q 

3w 


(n2  >  0) 


(in  the  ebeance  of  acat taring  "  uQ^n^).  F°r  an  Imaginary  refraction 
Index  tha  aaaa  alectrodynsaalc  formulas  flea 


is) 


0, 


■ ,  ,  •  0, 

0J  wave  ' 


(»Z  <  0)  J 


tha  aalaeloa  of  bodies  la  each  a  aedtua  suf feta  complete  reflection 
(section  7)  The  theory  under  consideration  parvlts  a  sow  approach  to  the 
finding  of  leva  which  generalise  the  vr it  lag  for  tha  case  of  anisotropic 
and  aesMtosctlr*  transparent  aodla.  As  la  tba  cm#  of  Isotropic  andln. 

In  the  solution  of  tba  el«ctrodyo*»<c  problaa  tha  passage  to  the  asymptotic 
approximation  mu  at  be  made  for  sufficiently  high  frequwac  las,  which  leads 
to  tha  desired  expression  for  and  u^j  (sect Iocs  20,  21,  23). 

Of  special  interest  la  tha  question  concerning  thermal  radiation 
in  tha  case  of  bodies  whose  dlaoaslcns  err  comparable  to  ^  asd  for  vhlch, 
therefore,  the  usual  (“tri -fold")  passage  to  tha  aeyoptotic  approx  hast  loa 
la  not  useful.  Since  tha  theory  under  study  does  not  In  any  way  limit 
tha  relation  batmen  body  dimensions  and  wavelength,  with  its  help  one 
can  study  all  possible  problem*  of  this  nature  concerning  both  emission 
Into  fra*  spmsa  (section*  lO,  IV),  and  ln-.o  soy  transfer  l  1ms  (eectl.'oa 
15,  ly).  Diffraction  pbaauwaua  era  automatically  included  la  this  solution 
o'!  tha  corresponding  boundary  problaa. 

Ihera  is  a  theorem  concerning  tba  ipwotl  density  of  the  total  aeargy 
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flow  which  can  be  formulated  kt  follow*,  iat  ua  for  brevity  call  "uniform" 
the  union  of  wave*,  which  propagate  «loo^  any  om  coordlKtala  la  come, 
generally  speaking,  curved  coordinate  system  { for  instance,  along  the 
radius  la  the  cylindrical  (aaction  10)  or  spherical  (section  Ik)  coordinate 
systems,  along  on*  of  the  cartesian  coordinates  (aaction  &!>)}.  Toe  it ,  if 
the  wave  electromagnetic  field  in  the  apace  available  to  It  and  surrounding 
Che  emitting  body  can  bn  represented  in  the  fore  of  a  union  of  Mutually 
•tm-i.Mrrf»rla*  waves  (mutually  orthogonal)  and  12  A  ids )  la  the  energy 

HI 

coef'f lcbaat  of  attenuation  by  the  given  body  of  a  single  wave  from  this 
union,  than  the  total  power  of  thermal  radiation  of  the  body  isk  the  fre¬ 
quency  interval  +  6ti>)  la 


ITT2! 


E  a  (eu) 


whore  situation  extends  over  all  value*  of  a  and  «,  corou  pond  leg  to 
travelling  wavea.  In  waveguides  the  possibility  of  physically  separating 
tow  of  the  partial  waves  exists;  in  tho  propagation  in  free  apace,  however, 
the  entlra  sun  1*  of  direct  Interest.  The  rua  glvaa  in  this  «.aae  dependence 
of  Pa  oa  the  electric  parameters  of  (he  radiating  body  as  well  as  on 
the  relation  between  the  body  dimensions  and  the  wavelength  in  the  surround¬ 
ing  space. 

Basing  ourselves  on  the  indicated  uniform  nature  of  the  adduced 
theorem,  we  called  It  the  ''waveguide”  form  of  Kirchhoffs  low.  This  theorem 
does  not  take  into  account  the  interference  phenomena  in  systems  whose 
extent  In  the  propagation  direction  is  comparable  to  A ,  and,  la  this 
sates,  is  asymptotic.  In  addition,  the  theorem  concerns  only  travelling 
wavea  (in  waveguides  —  aui>C“itlcai  wavea).  These  are  precisely  those 
coc'iltlous  utd^r  which  e  classical  approach  is  possible,  an  approach  which 
relive,  on  tha  use  bw»d,  on  the  *o/sptot ic  behavior  of  the  natural  values 
(In  the  glvrn  c««  —  tretuvorse  oscillations  of  e  homogeneous  cc&tlauum) 
end,  on  tl»e  other  on  the  th-roritm  of  energy  partition  see  or -l  leg  to 

'SagiY-ea  of  freedom.  W*  utilised  this  classical  method  of  proof,  firstly. 


in  relation  to  the  -vsregulda  fora  of  Kirchhoff's  low  (section  17)  and,  secondly, 
in  tha  derivation  of  the  asymptotic  a strata ion  for  equllibrlmi  radiation 
energy  in  anisotropic  and  magnetic  madia  (aactioa  22). 

Aa  had  bean  already  mentioned  in  tha  introduction,  tha  theory  studied 
leaves  aa Ida  fluctuation  problems,  in  which  tha  parameters,  c  ha  roc tar is lag 
tba  electrical  aicroeLructure  of  hodlea  and  for  which  therefore  tha 
application  of  statistical  electronics^  is  essential,  play  aa  laporcaat 
rola.  Bun  tha  wide  circle  of  guoatlona  --  from  asymptotic  ("optical1*) 
laws  of  tha  classical  radiation  theory  to  electric  "noises"  in  quasi* 
stationery  networks  --  la  grasped  and  Illuminated  from  a  single  point  of 
view.  Understandably,  tha  rasulta  presented  in  this  work  do  not  exhaust 
this  circ l*  of  questions. 

Wo  are  talking  not  only  of  tk*  application  of  the  described  method* 
to  different  kinds  of  coac.rsta  problems,  but  elco  of  soma  evidently  having 
generalisations .  To  their  nu-d^r  belongs,  for  Instance,  tha  q  joetior* 
went lo"v»d  in  sect low  18  conrernlag  tha  form  of  the  correlation  function 
of  latorel  fields  lit  tba  cjCss  of  amiaotroplo  absorbing  madia. 

Furthermore,  la  tha  cobra#  of  tha  w*K>le  work  (with  tha  ptaall  exception 
la  section  17)  "*  United  ouraelwaa  to  tha  exoa last ton  of  boaKgonaous 
and  uniformly  heated  bodies.  Tha  questi>>«  ml  thermal  radiation  la  non* 
homogeneous  nsdls  bad  alrsedy  been  studied  earlier.  If  tha  aon-bono- 
gsoeltlas  era  such  that  tbs  epproslrnt lous  of  gsonetrlc  optics  (sufficiently 
amocth  vsriatloa  in  tbs  properties  of  the  nsdlun)  ore  still  rslld,  then 
we  seed  iwt  expect  krrr thing  n;v»  from  the  electrodyesnlc  theory  ef  Hoc* 
tustioa  compared  to  whst  cl*4  classical  theory  of  radiation  can  giv»  (to 
this  can  ha  referred,  la  particular,  tha  questions  of  rad lo-mui* a J on 
from  nan-earthly  sources,  awtong  these  tha  enn  :pr^s).  dec  tba  general 

1.  If  the  result  of  the  electro-ststlstlcal  investigation  can  be  srpreased 

la  terns  uf  corral  at  losr  lens  for  mm  i*:#rsl  field,  tlcn  all 

further  queut  icus  are  raoucs-l  to  tl^  sc*tt4*a  already  l»r»crClvir.ed. 

T!  la  ro*ij»rk  cnncsim  electric  fluctuations  of  scy  (not  au^iiserily 
tUer*cal)  origin. 

2.  See  M .  form  and  II.  Ladenturg,  Thys .  1st.,  198,  I9H;  Voigt, 

Wlad .  Ana.  Ji,  1381,  1912. 
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electrodyoemic  but.  of  the  theory  permit.  -  «e  terac,  i*  principle  - 
exten.ion  of  the  theo-y  to  the  ceee  when  the  elec  ric  parameter*  and  tee 
temperature  very  appreciably  with  diatom..,  comparable  to  the  wayelan,th. 
Conditione  of  thle  nature  can  he  encountered  la  ■icro-meve  radio  technology. 


t.Ali  k. 


Mrvimix 


I .  Parlvac^pp  of  formula  (6.1 


Rmltt  (6-9)  .nrfi  i(6.10)  Into  coapoMuti  and  raplaca  a  and 

b  according  to  forrula  (6.V),  and  got 


U1  '  *1 


..  *  Cm 

-l  rr  F 


i  t  /  2  £ 

2  2  ^P1  *  •  )*1  ♦  plp2*2j! 


-oeo  p 


.  .  «dO  dp  ^ 

u2  -  w2  -  £  1 W*  *  (p2  ’  *2)‘21 


?1°3  '  Vi  '  A*V3  ■  t3vl)  ’  -  ■£u™1  p.O2  / 

C.  -c*3  p  -  a 


(1.1) 


V3  -  *3 


"2'^VV2)  - 


/r  .  1  o  +0°  E^^P, 

■— *»  D  9  (  ■  3n 

«■  2  -COP2-.2 


plul  *  p2u2  +  *3*3  ■  °»  *.iwi  ♦  «>ovo  ♦  -  0  • 


4  1  2  2  3  3 


Kara,  aqualltlaa  (6.2),  (6. ft')  and  (6.8)  bava  baan  uaad.  Eliminating 
u  and  taking  Into  account  that  >  k2t/i/  ud  p2  -  a2  -  p2  -  a2  ,  w 

3  3 


2  ,  ♦ «> (P, *o  ♦  *,Ss )dp 

'i^  4  Yi/*  -  5  - 1)*3  ;  -  ■  32  V — 3 

-°»  p3  -  #3 


<•/*  +  V2P  "  "  (  £  '  l)*3  . 


pivi  '  'rz  +  V3  •  0 


*O0  (p0g,  ♦  a,*,))dp 


2  2 

p3  ”  *3 


(1.2) 


9 


•»  rxt^-v- *  ,',r’  •." 


wharc  the  following  notation*  h«va  baen  Introduced: 


Jl  »  ILtj  -  «3,  3  «  “,***■$  * 


L«t  u*  also  Introduce 
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(1-3) 


L.  -  (p^  +  p2)3  "  *3*3*  “  c3*2  "y/“ 3f2  ■  ‘  *3)*  t1**) 

Then  w#  gat  frost  (1.2) 


k>(£  -  1)*,  «*?-, 

— — — —  —  — — »m  ■»»»■»*<■—»  J*  « ii  f  ■  mal 


JIA 


2  2 
’rt  P3  '  *3 


1(p23  *  •3*3*^  )*l  ■  plp2p*2  ’  pir3^  *3^ 

l  -  P1P2i3*l  +  (piP  *  *  *^*2  '  *2*3* *3* 


2  2 

^(•^(Pj^S;  ♦  PjjJlg)  *  ^P1  +  P2^*3^  * 


In  accordance  *  1th  (6.7)  *nd  (6.11),  va  have 

♦  00 

// 

•cc 

to:  .  _» 

// 

-oc 


(1.5) 


-!#!•  _{£  {  (t  *  ’V"  '  »■('*>")  ' 


~ l(t  -t*)a 
-  v(t,  »*)  a  3  3  dp*  dp^  dp«  dP^ 


(1.6) 


where  the  conjugate  quantities  ars  function*  of  p",  p^  and  the  quant  It  las 
without  asterisk*  at*  functions  of  p|,  p^  .  Using  tha  correlation  function 


•  •  9  m 


o  e  •  • 
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(6.12),  l«r  u«  evaluate  the  quantities  entering 
In  ( 1 .6 )  .  We  have 


the  Integral  alga 


>..2, 


V**  -  iUfcJ^^LL^(p.  _  .  p«)  , 


f  1  UI2!*I21  .  ,2  ¥f°  '  if 

l  ur5  iai2]1*3'  -  I,-.. 


s  y~  • 

3  '31 


(i.T) 


>r 


^  2  2 

v*  -  ^-1^.:  .  yp<T(^  -  yg)  * 


H2j»,l2 

!AI2 


(t,  -  t!) 


'V  p* 

3  *2 

t*  -• 

3  *2 
■2  A  <2 
l/l  +? 


J 


d!i. 


♦  do 

L  ,?  -  .*!• 


(2.0) 


Since  e^  detrtrnlnre  the  change  in  weplttuda  of  the  reflected  field 
along  the  coordinate  s  and  a»  the  distance  flow  the  boundary  Increases  i>* 
the  direction  of  negative  x's  this  field  aunt  become  deadened,  the  Imaginary 


part  of  s,  suit  he  negative.  Fro*  here  it  follows  thac  the  pales  pi  *  -  s„ 

3  3  3 

sad  p^  m  t ^  He  in  tlw  upper  se»l -plane  of  the  conplex  variable  pV  Making 
calculations  ac  these  polee,  *f  obtain 


Jfi. 


a  no 

f  .  *2  ?i  2 

-«Ip3  *  -3I 


ITT 


l»3l  (•*  '  *,) 


(1-9) 


Introduce  this  valua  of  the  Integral  Into  expression*  (1.7)  and  (1.8) 
and  then  Introduce  thaae  expressions  Into  (1.6).  We  obtelti  for  the  con- 
por.ee r  S^j  the  following  result  (we  can  now  owlt  the  prisms  on  p*  a  id  fl  ) ; 


i.1*. 


TW*  qry  Wf/7/T'  1 


n2c  LLdIif!i  .i(e3't3)* 
lb1X*  -3'  #3 


(2  ~l~ 

1  u 


r#  #* 

_  +  ki!ki: 
I2  I**!2 


z  a 

-  I  (j  -  1, 


.  T  ,i(t?'t*)‘  i  ,  lclgUla 

a  i  a  *  .  n  *  o 


■°°  ’3  '  *3 


I^fc  u»  now  noto  Chat  and  A  *r«  ev-SR  function*  of  p^  and 

The  component*  and  Sfc  2  tharafore  b«cow  *ero  (the  expression 

uadar  tho  integral  sign  la  umv«  In  for  the  first  on*,  and  for  e*cond 
In  p,,).  Further, 


►  -» f*  2  /  2  2  \ 

t3  -  -  -  (Pl  +  p2) 


can  ooausaa  either  a  real  or  ec  iautgloery  value.  31  nee  In  the  latter  c«ae 
^3  +  ~ ha  Unite  of  tetagrac  Ion  In  5^,  ^  net  row  down  (o  the  domain 

P?  ♦  Po  k2»  *•«•/.  la  the  dome l  of  real  t,. 

*  **  a  p  ^ 

For  real  t^’a  we  have  |t>  *  :  »  k,  *o  thdt 
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k3clxi,2| 


iif£  /  ( r_JL_  +  disji^ 

pJ+Pgt  1,2  *3*3  !^i2/ 


(x.ii j 


Let  ua  now  represent  t  in  apu.'rlc*l  coordinates  with  a*i a  H 


tj  *  ?j  ■  k  »lr»  0  cou  <f’t  tg  -  k  ■  lu  #  •  la  ^P, 


fv  ’ST^SIfc:  ■>*’?3ir«K»2»3^'-a5*S >««(«■  aw  v«eer  .i  amwww,*  r-4»n»wa»  «w.ueee>.  a**«.  ■- 


.v..r 

.  .V.  •: 


y/, 
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V;'  \  ■ 

V . , 

ft 1  ’ 

V  W-J 

V  . 


A  .N* 


'1-fJ.AA'*  »«*'  dt'tarJ*.  *  l  i  .*  .*•—  %V  •• 


2  ;  4 - L 


■  .ft  V  Co* 

».  •  3  . ■ _ 
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Then 


1  vi  | 


P1  +  p2  "  k2,1®2^»  **3  mS~d&JjL  £=  kC>  ( 1  * l3) 

(  ' 

dpldf2  -  k2  coad  cln£  d$  d  ■  k2  eoadd-Q., 

'*<'  1  *  n  -  1  1  (*  -'j  <% 

wbuWJiritegratifln  with  rkftfMUt  'Jtft.  t'lidj^pLtd  angle  ,M-‘  extend^  oyer  the 
hemisphere  &  <&jTC/2.  Finally,  Accordance  ft*ith  (l. 3)  land  (!.*»), 


boa  ,q  io  S  v-„  ... 

nc  1  s  qxs  ■»»'?;  ..tm  v-  ad  ftioisi  ad*  —  £  fc.;»  ,  .  d  j  j.’T'  _c 

bno.ftft  ,..i  t.A  ^ ,,.-^>.(6 ,*>>}.  .♦  €1^,:,  ai(Hi> 


Finally  »*  obtain 


.  q  •  q('~  .-  If  -  »  J 
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i/  i  o  if  J.i  "H,  1  f*n 

i&iA 
♦  ar  iB7  ■ ; : 


ib/  1  J  . 


Comparison  of  this  formula  with  (5-7)  give*  the  following  expression  for 
the  Intensity  •  1  '' 


\  ■  U  3  'A  /£*  -  £  V  Lu.»*  £  ■*,  £  1^ 


\c  cds  £  *  £  | 2  J 
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Taking  into  account  that 

i!  ■  i  s  t  (1  3 1  ■/  J  *\  <  l  n  i  J’'*',  ..qjjY  w..;  1  -»,l 
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v*  can  rewrite  (I.lj)  In  the  fora 


!  .  fc3cll  &  -  U2C  £*  +  £)  +  cos  &(£.$**  ♦  fc*4TA 

^  &TC"/  *?*  -  £)  V  I^LCoa  A  +  5  |2  |tco»  0  ♦  5”  |2  / 

froa  which  formula  (6.I3)  follow*. 

If  th*  half act  a  >  0  la  filled  with  a  transparent  medium  with  per  - 
alttlvltiei  Ey  JJL^,  than  the  following  changes  auat  be  Introduced  Into 
the  formulae  in  section  6  and  In  title  Appendix.  In  the  expression  for  I 
In  (b.7)  will  enter  the  denominator,  and  consequently  In  (l.l),  (1.3) 
and  (l.h)  Instead  of  ja,  ww  shall  have  ■  The  expression  for 

will  now  asstane  the  following  fora 


*3  "  *  1^*1  ‘  *  P2* 

and  Instead  of  (l.lfc),  we  shall  have 


(1.16) 


01  '  C0,P 

A  -  -  kjic(c  V^i^i 

^1  -  . 

yU^  will  appear  In  th*  denominator  In  formula  ( I . 1 1 )  for  s<03'  and  th* 
region  of  Integration  (region  of  actual  t^)  will  now  be  different. 

If  E  >  0  then,  according  to  (1.16),  Integration  with  respect  to 

11  22^2 
p  and  p  must  be  extended  to  the  circle  p^  ♦  p  T.  k  *  1»  this  case. 


the  following  expression  Is  obtained  for  the  Intensity  I 
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f  *L  ♦  *u\ 

"  lCCOCl^l^1  *  "  2  J  * 
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R  .  Ci  j  ,  a  _  e^ic^  - 

co»0  +  A1£l|  ^  ci/w-*  +  ti^i 

If,  hovavtr,  <  0,  thaa  for  any  value  of  p^  and  p^  »*  have 

Imaginary  values  t^,  so  that  ♦  fc*  .  0  and,  according  to  (1.10),  8  . 

Consequently,  In  thla  caaa  1^  .  0.  J 

To  evaluate  tha  energy  danalty  la  tha  half -apace  a  >  0,  oaa  mist  sub' 
stltuta  (6.7)  Into  tba  expression 


"to  •  ski*** 


which  gives 


■-  ■  *sf  'jIM  * 

Ua In*  than  formulae  (1.7)  -  (1-9),  substituting  for  C  tha  value  (6.1?)  (la 
which  It  la  advantageous  now  to  replace  i0£o  by  uQfc)  -  IQ(0)  and  traaa 
fo ruing  to  polar  coordinates 


’l  -fco*^,  p2-paln  f,  dp1dp2  -  ,  p. 


wa  gat 


.2/ 


°“o.J-.JHwia  |AI4  J 


whara  c(  and  A  are  expressed  by  forawlaa  (1.3)  and  (l.k). 


*  CM 


Let  us  now  divide  the  interval  of  Integration  with  respect  to  p  Into 
two  parts:  fron  0  to  k  (travailing  waves,  t^  »  t*  -  -  -  p^,  jt|^  «  k^) 

and  frcxa  k  to  (non-unifona  standing  waves,  «  -  r.'*  »  l  -  k^  , 

|t|  ■  2p  “  k  ).  Betide  tliet  1st  us  take  into  account  that,  according  to 

(6.6), 
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As  a  result,  u^  takes  the  fona 
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(117) 


The  first  tern  gives  the  energy  density  of  radiation  u  .  ln- 

Cwaves' 

dependent  of  a,  the  second  the  decreasing  with  increasing  t  energy  density 
%quas  °f  th*  «luaai-stationsry  field.  Introducing  the  change  in  variable  e 


*  -  ♦  <52,  t3  -  ik^  ,  «3 . .  ik  ^ ,  £ 


we  transfora  the  second  term  to  the  for 
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(1.18) 


Let  u.  estimate  at  very  large  and  vary  small  values  of  s. 
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If  k*  » 


& 


,  than  Id  tha  «3Lj»r«*» !o«  undai;  '.1m  integral  afgf* 


\  -  * 
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UA)  <guas  2 


( -*+=*= » ?.■*•*%*  g  - 

l  yJtfA,  -  I  7^%  -I/O 

-  ^-A_  .  .  CMtf 

6!k*r  l  /**».-  1 

Tor  null  kt,  wa  shall  roughly  approx  f»ata  tha  axpraaaion  undar  cttat 
integral  sign  by  Ch«  substitution 


£  “  l/s  +  1  '  £A”>'  ^  +  Y1  *  •  §  ♦  fo 

Than  (1.18)  Imcomi  Clxft  following  axyraasion 

7«‘a**  ♦  £>  * 


(JT-SEO 


luow 


4)  «*u** 


>*<£-£<,>  (£-e#)5*cC;-  «v. 


r 

l<A  +  l)£,  + 


C0i: 


4*  - 


(f-  +  »)$  ♦  ^ci5 


t 


Saparatlcg  out  tbs  poaittva  powara  o.  ^  and  carrying  out  tha  iwtagraticxa* 
wc  obtain  tha  main  t«rMj  alaca  tha  rswalmeg  integrals  of  tha  fora 

L*Ajl&L£GL 

0  a^2  +  ♦  c 

glva  only  a  logarithmic  dapandanca  on  ka .  Tha  sola  Cana  ara  thaaa: 


»  9  • 


•  • 


•  9 


•  9 


•  • 


9  9 


*  9 

v-v  \>v 

•  "*■  ,"*••  *  _ "  . 

9  9 


-  V  "  $N  JH-1  •**W*»:~ 


"  -  ’.'s'"  .  *  >»  '  -  *  *  '•**.<»  ‘a  '  »  * 


.  »■  - 
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5au 

8 


.  ^  !.uoiu  |  + 

8  {  1 6.  ♦  l|2(k*)3 

♦  f  J-  -Q _ l£s_^^su-£al1  _i —  + 

l<c#  ♦  i)2  (e  ♦ 1)2  (^  ♦  u  2  J  (k.)2  yV  ^/J 

Thug,  near  tba  aurfaca  icaalf  u^y^UJ1>  growa  a»  l/c^  - 

If  tha  radiating  madiu®  haa  a  vary  high  conductivity  (j£>|  »  1 ), 
.ban  Introducing  tba  thlcknaaa  cf  tba  akln-layar  d  «  c / ^ZTCcTyA,  J» 
which  la  ralafad  to  £,  In  tha  following  mannar : 


(121) 


JI  Ljl. 

;>  y. 


1,  "  1  1-1 
kiid  ’  5  * 


(£  « 1) 


(1.22) 


w«  obtain  from  (I.I9) 


(1.23) 


ami  from  (1.21) 


„  ,  .  '.4fal  , _ a*..? _ *  n 

>■'  L/i(k.)3  (^u.lfSOm)2  11 


fel 


Tha  firat  tav»  haa  a  vary  «»>al  1  coefficient  and  is  yradowlaant  only  for 

ka  «  <5*  PW  ks  .»  (S  tha  following  tarn  i»  predominant.,  which  if 

1 

wa  change  JA,  *•  l  to  batowwa  identical  with  ax»r«  an  loo  ( 1 .23 )  for 

vary  iarfyt  d laUaocv*  ■ 

Let  ua  note,,  that  for  vary  larga  j  £  j ,  whan  it  c  .»  ba  considered  that 


£  -  2  ♦  1  -  £/l  1  . 

Tha  general  formula  (1.18)  bacomee  cha  following: 

1.  ju,  *  1  la  obtained  bacauaa  of  the  accepted  rough  approximation  (l.20). 


.  quaa 


°0  ,j  -2k*  £ 
2  0 


*  (i  ♦  $2)jr  { 


i  r  -  o'? 


-z*  -------  -  A  (l.2h) 

Z  ~2>;  2  [  J 

r*  ——  ♦  ,-e  *lJ 


and  frrHB  hare  we  obtain  an  estimate  of  (l.2 3)  both  for  Ifce  »  1/  and 
k*  «  ?  . 

For  coaplcx  value*  of  ^ ,  l.a.,  in  the  ca*«  of  an  aibnorbing  external 
Medium,  the  normal  component  of  the  wave  vector  (1.16)  tm  xoieplex  for  any 
real  value*  of  and  p^  and  the  separation  of  the  fieltil  iu  the  external 
aMdlum  Into  travelling  and  unifora  standing  wave*  la  load:..  FotwuIa  (Z.15) 
for  the  density  of  energy  floe  remains  valid,  but  now  nkm  reparation  of  a 
finite  domain  for  integration  does  not  take  place.  Thie>  means  that  In 
-^-;tblng  radius  waver  with  any  p^  and  participate  in  the  energy 
flow  formed  --  both  those  which  b-scow*  travelling  wavew  ear  !*  0 

2  aji 

a*  well  aa  those  which  becocw  non-uniform.  As  p,  and  a'*  incraam*.  the 

1  V  . 

exponential  *m.iltlpliar  in  (l.lO)  takes  the  fora:  _g»  'p2  +  ^2 

and  guarantees  the  convergence  of  the  Integral  (finite  esuerg y  flow)  for 
any  a  >  0.  In  order  to  obtain  tha  corresponding  express  Luma  for  the 
intensity  I  ,  (1.10)  must  fca  transformed  to  the  fora  (3  177,  i.e.,  to  a 
solid  angle  integral. 

For  a  single  plane  wave  in  the  half-space  a  >  0,  set  thaw 


S+S 

1(p1x+p2f+-3*)  i(pl*^2yt  2~*  *) 


wherafroa  it  is  clear  that  the  absolute  value  of  a  wav®  vmrior  will  now 
be  a  f  action  of  the  angle  (:  between  it*  direction  and  cine  *  axle. 
Denoting  this  absolute  value  of  the  v*««  re' by  y  «.  p(  )f  we  Lava 
in  lieu  of  (1.12), 


•  • 


•  •  •  • 


vbrrofroai 


-  P*iadco«^,  p2  .  P  ttxkdUmp, 


£,  ♦  t. 


P  com  fij 


(125) 


pj  ♦  P*  -  P2  *U2  Bt 

,  a(*V  *2J  *  I  9(p2  »l*20) 

^  P2  *  "  2  - ^ - •  (1.26) 

Donor in*,  for  brovity. 


k  €1^1  "  k>^l  (Hj  "  lfc”)  -  qj  ,  k2C/t  -  q2  (1.27) 


•o  that 


'V? '  (pf  ♦  pp  *  * 


Ajf  -  P2  *l*2P  , 


*  yq2  "  1,2  •i°2^  - 


(1.28) 


Pro.  cbm  loot  •quality  la  (1.25)  v„  obtain  for  P  th*  •quatlon 


2  .  *2  ,  2  *2.2 
.  !i  *  "i  ,2 ,  K  '  <i  1 

16  com2  & 


whos*  solution,  b#corrtn*  for  r««l  ^  F  •  q^„  1* 


«  /„2  .  -*a 


,2 .  <£-_ 

c<.*  y 


z  *2  '1/,  2  *2.2  lsl 

1  *  ql  *  U  (ql  *  \  )  -  -A- 


•  •  • 


•/  » • 


\ 


I  na^a  ■  II  ■» 


20% 


Upon  varying  #  £ro«  0  to  7f  /2,  the  w*v«  a unbar  ?,  determined  by  the 
rani  part  of  tha  wave  phaae,  varlaa  from  {bj  value 


ko 


£ 


•  \ 
*; 


toco  .  rro«  (I.25}  and  (1.29)  It  la  not  difficult  to  aaa  that  variation 
of  pj  and  fro*  -00  to  ♦  00  corresponds  to  varying  0  and  q>  within  tha 
llnlta  of  tha  poaltlvo  baailapbara,  l.a 0  ^  (p  ^  T,  0<  &  <  7172. 

Tbrwula  (1.10)  (to  vboaa  denominator  Mint  ba  added  upon  carrying 

out  tha  substitution  (1.26)  In  it  and  aubatltutlng  Into  it  tbs  value  of  C, 
taken  tha  fora 


st2ie* 


4)3 


v*i 


0 


T/2 

dfU  / 

7  0 


49 


ar 


•  ln20 


x 


h*h 

•3**3 


i(t3-t*)a 


(P2  a  in2  $  ♦  |t^|2)(P?  aln2^ 


Introducing  tha  aolld  angle  element  1C.  »U\0  &Q  <i(p  and  utilising  the 
fart  that 

tj  ♦  t*  •  -  P  coa  9, 


3  3  * 

-3  *  *3 


wa  further  obtain 


-A  ♦  »“ 


**>  }*  <-•  -  .* 
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"  : - ii2L  J  co«^^-n.  * 

4,3  k2 


/  1  * 

(  Ul“^  ♦  P  COB0  .  ^(a*  ♦  *3) 


i(t,-t*)s 

A  J  J  X 


(-— 

l  Mr 


(p2  «ib2^  ♦  |t,!2)(r2 


|A|- 


»ip 20  » 


wharafroa,  In  accordanca  with  (5-7),  ww  obtain 


^  “  ^2*  (d/  ,lnd  +  p  eo**)  **  <"3  +  %>  *  (  3  3> 

1  (P2  «tn2<9  ♦  Ic^j^Kr2  aln2#  <■  i^|2r 


*  (  — X~2  * 
\  Ml 


j^r 


o- 


d.30) 


Har* 


A  '  v'-aTY2  ' 


2  2  2  2 

Sine*  t  *  *!>'•  f6  ■  ^  ,»  th*  (xprtitlot  for  £>  1*  brought  to  th« 

following  fora  with  tba  j Id  of  (1.28) 


£>>  •  k‘ 


V  (S  -  ¥  ’3) 


According  to  (I.3G),  tha  lntanalty  la  axpoaaut lally  attenuated  with  a. 
For  tba  indax  of  a&ttactloo  i(t*  -  t^/f  uaisig  (1.27)  -  (l.29),  ww  flag 


M 


V 


•  •  • 
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i(t3  “  *3S  " 


rirtoc«  It  can  b«  scan  that  attenuation  la  aralleat  In  the  direction  of  the 
norMl  to  tb«  aurfaca  (0  «  0).  In  thi*  direction  the  intenalt*  la  equal 


tut 


iA.  -  ^SLt-34.k-l 

i 


4»  060 


(l/^rf;;^£;)] 3'2  , 


*“*f  -«^i(  e'/-  + e'?  ~  z';)j  . 

Hj.  Poglyatlon  of  fori.Ua  (7,6)  and 
Lat  ua  Introduce  the  notation 


21t  / 

a  J 


O'-. 


(II. 1) 


froa  (7 A)  and  (7.5)  *e  than  hare 


•  • 


« 


l|0«K 'vw+r <•-***  m 


I  • 


\"'crvI»  *3  (II.2) 

which  paralta  ua  inaediataly  to  a’.lalnata  liquation  (7.3)  than  aaeumea 
the  fora 


\  -  •jCi  -  <r)  «  -&~-±  *j°  a 

•  -00  A  - 


a  i(l>l  *  - 


*1  *2  *2 3 


# 


,**■*•* 


2  2 


e  -  i  + 

(i  '  cr)  -  /  v  3  * 

-“•*-■! 


*  tl>l  P2  «!  ♦  (fj  " 

\ 

V3  -  Vi  •/“■(»  *  -  Vi>  • 


-£-^i  p  .a  */°  _i£l 

£  1  -=o  ,*  - 


,  ** 


p?u3  -  •jWg  -  *<r)( p2v3  -  t3*2) 


£  ?2*  2  2 
-CO  ,3  -  .} 


Adding  h«r«  eh*  aquation*  (7-5)  for  u  and  v 


Plwl  *  **2W2  *  "ju3  “  °'  pivl  *  *  e3v3  ’  0 

rod  allalnatlng  t»,  w*  obtain  for  v  exactly  tlwi  **&«*  aquation*  a*  In  ( X .2) . 
VH*  distinction  con* lata  of  eh*  fact  that  la  lltu  of  (1.3)  and  (l.k) 

va  now  h*v* 


v”' 


o<  -  >**^(1  +■  c~)  -  «3(1  -  (T) 
p  -  t.{i  -  <r)  -/ta  (i  ♦  <r) 


(U.3) 


A  -  (*1  ♦  -  *3t3<*  -  «3(l  -<7")*^  +  <r)i* 


Fbrtsula*  (1*5)  •  (ill)  ara  valid  la  tba  #ant>  fcut  with  tna  an  an  log  a 


- oMVt'jata _ss«r?  >*Anawu; t  ■ « .  --»*?■* 


«v*v***^  ••anaiaa-yngi  ■ft**it***^*r'W* 


* 


£0t) 

for  c<^'  ~*4  Ji.  *iv#n  *y  (11.3)' 

O'Ua®  orar  Co  polar  coordinata*  in  (l.ll)  m  now  >vtvo 

<A  •  -  k(yt(l  ♦  cr)coa  $  ♦  {l  *in2$  J 

A  *  *  k^Alc  (1  -  c~)co«  £  ♦  (i  +  cr  )  •  oia2  £  i  < 

I.4it  um  (tot*  chat  all  lo  rani  tan  la  aactioa  6  and  Appandix  1  art  ioraally 
obtalnabla  f roa  thoita  aiuwtliMd  bar*  if  w  laC  <J"'  »  0.  Thia  la  ut d»  rat  »«•..- 
ahla  alnca  (T'  1*  proportional  to  tha  raflactlon  coafflciant  of  tba  mirror 
(tabus  to  ha  unity  in  our  caaa).  Taking  into  account  that 

it  Jt  It  £ 

1  +  (T  -  2«  J  eoa  t3^,  1  -  «r  -  -  21a  J  tin 

wa  can  furthar  ari.ta 

cA  «  **  2k*  (^co*  0  coa^  ♦  i  -  al i?B  ala£) 

A  •  -  Zk^,«  ^  (l^coa#  ain  ??  ♦  £J i.  -  a ln2£  coa  £; ) 

uhara 


«  ”  t^.X  ■  k  £00 a  £. 


If  w*  v»a  ebo  valua  fir  C  glvan  by  (6.1?),  thaas  axprasai.ma  p.  ran*  form 
(l.ll)  to  th*  fora? 

Uaing  (7-2},  (11.1)  and  II. 2),  w»  obtain  fro*  (7*1)  tha  following 
axpraaaloa  for  tha  cwupomtta  0  and  « L  on  r.hn  turfaca  of  tbs  nirror  for 
a  »  J2»: 


o  TOP 

*»  «  -  *  /  CP0T  '  C  «■,.)«> 

^  *  ~G0  23  3  * 

X,  *5  /  Cs16- V  -  ..  w4)a 


Uv^r^yl] 


-CO 


ri  3  "3  1 


dpj  #2 


d?i  *1>2 


(n. 5) 
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♦  2pJ  p2^  ♦  £t3|2  ♦  |o(|2|t|V(pf  ♦  ,p 

Davaloping  thu  exp  rasa  lorn  ud  uaing  fonulu  (6.6),  (7.2$  aad  (11.3), 
v*  can  *t *tm  chat 

A  -  U3j2|A|2  ♦  iej^jrtl2!*)2  ^  (XX.9) 


Tha  Integral  In  (ll.8)  than  lanadlatcly  reduces  to  a  single  integral  (I. 9). 
In  sun,  aftar  substituting  (1.9)  and  (II. 9)  into  (II.8)  wn  ofetala 


h**  ■  ViJ  ♦  *  v»l2  - 


2  3  W 


.  4s!^«|ls_=jli3e  /  Us!!.  , 

(2-r)2(.“  -  .3)  1  loti2  | a|2  J3  1  1  2 

Carrying  thla  into  (II-7),  and  tha  result  Into  (7.13),  wm  flmd 


,)• 


.  iGE • T ^l3Ui  Jill! „  uiiiiiLl  «  d, . 

-cd  Iuj2  lAa*  j 


s 


Multiply  and  divide  tha  expression  undar  tha  integral  at**  by  a*  ■*•  a^. 
Tailing  into  account  that 


•J2  *  -  fyAe*  -  e) 


substituting  tha  value  of  C  Iron  (6.I3)  apd  going  ova*  to  poLw  coordinates 
(px  -pco.^,  p2  -  p  ala  <p ,  p2  +  p2  .  p2  ,  dpj  dp2  -  2irj.t5p),  we  obtain 


SL&> 


p-jtc r 


<»  l(t  -St*)! 

/  c  3  3 
0 


(•?  ♦  *0) 


f  !!£: 

t  Ic/  i2 


k\#2 


ilAi* 


■J 


pdp 


(II. 10) 


"WVW1  W Vj»m>  whi  m»  » 


•  •  • 


wb«r«  o(  and  A  an  «xyraM«4  by  forwln  (II. 3)  tad  tad  a^,  according 
t<>  (6.6)  tad  (6.8)  aquaH. 

e3  "  '  )lk2  '  **’  *3  “  Vk2<5A  '  p2  * 

Tha  Integration  incairval  la  (ll.io)  can  ba  split  Into  two:  from  0  to 
k,  In  which  tj  la  raal  (travailing  wavaa)  and  f row  k  to  CO,  la  which 
la  purely  Imaginary  ( non-amlf ora  standing  wavaa).  Lotting  p  ■  k  aln  In 
the  first  interval  and  p>  —  Ik  coah  (f>  In  tba  aacond  In  larval  and  Introducing 
tha  notation 


*  *1 .  I  h  -  y  yi  -  coah2^ , 


£  ■  kJL  coa  @ , 


■  kf  slab  y , 


wa  tier. form  (11.10)  to  eh*  tv rm  (7.1b). 


III.  Derivation  of  *crwi:U 


Substituting  expansion*  (8.2)  and  (8.3)  Into  axprasslona  (8.8)  and 

(8.10)  for  8  x .  u  and  tv  .  we  obtain 
CO’  0(0  mvuT 

S^>  ”  '  fyrk^r|  H  e1^p'p  *  dp  dp‘  ♦  conjugate 

£  »  £-#  * ^  -*■ l(p-p’,~r) 
u  -  -■  ■~rC—  //  as  a  r  '  7  dp  dp*  , 

aw  C-3Y  * 


•  • 


•  t  • 


gp  .  v».  -t,  nsw*1. 

_  •  • 


•*  "  - ~2 —  J-T  ([£  ‘«)lf,,Vj)e 


KpV,  r) 


Taking  into  account  that  t tar  correlation  function  of  tha  components  of  a, 
1  ••  •»  (8-7)  contains  the  multiplier  5  (p  -  p*),  we  can  1st  p  •  p '  In  all 
axprasslona  under  the  incegrmi  nlgn.  further 


1 


1  MA| 


1«£p»  »  J1  -  p(«,  «*)  -  •  (p,  a). 

Ip*  *Hp#  «  1  -  p  {«,  *  )  -  (p,  *)(p,  «  ) 


to  Chat 


*<u  ■  ■  tsfi^r  *w*  {  *»(•»  •*)  -  •<►,  •*>  -■«*<»,  •)) 


•to  &rr 


^*/T  •••*** ?• 


(m.i) 


V-  *//*  ( p2  •*>  -  c p ;  -i)(p,  t#)  &  . 

kU  -CO  t 


MTk>  -CO  (  . 

Oalap  now  (8.6)  at>4  (8-7),  It  la  Conran lant  to  apply  thie  method  of  notatloa 
of  double  auMatloa  with  respact  to  tba  -w  iadlcaa  encountered,  for  example 


(p>  «)(p,  •  )  -  *+*£*<**£ 


k^|  e  j2/^2 <5^  ^  %t  Pa  [^(c  ♦«*)/<. -pZl 


_  f  u(  *  UJlLilJ 
(2fl)3|e|2  4  PI  j 

-v(p)^4  - 

P  J  (2*)3|£| 


2/_  .  __  _2i 


p2  -  k2e/U.|2 


°_(£^_2_A  p2  |  0(p)  .  V(p)| 


va  obtala 


.  .  .  edzMiz-Ml  7°  —HlvltAi 

}  (2K)k  -o o  ip2  -  k2^)2 

.  t  Ox^lg-jJ2  ♦5®  jrM 


•  •  o 


•  *  ®  • 


2k  }  £|2/l2  -<» 


♦  o°  s  1 

/  [*(»)  -*(»)*?  1, 

-oo  ) 


(Lie.  -  ii2  ♦/oa  .  9ip)  »2  tf# ...  # 

{TttT  -CO  |p2  -  k2ejc\2 


«t  o 


Formula  (8.11)  follow*  (row  bar*  aa  a  raaalc  of  putlog  £m  tb*  p -apace 
^  2 

co  polar  coordinate*  (dp  -  pdpd.fl),  wharaby  cb*  exprasalon  for  the  in- 
tensity  1^  la  obtalnad  aa  a  mult  of  comparing  8^ Up  -  p  co*  9  ]  with 

(5-7).  _  o 


With  V(p)  -  u(p)  -  C,  only  tba  integral  / 


o  If2- 

in  expression  (8.11)  for  tig^which  can  raadlly  ha  evaluatad  with  tha  balp 
of  daductlona  (aa*  balow).  Tha  condition  v(p)  -  U(p),  In  viaw  of  (h-9), 
awaaa  that 


v2^*  $  -o 


(Hl-2) 


end,  consequently,  for  ^  (t)  -  C<5  (r)  ^(r)  baa  tha  fona  of  Coulonb'a 

potential 

¥  -}■ 

For  tha  correlation  function  of  the  consonant*  of  K 

r  -  $(0c5\  ♦-liSlsl 
«*,fl  *3  dV**/3 

condition  (111.2)  laada  to  tha  following 


Trf-  -  *v2¥)  - 


9  9  •  m 

m  ,  -a,  ,•  "-wv  «•-  v-  • 


fei  a*-<  -W1.'  ».*>"*  *m  ■- aihiv  ■V*w»'NbJ, 

i  •  •  • 


»  •  •  • 


I  •  «  « 


Sine* 


»  •  »  i 


*F 


V.' 

t- 

*V 


\ 


Wtwns  W«1M. 


2X4 


dr 


>  r*? 


•  •'.it?') — --. 


»C(^) 

in  wm'  • 


a« 


(* 


tf*  r«o4«rlng  cf  tU  dl»arg«fec«  of  the  c«*twr  ^  to  «or«  ss»<«**«ril? 


•otrolss 


—  -  -  i 

ft 


»  dls  C  ■>  0. 


(m.3> 


Bui»  occording  to  (i .7)  and  (1.3),  «« 
f  .  - 


Wi-  *"  ‘ 


and,  tto,  (ill. 3)  diaot**  tha  uutc«  of  charges. 
•ulstiCutlng  axpraasloa  (8.14)  lato  (S.ll) 


2  2. 


V[f)  -  Cm  *  »  A  ,  T(p)  „  0 
and  using  tho  va,Lua  of  C 


*7*”*“* - T  .  *1V.  V  >T - 

k3cl|£  -  1|2  0u)  k3lje  -  lj2  0M  * 


mm  odtala 


t  .  1  °?  t-£JL 5^l  ,  r  7*’^  *  *2<?* ,  1  *?  -  *V  2  ) 

*  *<*>  *h  l  +* f09 

7  . ,  r?  -/*.* 

i  *(«)  A  0 


U  »  1. 

®<tj  2 


(m.4) 


«  -/2«2_2.  co  .-/V  i 

+  2  coa  2)7  /  ^  —  /  t---~.j-.fo-  > 

0  «r 


*»  b  *<= 


wboro  th*  following  ootatioa  Isa  ha.ru  la  t  re-does  d 


•  * 


& 


« 


8  * 


,<a  *&&&*  fi.r—  SaEaufiL 


» 


■'  4 


*  -  u  ye/T  -  Mi  - 1>0  -  hi*"1*  t  f>  -  ^2*> 

*  “  J®y  t  *(*)  »  "  2»2  coo  2jjj  +  1, 
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(Iii. 5) 


A  *  I 


fe&K. 


otu  'K  •  *’  “  uo«>  tfJTTW'*  "2  ’  “ow 

Tuh>  taro*  X(x)  Li*  lut  tha  uppas-  ft* l f  pita* 


&hOLz3shd  »  wu 


•n' 


(III, 6$ 


X  • 


«jo4  a  »  -  «  *  *&  . 


»t*klaa  deduction*  in  tim*e  pol.ae,  m  find  that  the  lRt*|gral* 


GO  .  ,  +00  .  CO  2,  .  +CO  2 

{  Ws  L  »T«T  “*  l  *W  •  *  SCT 


+  CCS 
/ 

■oo 


03  » 

/ 

0 


haw*  th#  n®«#«  valias,  a*M*ljr 


TT 

r.i« 


k  'X- 


Thar*  for*. 


?  2 

QC*  -f  X  .  OO 


0  H$n~~i0  rsT*  *  ~kir~'  °‘,J> 


|  ^  *  o  (/> )  •  *4^  * ^ 


(m.7) 

(III- 8) 


t*kiMs  furthar  into  account  that 


GO  .„  «®_2  lAr 
/  m  “  *  4x  *  *  , 

0  “/ 


/  *  *  X  <fj£  « 

o  V 


3  ' 


rod  ! >: 3  «ith  tb»  *43 of  (in. 5)  •»<*  (m.6)  >?»  Sj  *«hJ  »2 


wWOTSCE«  When  Government  or  other  drawings,  specification*  or 
other  data  are  used  for  any  purpose  other  Shan  in  connection  w 
a  definitely  related  Government  procurement  operation,  the  ITS.  . 
Government  thereby  incur*  no  responsibility,  nor  any  obligation 
whatsoever!  and  the  fact  that  the  Government  may  have  formula! 
furnished,  or  in  any  way  supplied  the  said  drawing*,  specification- 
or  other  data  is  not  to  be  regarded  by  implication  or  otherwise 
in  any  manner  licensing  the  holder  or  any  other  person  or  corpc 
lion,  or  conveying  any  rights  or  permission  to  manufacture,,  use  o 
sell  any  patented  invention  that  may  tn  any  way  he  related  tber* 
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in  tiim  of  a.  amt  9£>.  vi  obtain  f  omul  a  (8.15)  for  u  and  a 

Tha  evaluation  of  tha  lntiniUjr  1^;  la  complicated  by  tha  wawii 

of  tha  lntagraad  wMth  makes  It  impossible  to  spraad  tha  lattjrcl  war 

2 

tha  ant  Ira  uli.  Performing  tha  change  of  Integration  ear labia  a  *  a, 
an  can  writs 


CO  -  />  * 


f  11-  / 
c-po  e 


00  -f*  %  . 

Adding  and  subtracting  undar  tha  Ua  sign  /  ^ . . .  ■  *■ 

<L  * 


,  w  obtain 


A  f  0t 

r  11*  1  2  coi  2b  / 

*-  e~po  1  c  t 


/  — 5 - /  “15 ♦  /  ~ 

£  £  £ 


fljiJ  , 

till. 9,' 


In  tha  first  Integral  va  can  lasradiataly  lat  f.  .»  0,  ao  that  it  radawa  to 
(111,7).  Tha  sacond  Integral  converge*  for  f*  *  C,  ao  that 


00  -  /^a 

r  _ sis. 

J  Xa 

E 


— ^  "  $  ST  *  Oir*2)  -  -  i- 1  r»  - - — j  + 

£.  1  *  1  -  2  £  coo  2  *  tT 

♦  rt"if  (Jf* <uct*  +  <^*2)  * 


Th*  third  infcagrei  it 


TO  -P  »  a  ^ 

/  2 — 11  -  -  £  i  (f  £)  -  -In*/  ♦ 

£ 


Substitution  Into  (ill. 9),  passage  to  tha  Halt  £  -  0  and  ray lartaamnt 
with  tha  help  of  (ill. 5)  and  (III. 6)  of  A,  and  >£  by  thalr  e?.pT*-ft»lo«e 
In  tarns  of  n  and  X  give  / omuls  (8.I3)  for  l^y  . 

For  brevity  in  writing,  lat  us  introduce  tha  notation 


•  • 


u  .2L._ii_.L_ 

r  r2 


r  rJ 


(III. 10) 


Expression  (8.23)  f©t  *  and  H  esn  Chen  be  written  la  the  for* 


•  ,  • 


^  g.  -  1  r  (  **.*»  .  II  •  gf) 

*  kite.  M  *“  "  r*r'  K)  r2  f 


o'1'*  dV, 


(III. 11) 


ve‘lqr  dV  . 


•  • 


With  the  hslp  of  toe  correlation  function  (8.17 )  it  is  not  difficult  to 
obtain  the  following  agnation 

E(r)l«U')  -  3CI(R),  K«( r“*  )(r‘,  I(r .))  - 


•  ® 


(*' ,  *(r))(r,  K*U'))  -  it,  r’)  Cf  (»),  ate. 


(111.12) 


Substituting  now  (III. 11)  into  foneula  (8.8)  tor  the  density  of  energy  flow. 


we  obtain 


6 krczs. 


[r*  (*„  E*)  -  E*  (r\  K.)  ) 


.  [?•  (?,  t)S?,  «•) 

r 


-  (r,  r')  it*  (r 


■ ih  ] 


l(g*r’-<ir) 


dV  dV'  +  conjugate 


where  n,  v,  l  refer  to  tbe  point  r,  and  u*,  »*,  E#  to  the  pol*1*  1  - 
Utilising  for«*il ae  (III. 12}*  we  further  find 


•  • 


%  “  «**  / 


where 


■j  U  +  gv)P  ♦ 

1 


(J*  j»)\  dV  +  conjugate 

x*  >  (in. 


(111-13) 


•  • 


a  «  g 

6kK*\  e.f  ' 


~t  -  J  /(*)«lq’r'  V*  ~r'  cfV ‘  . 


(III. Ill) 


In  tha  caaa  of  tha  $  -torral at  tew,  ofoesi  . 


•  •  • 


V«  uata  from  (iU  U) 


and  (III.I3)  glvaa 


£{ft)  *-  i(t  -  r') 


t  -  m***  V? 


•  •  •  • 


-  2ai  /  (g*w»  . 

a  A  •  f  •  • 

For  cha  anargy  flow  through  a  unit  awrfaca,  whoa#  nonsal  N  forwa  tha  angia 


with  x,  if  m  taka  into  account  Owe 


dV  -  r  drd-TX,  rK  >  f.  coa  g 


(III.I5) 


v«  obtain 


•  • 


8,.m  •  /  coa0dXl  •  2A1  j  a*^  ”^r  (£*uv*  -  eu*v)  dr 

cm  © 


Comparison  with  (5-7)  ahova  that  th*  Intensity  la 


•  •  •  • 


I  -  2A1  /  a 
0 


1  ( •!*  ~X r  ^  £  *uv*  -  £  u*v )  r^  dr 


Substituting  hara  tha  axpreasksn*  (IXI.10)  for  u  and  v,  tha  valua  of 
tha  conatant  A  from  (III.14)  and  gaxlcralhg  alopla  trana formations,  wa 
obtain  tha  flrat  of  fontulaa  (8.2k). 

Analogous  evaluations,  carriad  wz  by  substituting  (ill. 11)  Into 


•  •  •  O 


forctula  (8. IQ)  for  u  and  u 
'  a  <4>  a 

raault,  |lvaa 


sad  uuij  (fifiutioa  (ill. 1£)  in  tha 


•  ®  *  ® 


©  •  •  • 


9 


Mu^rtiwwr^ 


®  ® 


noj 
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-  t£-*_ ±- &-)JJL..~.„ ii-£  j  #l(9*  «)r  (uu#  +  sv»*)dv 
64irJ|fi|2 

«  .  ;  tl(q^)r  vv#  r2  „  _ 

»4)  ^^3 

Lotting  hav*  dV  »  4lVr2dr  and  Introducing  u  ano  w  frow  (lll.lO),  w»  obtain 
th*  remaining  two  formula*  of  (6.24). 

In  tha  cue  of  th«  corraiatlan  function  (8.27)  lnt  ft  taka  «■  coor- 
dtnata  ajia  of  eh*  apharical  ayates  tha  direction  r.  Tha  direction  of  eh* 

_X 

i»r»*l  N  to  tb«  unit  aurfac*  la  d«tcnalnad  in  thl»  coordllnata  eye  tea  by 
th«  angina  0  and  <jr ,  and  tha  direction-?'  by  tha  angina  and  (fig-  24). 
B««ld«  (III. 15),  wn  havn 


(III. 16) 


to  N 


rr*  -"r^*  cot  dV'  -  r ,2  dr'  *in£<l£d>£ 

Nr'  ■  r*  [sla£  a  In  f)coa(  £  -  ^  )  *  coa  0  coa  £] 
and  from  (III.I3)  and  (III.I4)  v*  obta  In  for  the  ':oe^onant  S 

S.v  •  /  d  Cl  "Ai£  *  /  «  i^r  r2  dr  J  2u  coa  b  * 

fr<7T/2  0  l 

2TT 

*  J  f(R)alt‘*r  v*r'^  dr*  /  coa£aln£d£^  /  d>£  +  (IXI.I7) 

0 

*  (u  ♦  2v)  ain&f  f(x)  ai<l  r  v*  r*^  dr*  /  aia2£d£  /  cot  (W  -  0^)  d>yl  ♦ 

.  _  *  O  °  CJ 

*  conjugate . 

Upon  integration,  with  raapret  to  tf  tha  aaccrod  tarsi  d  la  appear*,  and 
ccmyflf of  tiia  first  tarse  with  (5-7)  gives  tha  following  formula  for 

ti  *  latacalty 


•  • 


•  • 


* 


•  ® 


@ 
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whara 


XLL>  m  **^Ai*f  *  I  «”lqr  ur2  IT(r)  dr  +  conjugate  (lXX.18) 
<1 


?(r)  -  /  f(R)  *****  V*  K  3  iK<  J  co*J;  *$.«»/’ d  ~  . 

Th*  limit*  of  lotagraticu  £c r  fy  and  s'  ara  hat*  aatabliabad  by  th* 
condition  that  f(K)  j  0  only  for 

m  x''  *■  t  ^  -  2rr*  co*  ^  . 

A*  can  sadly  b#  aaen  from  tig.  2k,  thi*  condition  £jlv*»  tha  following 
integration  limits 


for  r  >  a: 

for 

r* 

from  r  -  a 

tc 

r 

♦  *# 

for 

5 

froa  0 

to  Jr 

'  m 

T  „  ' 

f  for 

r* 

from  a  -  r 

to 

a 

r. 

for 

P 

free*  0 

to  * 

For  r  <  «:  1 

1 

81 

1  for 

r  * 

from  0 

to 

a 

~  r/ 

for 

«• 

trm  0 

to  rr 

whara 


(in.  19)  |' 


C  <>« 


2  *2  2 
r^_  *  y  - 

Zrr’ 


tr 

Sine*  /  aia£,co*§d%  -0,  only  tha  first  two  line*  of  (111.19)  remain 
and  wa  obtain 


fir)  -  -  — i 


32flTa3A?  -i* 


rra 

/  .l'r  V 


,•3  I  uLJj* 


♦  t 


'2Lv 


Substituting  w  from  (ill.XC)  «a<i  latatratitg  we  fartbsir  gat 


Da«otiog  i<*  »e((-ig  •  ry( *.) ,  aubrettutiog  ion**  (HI.  10)  tto 
pram  ion  (lll.lo)  for  u  and  (III .20)  for  Ifjr),  «•*  get 

t  <?A1  fi  *  f  «t «  /,  ,  \  *1  «<**■/.,  i2  2  . .  ,  ,  e)  /ainhorf  r  I  dr  . 

“  -<*•>  /  •  ‘mi  *  *<*•'  - » * 
*  sir  ■w  ***,r  d^i2^  ♦  *■*  on  -  *o  * 

+  conjugate  . 

Thu  Um  tan  can  ba  directly  expanded  1b  positive  powers  of  a. 

In  tha  ac.com)  tana  integration  by  part*  permit*  »«pnr«tlob  of  negative 
power*  of  e  from  the  integral  exponent  which  for.  null  a  give*  *  loga¬ 
rithmic.  tana  ood  t,  poalciva  power  eatla*  In  a.  Uaing  than  axp-aaslon 
( 111.14)  tor  A,  aubatitutlng  the  axpracalon  of  C  in  t*nu  of  IQ/^aad  going 
from  £  and  ol  »  ig*  ■  IkV^r  •  (vm  narnaeo  JX.  -  l)  to  n  and  -yC  b/  naan* 
of  (8.13),  w  obtain  formula  (8.28). 

I!L.  ^rlyfttloa  eg  fory.lf  (10.16),  (IQ, 11)^110, 19)  and  (lfl..gj_  -  (lQtg«tl 

T  >  find  A,  3,  , .  ,  C  *a  o  fucction  of  r,  let  tic  apply  the  method  of 
variation  of  constant*  to  (10.6).  Taking  (id.j)  lxto  account,  aubsci tute 
(iC.6)  and  (10.6)  In. a  a  qua  r  lov  (10.  l).  YMa  give* 

IVA,  i)  *  [Vit,  H]  ♦  tVA,  7)  ♦  lv».  Si  - 

-  „{cL  *  C?>  ,  (IV  I) 
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But  v-h#  gradient*  f,  B,  ,,,,  C  hav#  a  ccatpcoane  only  'rflt'u  raaaact  Co  1. 
(^A  «  i_A*  ate.,  vfear*,  aa  txafor*,  tha  prkam  indicate*  differentiation 
with  ru^tet  to  r).  Therefor*  aquarian*  ( IV .1  }„  If  va  rewrite  then  with 
the  help  of  (20-3)  Into  ccirfiocftnca,  bacon* 

CJ'  ♦  /cV  -  -  C.^ 

2 

A2(a*j  ♦  a'm)  ♦  (CJ  *  c*)  -  -  q2C*  t 

"  (AM  +  (B'J*  ♦  '*'■’)  ♦ 

♦  i:xi(CJ  ♦  CM)  «  -  qCa  ,  (1V.>) 

A2(b'J  ♦  Is'w)  +  iMc’j  ♦  'c’n)  -  o  , 

(A»J*  ♦  +  ♦»*■)- 

-  —  (C'J  ♦  ‘c’*)  -  0  . 

Have  J  -  J | q ,  ( JX. 1 ) *  *  *  K  j  ^  |  (A  r  )  *ra  Baaaai  and  Naauina  functlone. 

/or  ala  quantities  we  have  five  aquation*.  A  augplefteatary  condition 
can  b*  la^oaed.  Let  ua  t&ka  the  following  relation  r’or  ('ich  a  condition 

CJ  t-'ci’  -  0  (IV.3) 

*»▼  virtu*  of  which  C  and  C  drop  out  frcaa  and  .  different l*rl*g 

(tv. 3),  wa  obtalu  In  view  of  tha  ftrat  aquation  of  (IV. 2) 

c'J  +  c'a  -  cr  .  (rv  A) 


Tha  rnaMlnlng  four  aquation*  of  (IV.2)  taka  tha  for* 


n*3 


&(A‘J+  a’'*}  ♦  (B'J* 


<Cx  . 


iiS-G  - 

**  r* 


B'J  *■  B'H  o 

from  thasa  agnation*,  using  tha  relation 

JM'  -  J*« 


JL. 

IX*  * 


wa  find 


TCa!i 

2>2 


»’ 


A* 


.  .CSL 


.  T& 

2A 


(iv. 5) 


(w.6) 


(v  *  *f  *«")  - 

With  tb*  first  aguatloo  o £  (IV. 2),  tha  condition  (IV, 3)  *®4  aguatlaa 
(IV .6)  tha  question  of  tha  dayendaaca  of  A,  8,  ...,  C  on  r  la  solved. 

Furthar,  urn  wist  express  tha  constants  F  and  Q  of  tha  Internal  flaI4 
In  terns  of  tha  coefficients  A,  B,  ...  of  tha  yrlawry  £1  >ld.  For  this 
substitute  (10  $),  (10.10)  and  (10. U)  into  tha  boundary  condition. 
(10.13).  This  jives  tha  following  four  equations! 


♦ 


AJ'  ♦  AM*  ♦  (BJ  +  BM)  ♦  AjJ* 

♦,7  V  “  ?H'  ♦  &  Q*» 

>2 

Y*  (W  +  M  ♦  ^J)  -  -j^QH  , 
y  j^BJ*  ♦  BM*  +  Jj  (AJ  ♦  >M)  ♦  ♦ 

*mV]  ■  l(o»-  *  &«)  . 

ijj)  .  n  , 


(IV .7) 


wh«r«  bar  a  and  furthar  00  wa  ahalt  undaratand  by  J  and  >  functlona  with 
tha  nr|iaaat  A  «,  by  H  functlona  with  tha  arguaant  X  Q*  and  a  prlaa  lndlcataa 
dlf ferantlatlon  with  raapact  to  a.  II  Initiating  tha  coaatanta  AJ  and  B 
fro*  (lV.7)>  wa  obtain  for  f  and  Q  tha  nquatlona 


whara 


Ai*  ♦  iQ  ■  irt 
«»*A,Q  -  *$} 


(IV. 8) 


Solving  aquation  (IV. 8),  wa  find 


■  ,i. ■  ii ii  'n  ■ 


,  *»  nwrv  Tfr.  1 
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where 


r  "ir^K  (/2*  ♦  *¥*'*)•  Q  -  (w.io) 

A  "  *  (Tv.i,l) 


F  ud  Q  contain  only  A  and  g  (values  tor  r  -  s),  which  In  tbs  developed 
form  arc  expressed  according  to  (IV .6)  In  tbs  following  manner: 

.2  a 


A  -  £  *Gnf?(r'  h)j’jn|^r)  +  *7c...(r»  h)Jl„l<*r))  r<r  » 


r  or 


(IV.12) 


t  .  XL  Jf a 


^2  Cnr<r'  b)  J’|n|(;Xr>  '  lG«(r'  h)  ‘ 
‘  *•)]  J]n|(*Oj  rd*  ’ 


Let  us  evaluete  the  power,  emitted  by  unit  length  ct  cylinder 

♦  IT  „  ♦  Tt\ 


CO 


nr  „  +TI, -  -  -  - 1 

4  vdf  -  .yv^  -  *«Hf ♦  8k*  " vj 


Substituting  in  here  (10. ll),  one  should  consider  that 

7r.i(»~>fd*  -  2irJ„. , 

-ir 

that  Xq  «  k^  -  h®  is  a  real  quantity  sad  that  ]p|^  and  j*})^  contain, 
aa  we  shall  see,  the  multiplier  &  (h  -  h, ) ,  In  view  of  which  ws  can  let 
h  m  h^  la  all  axpreaalooa  under  the  sign  of  Integration. 


-  *§£  £  //*  ***^1  (H‘«*  -  H'*H)  (|p|*  +  |Qj2)  . 

Dm-  CO  -CD 


(iv.13) 


"j  '-i  *-■. '-« ''.jt.'-j. 


•  m  .  •  » 
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•  •  f 


It  la  not  difficult  to  convince  oneself  that  tha  oultlplier  -  M'*9 
reduces  !**•  region  of  Integration  with  respect  Co  h  to  the  interval  ^-4,  +4). 
la  feet* 


■  vi-i  UoOhI"  a*  o  -  *s  »<■>  (as  o  «i8)  (As?>- 


But  Aq  !•  althar  real  (jh}^  k)  or  Imaginary  (|h|  >  k).  In  tha  tfiswt 
c**c  ^n^  (AqO  ■  ♦  lNn*  Ha2^  (AQr)  •  Ja  -  ll*o  and  we  obtain) 

<Vi  -  V„-i>  -  -  w  "  <N  <  “)-  «w.n) 


•  •  • 


9  •  • 


In  tha  aacond  caaa  r  -  -  AQr,  ao  that2  (^Qr)  -  -  H»n, 

(’AqO  ■  (-1)"+1  (>a  -  •*“*  tbarafoia 

H'H*  -  H'*H  -  0,  (|h|  >  k).  {iV-lj) 

By  virtue  of  (iv.lk)  and  (iv.lj),  expression  (IV.  13)  ;*or  esltr.ed  foenr  lakes 
the  fons  (10.16) 

*<o  “  1  *  ***!  dh^Q  (|p|2  4  !q|2)  .  (Jiv.16) 

Oa-OO  -k  -CO 

Let  us  note  that  the  restricting  of  tha  Integration  Interval  fa>  4t 
to  the  limits  (  -k,  +k)  is  analogous  to  the  corresponding  narrowing  <finwn 
of  the  Integration  region  in  the  plana  case  studied  above  and,  as  before, 
denotes  diffraction  "smoothing"  of  tha  field  structure  on  the  surfer. a,  l.e., 
limitation  of  P^  only  by  those  components  of  tha  Fourier  integral  &a  * 
on  the  cylinder  aurface  which  are  determined  by  the  travelling  wave#- 

1.  Further  on  we  shell  omit  the  absolute  magnitude  sign  in  tha  lndeut  vt 
cylinder  functions,  t.e..  Instead  of  |n|,  wa  shall  almply  write  to* 
remembering  however  that  the  Index  la  taken  as  positive. 

2,  G.  *.  Watson,  "Theory  of  Beseel  Function*",  p.  90  (M.  15^9). 


t 


i.  IL. 


— — *  A 


It* 


~  ■*  —  Cm  I 
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let  ue  find  the  coefficient#  nf  absorption  of  the  cylinder  for  P 
tnd  Q  wave*  vith  fired  volute  of  n  and  h.  For  the  field  internal  to  '.lit 
cylinder,  %m  have  la  accordance  with  (JO,  10) 


..x 


Ex  -  AjK  +  »lH,  *  ^(AjK  +  B^M).  (IV.20) 

The  reflected  field  it  expressed,  ■ccot'dln&  to  (10.11),  in  the  following  wey 
*B  -  PM*  +  QM*,  "H  l(PN*  ♦  QK®)  (IV. 21) 


tnd  the  field  of  Incident  trevee  differs  from  (IV .21)  by  other  constants 
(P0,  Qq)  «“d  by  the  feet  aa*  H  m  (  X0  r)  I*  replaced  by 


«  (  1  \ 

H  H'  '  (/  r)  (we  lanedletely  assusta  that  only  travelling  wave*  are 


*, 

taken,  l.e.,  Jh|  "<  k  and,  therefore. 

li  real).  The.,, 

the  field 

h..  • 

• 

1 

strengths  of  Incident  waves  are 

;I 

1* 

[ 

n  '» V*  -/  .  -* 

t 

1 

*"■”'**  %*|i  ■oflj 

Ko  -  V  *  V  » 

%  -  ♦  <*?> 

(IV.22) 

a"  .  V  „4  ■»"  ^  ■* 

L 'w;.u 

what*  the  curl  denotes  functions  of  M* 

and  N*  in  which  H  le 

replaced  by  11*. 

• 

Tha  boundary  condition*  ( 1 .13)  now  have  the  fora 

i 

Rl^  ”  %f  *  • 

“  *Qf  *  HP* 

(r  «  e) 

• 

• 

• 

E.  ■  B  ♦  K  , 

is  Os  s' 

h*  + 

i 

and  after  substituting  Into  Chest  (IV. 20)  -  ( IV .22),  they  give  the  following 

V-V- 

4 

equations:: 

V-V-V- 

.*  / 

■*.  • 

a*j  +  “  B.jr  «  p  »’*  t-  ~ 

I.  q*  1  0  ka 

vw  ♦  ph*  ♦  £ ()a  • 

• 

,  •  . 

~~  R:J  -  («^»*  ♦  <iH)  , 
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* 


j  JU^fedhj!lf^eAa!kAn*iilbi[*iifcTr  ilrwHfc.A 


'  1  ^ - n,,-,,.  ,  ...n 


‘tv"  *  &  v ♦  ')»•  *  £ «> . 

X\2  1?.!?  # 

“  ~£Sl  (PqH  *  PH)  . 

Ulflluttnf  Aj  iiRd  lj  with  tba  help  off  tbi  sacond  and  fourth  aquation*,  m 
obtain  free  rh*  flrat  and  third  aquation* 


vbara 


Ar  •  *  (f  ip0  ♦  fV 

*p*  A2Q--(tr0*  f^) 


y*A„ 

-  H ' *J  - tp2  „  H'*J  - -&  H*J '  , 


(IV. 23 


v  -  £( 


{IV. 24 


■°d  A  2  *nd  *r*  »iv«o  by  fornulM  (IV.9). 

Solvtnf  (IV. 23)  for  P  and  Q,  v»  find 


r-L-ufa  -  w>, .  (f2s  -ya2>v 

1  -  l£-i(f,a  •  pV'o  .  (<^a  -  fjsAjKioJ 


Civ. 25] 


Frc«  bar*  It  c«u  b«  a«ao  that  th«  Incident  a  of  oaly  oral  of  tba  P^~  (or  <^) 
In  tha  reflected  f  laid  both  P-  *»d  vavaa.  At  high  conduct. lv- 
iti«*  (for  a  ayuwftCr leal  wav®  n  «  0  alwayt)  P~  and  Q-'wavta  do  not  get 
■ixad  up  upon  rail  net  ion.  tta  aru  Intaraatcd  to  eW  absorption  coefficient* 
la  tha  praaaoca  of  an  lacldaat  w avo,,  althar  or  Qq,  1  -a ., 

(hi2*  l«l\.o 

^prC'O  *  1  - —z — — 

I'ol 


►  ''.MBrnwww., .  :{*  »•  »«.. 
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* 

t, 

f 

f 


i 

*> 


i 

V 


r 

i 


4 

f 


( 


CM2  *  W2) 


Vh) 


}<W‘ 


let  us  carry  out  the  evaluation  for  ApQ(h}  only  aloe*  the  eveluetlon  for 
A^n(h)  la  completely  analogous. 

Substituting  expression  (IV  23)  Into  Apn(h),  we  obtain 

V>  -  ^{iM*  -  Ss I*  -  W*  ■  fVM*  -  IM  - 

•%  p 

Adding  and  subtracting  within  the  brackets  |  <5  |  |A.|  and  taking  into 

■  A  .  /)  * 

account  that  J  ^  j  -  |  O  |  ,  we  transform  A^fh)  to  the  for* 

V>  -  “4((l42la*  l^l'xiA,!2  -  l?,l2>*  - 
I M  1 

*  -  s^x^Af  ♦  co#a2)  ♦  .♦  )| 

But  with  the  help  of  (IV .9),  (IV. lh)  and  (IV. 24)  It  la  not  difficult  to 
obtain  the  following 

2 


W  -  <5^-1 


(“M 


hlim-  (  1 . 2Si 


jj*  , 


kix‘ 

|£J2  -  If.  I2  -  - ^  (>2J-***  •*  V^V)  • 

1  tt«IM 


Finally 

Vh> 


41 

IT 


a2i2  ♦  i5i?)(  azjj(#  -  \  2jV>  ♦ 


JJ' 


:^L-J  (1 

•  I&I  1  ur 


f-  «V. 


*  .V  *r  -„.-  f  *  -.•  ■  f.  v  .v- 
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Analogously,  mi  find 


V^>  --2 


l  f  •(*!*♦  fin  2  2  #2-l, 

, — 2  1 - TT - ’  (“  (A  jJ,#  *  A  W)  ♦ 

l*|2[  IAIV^l 

•  |A|\jj,#  *  *  ~  JJ*  (5*^!  +  <$£5)  - 

Joining  this  to  the  preceding  expression,  w  obtain 

v»-v> 


where  in* Ida  the  flowar  bracket*  w«  obtain  tba  *****  thing  a*  In  (IV.19)* 

S <b*tltutlon  of  tb**«  flowar  bracket*  froa  tb*  laat  expression  Into  (IV. 19), 
keeping  In  niod  that  ^  -  ^.*2  -  q2  -  q*2  -  k^<,(  £  -  £*),  give*  formula 

(10.19) 


2ir2i, 


+  0O  +k 


CO 


-l  *  A«‘W'  '  <IV-27> 


Let  us  evaluate  the  ealtted  power  for  several  special  cases.  Let 
us  exanlne  the  case  of  a  well •conducting  cylinder,  l.e.,  highly  developed 
skin -effect 


a  »  d  -  c/y27t/cir60  (IV .28) 

(d  Is  the  thickness  of  the  skin-layer).  In  this  case  the  refraction  Index 

7  ~  7^  187*.  ■  l~ 1 


kd 


(tv. 29) 


■ 
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ie  vary  Ur*,  in  .h.olut.  value,  «nd  a  lac*  jnj  do**  not  «c..d  k,  M  cm 
consider  that  A  -  k2SjU,  -  h2  ^  k\*. .  lW..,y,  jA|.  */£  J»  l, 

*°d  ««  cm  ua.  th«  asymptotic  axpra.sioua  for  tha  fiess.Jt  functions,  i 


eg 


j\«  -  issotjiffl:] 


w«  obtain 

A2jj**  -  x*2**-*'  -  SiA-lIA-t  A*). 


^ijeo.  [a.  -  £2a-f-Usj  J 

'*  -  jV  ' 


Furtbar,  according  to  (XV.9), 


A 1  *  V^tAT  h  f  h"  *  4^J  co* 

a2  "  VttaT  h  (  H~  *  Ta2-)  r-°*  |a  •  - 

5  [x.-i«^2r]  . 

Substituting  all  thaa.  axpr.s.lona  Into  A  (h)  t  a  (h)  (.««  (rv,»>) 
"«*»  (IV. lj)],  *•  gat 


i*  C.  H.  Watson,  p.  218. 
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Vb>  *  vw  - 


fTk  «|£  j}Kj 


rr  -  (S) 

l<ri**1^(wi!  ♦(&)*)] 


(&)* 


(w.  so) 


vh«r«  tha  following  notation*  hav*  baan  lntroducad 

2 


p  .  SL+£*2 

J  h  +  iA 


<r-  K 


TMo.  *xll  conducting  cvllnday 
ka  «  1 


(W.31) 


(W.32) 


but  a*  bafora  |X|«-»  1,  l.a.,  a»  d.  In  thl*  casa,  ainca  also  ^^a  «  1, 
wa  can  util lea  the  following  axprasalona^ 


H  C\.)  . 

a'^O  '  'Jf 


n  (-3- V 

W 


.  «;  (a0«) 


W>  -  (^o*>  -  -£*• 


*•(*£) 


(»  f  0) 

f iv.33) 


ira 


It  la  not  difficult  to  convinca  onaaelf  tba  .  A^th)  ♦  .*1-1 

and  thua  wo  can  llalt  ouraalvaa  to  tba  zaro  tana  of  tha  aarloa  (vt.ZJ^ 
\hlch  coiraapond*  to  a  a*aoatrlcal  wav*  {n  -  O).  froa  (tV.30)  wa  obtain 


00  ♦  A^(h)  m 


'Y7'- Vg~  +  Vc ") 

'»rk*i«li"0l2 


V  If  r  «l<r|V 


l.  0.  it.  Vat -ton,  pp  51  and  fj. 


■  vW-^SMCflEmr 


- «w  .  ,*  -  1  >■"" 


r 

f; 


lWl*a»S»N««l»»<imUV<,»***W‘  **«“  *.**-*~M**’»“*~ 

.«  wm*  n  e*i 


P.& 


{  ® 


with  tb#  be.’p  of  { IV  <£9)»  (JV.iSO  and  (lV.33)  thle  axpre  as  Ion  fceconee 

^  *2  1 

v(h)  *  \{h)  -  ^Ao  v4{  J 1  •  -~~i£"~r~  **  “■§"  j  ♦  ]  *■ 

* 


a; 

k 


Substituting  thle  Into  (IV. 37),  Introducing  in  lieu  of  h  the  Integration 
verisbla  0 


we  get 


Co 


h  »  k  ain  bt  -  '|/k2  -  a2  -  k  cos  &  , 

^v'v.71 ! 1 '  T^r  ™,2<l  jn  (kii2Sj)|  2 

♦  j  -  Ik.  co.?9  In  ^  iS_|£S-fi^  j  "®J.  e„,30  . 


k«  coa  6 
2 

For  an  e’ltinate,  we  can  neglect  coa  6  under  the  log  sign  and  in  the  first 
tern  of  th:i  expression  under  the  integration  sign  we  can  neglect  the  second 
pari  of  the  denominator.  Then 


V  -  2irV“«  J1/*  / 1 ,  — — - 1 - •) 

0 1  &££-  -  „.2o .  J 


l  cos^d  d  d  , 


•there  di  -  he  ~  .  The  integral  of  the  first  tern  equals  2/3,  of  the 
second  (taking  into  account  that  jo(  |  »  kyU-d)  approximately  to 

Jtl  f  i ~ (  — — -  -I..— ^  1.  —  ■  .  in  tun,  neglecting  2/3,  we  get 

Jj/iV k«dui3  7k^“Mr 


» 2Yk/<  di  *  I’ 


s. 

%»*  , 


];;;  ''  v  >'> 

V-  ■•■ 

<t ,  . 

j  -*  ’**..*■ ' ,  / 

’  ® 

9 

'■  „•  °V 

I 

i  -  * 

9. 

1 

»  •^e  - 

I  y.v;-i-;y: 

'  •*'  >  '  >  ‘ 

1 

-V>:- */\> 

$1  V  V,V.*V 

/V>.V.V* 

V  -  V  ‘V 

* 

• 

■■;  . 

/~VV‘-V 

-•  \ 

\\ -*‘y 

-  v  - 

-*V,V  V^-' 

«k 

-=**•  ,  —  — 


T-..V.  s",  •*-  «  -  s-ss-n—  «  - 


. ••*■*»•  v\  ' 


yWKwwiwiiwwwr^twywBfgiinim  »«■, M*~imr*mr*'rr~**f*n tawertMiw <ww«n! .  »u  i.timumiwaM— 1 B'®a»W 'WraaMre* i  jh»  i 


^  XQk>- 
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(IV, 34) 


This  ftwt  i.®  obtaisaod  frtM  wait  Cylinder  length,  i.e.f  lro*  the  aurfaca 

A 

25T*-  From  unit  cylinder  aurfaca  lor  -  &  K  (SUylaigh-Jaaoe  law) 

#  ,\  *  ■? 


tha  pcvor 


0  tf> 


>K3 


**» 


ru) 

ZfC* 


la  MiMad. 

yhlck.  wall  conducting  cylinder 

k-~  »  1 « 

In  thla  caae  £01  ]al]  <iC  k*»  wt  cost,  util  1m  the  *y>f roxlmat a 


hbQ>  ^*-)  * 


I 


(iv. 36) 


*C 


•  j)  :ra  • 


For  Jnj  »  ka  axprua  (STV.30)  <lacr*a*#a  vary  r.  splrfly  with  lncraosir«g  a. 
Thazafor*  vrt  ahaU  a**<u»e  lor  a  rou^i  eitlaate  thar  suaMllon  /.-ith  re  a  ye  c  t 

4 

to  n  In  ( IV ,27)  exta&Ui  to  valuaa  ol  a  Iron  --yk*  to  4  "^ka,  alwro  la  a 
coalite  lent  ol  th*  r<Swr  of  i. 

Vxom  ( IV.3I )  amt  ^ZV.36)  wa  cj«c 

f  -  -  ‘*0  -  V3T  **  -  ’■*«’  <r  *  •  lAc  *  ~rx  **  TFT  • 


i..  C.  M.  Wataor,  *.  2S£>. 


>  •  j  i  .*  \  £ifcna»  r  III  fa  mMiWtikM 


4.  ’  *■  -  '  4’  -  -  t , 


Substituting  this  Into  {IV.^O)  u»<!  continuing  to  retain  only  the  sealor 
with  respect  to  's/s  un**„  we  find 


v,m  *  v<b|  •  iMft*  #■ ) 


(iv. 37) 


Lat  ub  no*?  Introduce  k  •  V  «  k  cos  Q)  and  y  «  n/ka,,  and  l«t 

go  from  fuMttiou  with  reejiect  to  a  to  integration  with  respect  to  y 

+  * 

E  - '-f  k*  /  iy. 

u—  *hc  -  * 


Substitution  of  (IV.37)  into  (IV.27)  than  gives 


<w*J0J  -j fi+\!i  )/ *T  « WfeJn»*f 

'  *  ^  0  -  CO  J  6  +  y2*taL9 


i> 


Sinc«  y  varies  from  0  to  lf  than  with  Chs  ante  degree  of  pr«" 

cifiioa  with  which  our  estimate  to  carried  out  v«  can  a inply  neglect  terme 
in  yc.  He  thereby  obtrlo,  using  (lV.2y)  again, 

V  *■'  6tf2'A*  io^  ,  6rr2^i,k^di.0<u.  (iv. 38) 

In  the  region  of  validity  of  the  Rayleigh -Jetns  lew  end  per  unit  of 
cylinder  surface,  tUlo  gives 


PC<  •’  “  2  jT  « 


3x<5  3 

—5-  k>d 

L  -fr  *  ' 


Fv  th«r  00.  in  another  proMen  we  shell  be  able  to  carry  osst  •  Much 
finer  evaluation  (section  lj),  which  show*  that  the  coefficient  is  equal 


t  .W  --  V 


> 

t 

4 1 


J. 

I 


i 

i 


1 

*» 

i' 


CT,min»»»nlir»  •  *  "V. 
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to  2/3 ir  {l.m.,  ^  »  8/9)-  Tt»ua,  the  proper  value  aif  tpowar,  emitted  from 
•  unit  eurfac*  of  *  wall  conducting  aurfaca,  la 


ra> 


~^^d 

37T 


Civ. 39) 


Thin,  poorly  conducting  cylinder- 
k*  «  1,  a  «  d, 

!•••#  X  o*  <<  1  *n<l  I XI*  <<  1-  Baalda  formula*  l  IV -3IS.U#  *•»  can  la  ibis 
caaa  util  la*  the  ft  rat  term*  of  power  acrlaa  for  laaa«ll  functions  ae  waJ.S, 


.  2&l 
2  * 


VX-)  -  1,  Jn(X«)  -  £ 

Jra#)  -  V^rryii  (^)  - 

In  v law  of  tha  fact  that  axpraaalon  (lV.26)  bar*,  tuoi,  of  tin  orfar 
21  n| 

a  ,  «  a  ha  11  again  limit  ouraalvaa  to  tha  uro  tone  o»f  tba  sum  (in  thin 
1,*I’  a ywma tr leal  sere  wave  always  la  dominant  for  a  trhin  cyl loder ) . 

foe  n  ■  0,  wa  have 


0,  JJ 


i* 


A  _  m  A  *  •  ■  ^  X  s  n 

^2  -TT*  * 


■\l£  -1*2 

-  J*J'  «•  -A— — * 
«£ 


A  - 


finally. 


\w  *  y  *>  ■ 


ur.2>?  (A-'  -  A 


•2 


u^. 2  * 


-  'Tr*a  £'w  (k2  -  h2). 


Substituting  this  into  (IV .27),  wa  get 

•  _  „  *  /.2  -2w  471^^  e*.  ,  .  . 

?<U  *  \2  l  {  *  B  )A  -  5 - 3 - W  •  ^IV-4°) 


r  •  '■  *  Vo*  %.a;M«a 


•  9 


*u ;"«»  ■  w  ■ 


•  9  .9 


•  9  _f  _  9 


v’  '/ 


'‘r~~r’i>uaalii  I,  _ 


For  I-.  .  -  * — r  ,  tha  pov* r  anlttad  fro*  a  unit  cyllsdar  aurfaca  la 

oa  41T3 

p  -  -  m£±x>_  (iv. 4i) 

VU>  2V  a  ,^2  * 


Ion  of  loimil 


Substitution  of  formula  (14.4),  vhara  N  and  N  ara  axpraaaad  b«  formulas 
(14.1),  Into  condition  (la. 5)  glvaa 


S£.k«*-v)  ■  ■&*> 


(V.l) 


whara  P  «  p^"l  (coa  &  ),  P*  ■  ~~  and  vbsrs  tha  following  notations  Hava 
bean  introduced: 


p  .  n/v ,  *  d&L 

9  a  y a  04 


VF  dots  r- 

S.  - 


(*.2) 


Lat  ua  now  util  Isa  tha  fact  that 


><  {  ^i’1  «W 

{  I  d<9  *d6  * 


Fwl 

ain*<9  °  "l  J 


ain^d^  -  , 


y  -  Sslp-t  U  fs-±-p>Uj-  Hm-i)?  .  gtfj 

nai  2n*-i  (n  -  ns  1.  •  ««,  , 


A *»»  *  »*>*«•* 


'  Mt>W. .  .  .v«*' 


•<**' 


■H  4.\.m*- 


-S^-WW'^’t «  *t*M  •**•*-*  MtM**-  W»> 


as? 


Tharafora,  It  wa  Multiply  tha  first  aquation  of  (VT.l)  by 
.  I  -i^f  dP,M  -t^f 

•  ImP^  '  a  d$  d^> ,  tha  ascend  by  -  ~£fr“''  *  sinf  d^d^P  , 

add  th«*,  and  lotagrata  ovar  tha  unit  aphara,  mud  thorn  carry  out  tha  «jm~ 
logout  oparation,  buC  Multiply ing  now  tha  first:  aquation  of  (V.l)  by 
dP*"* 

1*1  #  ^  d(9d  <P  , 

Ml  i  ' 


a  aln^d ^d<^  and  tha  etcood  toy  -  Imp1 


do 

wa  obtain 


■/£  TVi-t-  „  * 


t{{^% 

-ft 


(? 


♦  p* 


rv>/  't 

J\.tM  )  a  in  <f  d  <1  , 

(y„b) 


2/1  pn  /mn  -IT 

«  -  T  df  7  (*'%'  ~  “tV  y^itp)  * ln  0  *  £  • 
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It  Ha  not  difficult  to  obtain  th»  attwauetioa  coaf f ic lauts  of  tba 
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Cba  uniform  conditions  (14,5) 


Y*  -  o, 

V®  *Sj|S  *  "  ® 


{p  -  o() 


(v.a) 


whore  by  K  and  H  ar«  antes*  C  th»  fl  unread  pot@«ti*la  of  eh*  incident  atsad  r<*« 
flaccad  wavaa.  Ia  order  to  obtain  contracting  (incident)  wavaa  iuat.»«£ 
of  propagating  (raflactad)  ravaa.  It  ia  sufficient  to  rapine®  1®  {1% J) 

i/rwa"  ®^t  (P.<  by  a*  *  1/  (p  ) .  Tfe«e,  in  cba  incident 

'  ./  n+r  ’  j  o+;V 


B  • 


**v®  w»  h«vi 


E  mj^ 
&  •  i*>  & 


■  m«  »  i»«*  »,  if  iPc*  i»d> 

•  -  f  ■*  ®  r  ,  M0  "  ~p~  ®  7  * 

air  dp  «c*  la  a? 
p  a  la  P  np~  *  ' 
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+  cowplax  conjugate j  . 

To  obtain  the  total  energy  flow  v*  swat  Multiply  8  by  dS  m  dsdy  and 
Integrate  over  the  cross -sect tonal  area  S  of  Che  waveguide.  Here,  by 
virtue  of  (IJ.lj,  (15*3)  end  (15*5)  M  have 
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j3  and  are  either  real  or  imaginary.  In  tha  letter  case  *  p*  •  0 

and  tbinfori  only  ttm  witli  saaal  values  Cor  p  ("sub-critical*  nofwtliijuUb!. 
in*  waves)  will  nwia  in  -  Tbit  give*  foramla  ( 15-7) • 

Substituting  (15,6)  into  tia  boundary  conditions  (l?.£)  and  latrodcclng 
taaporarily  tha  notation 
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The  evaluation  of  (Joe  average  square  of  tha  saodulua,  for  instance,  A  „ 
which  can  be  done  with  the  half  of  tha  correlation  function  (lj'9)»  gives 
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where  the  last  expression  follows  free  (vi.l).  Tha  expression  for  |b| 
is  calculated  analogously,  after  which  with  tha  b*;?  of,  (Vl.j)  w*  obtain 
formula  (IJ.IO).  _  _ 
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Let  ua  note  Chat  } A {  and  | B {  for  tha  case  of  non -uni f one  distribution 
of  th«  conductance  ((this  mxans  also  of  tha  lateral  field  )  over  tha 
partition  can  be  fi>va d  In  tha  awua  manner.  Let  this  distribution  he  given 
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Thin  formula  coincides  wit  j  the  previously  derived  formula  In  Appendix  X 
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For  further  Manipulation  of  thla  forw  vs  suit  um  the  explicit 
expression  (23.6}  for  the  root  P2  .  Subatlt  lting  It  Into  (VIII.3),  we 
find 


„  _  B  *ln  .4  +  P  „  .  .  JL 
U  2A  •  2A  ' 


(VI11.8) 


where  A,  E  end  0  ere  expreaeed  bp  forsailee  (23.10;.  From  (vill.8)  end 
(23.10)  It  fillowa  that 


(<yi  "  «*3v  ■  I »  u  +  v  -  * 


(VIII.9) 


u  ♦  v  sin  6  -  f  , 


2  .  2a  2.2a  D2  ♦  B2  sln20  cos2£ 

u  ♦  2uv  sin  17  +  v  sin  t*  -  - * — r~  • — — , 

4az 


where  C  end  K,  too,  have  values  given  bp  (23. 10).  Substituting  (VIII.8) 
end  (V11I.9)  into  (VIII.7),  we  obtain  the  first  foreuls  of  (23.9)> 

To  obtain  the  second  foreuls  of  (23.9),  l.e.,  the  expression  for 
the  lntensltp  I  ,  wo  wust  utilize  the  second  root  of  (23*6).  Replacing 


P2  tp  P2  from  (23-p)  into  (VIII.3),  we  get 


C  ci.n24  -  P 
«  -  2A  * 


2A 


(VIII.IO) 


4 

J 


further 


1 


\ 


l 


252 


♦  v 


D  I  C  co«  £ 


<ol,  -  olj).  -  d3*  -  «...  a 

U  +  V  tin2  b  a  -  X  t 


-2  ♦  2uw  al i?b  4  v2  aln2£  -  2 — 1_£ — >lfl  Afigtf  tf.  # 

U2 


Ualng  tha  axpraaalon a  for  tha  quant  it  laa  given  above,  tha  arcond  fomoule 
of  (23.9)  la  obtalaad  frov  (VUI.'i). 

EX.  Derivation  of  formula  f27.l81 

Xo  tha  caaa  of  a  avail  aphare  (o(  ■  ka  «  1^  tha  magnetic  dipcia  wav* 
Hi«  (*  "  '  l'  °*  1)  la  dominant,  but  Initially  wa  a  hall  taka  that  g«sw»ral 
caaa  for  tho  wave  «  ,  for  which  according  to  (lh.1)  -  (U.h), 


‘g-°*  *  >  tfm“  » 


(p.iy 


where 


(f),  P  -  pj"l  (coa  6),  f  m 


kg 


and  tha  prlva  indie  ate  a  tha  derivative  of  a  with  raj pact  to  jo  and  of  r 
with  rsapact  to  0  . 


7or  dlacrata  harcionic  oaclllatlona 


S«  ”  lb  ft  {  %Q  V<f>  ~  efK&  +  :&sf  "  j  •  (P«2> 


Tha ra fora  tha  eaitted  power  la 


**-'  'E*H 


■  /  Sj  R  tlni  fi  d&  S  * 

0  +  bJ?H^  -  *J,Htf  )  •inddd 


CDE..3) 


JouLee”*  Uaat  can  )>»  evaluated  from  ttva  toargy  flow  within  tha  sphere,, 
us inif  tfhe  values  in  (IX.l)  for  the  coapoatnte  of  B  end  borrowing  (for  Cltae 
eccountLlng  of  a  finite  conductivity)  l he  tangential  components  of  I 
iron  ttti*  boundary  condition*  of  M.  A.  Leontovich 


Y£*e,  *  "  V/*-  *f  *  . 

Sub.itlkuuclng  Chase  expression a  into  (IX. 2)  and  changing  algn  (i.e.,  txklnjg 
tha  float*  along  tba  interior  normal.  M  tc  tha  apnara  surface),  wa  obtain, 
the  ao>-«alled  surface  d?"**ttv  of  Joule*#  boat 


’  ltrF  {]Hff  +  -ot  ' 

whara  ,§  —  kyrd  (d  la  tba  akin-layer  thickness).  Therefore, 

Q  -  / *2  -  y5"/  (|Hjpl2  ♦  |H^  \‘)p  ^aln.Md.  (fX'Jfrj) 

H  K 

Finally^  integrating  tha  magnetic  «n«rgy  daouiity  •»  obcaitt  3^ 

a*  "  ^3*^ 2  d/  iHxl2  +  iM4  1*  +  •ln^d^«  ( a-^i) 


la  thuc  inncU  it  la  eaaential  to  limit  onaaelf  to  only  tha  ^uaai-ata- 

_k 

t loner?  ~<:rwa  of  H. 


Substitution  of  ch«»«  «xpr«aaloni  Into  (2J. 17 )  glvaa  tho  following  raault 
lodapossant  of  a 


Isa,  it  - 


.VmKkMHMWAKmMM 


. .  v**< 


